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Abstract

This study introduces and analyzes the conormal product of intuitionistic anti-fuzzy graphs
(IAFGs) and analyzes certain fundamental theorems and applications. Further, new notions
on complete and regular IAFGs were introduced, and the conormal product operation was
applied to these IAFGs. We showed that the conormal product of two IAFGs could be used
and analyzed important results showing that the conormal product of complete, regular, and
strong IAFGs is an IAFG.
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1. Introduction

The concept of fuzzy sets was first introduced by Zadeh [1] in 1965 and has since gained pop-
ularity. It has been used to solve many real-world decision-making problems with uncertainty.
Additionally, fuzzy set theory is investigated in various domains, including mathematics,
computer science, and signal processing. There have been many attempts at generalizing fuzzy
sets, including interval-valued fuzzy sets (IVFSs) bipolar fuzzy sets (BPFs), intuitionistic fuzzy
sets (IFSs), and picture fuzzy sets (PFSs). Graphs are a simple method of communicating data,
as are connections between different substances. The substances are demonstrated by vertices
and their relations by edges. Kaufmann and Zadeh [2] was the first to introduce the concept
of fuzzy graphs. In 1975, Rosenfield [3] fuzzy graph concepts that broadened the scope of
fuzzy sets to include graph theory. Later, Bhattachaya [4] analyzed several ideas in fuzzy
graphs. Mordeson and his colleagues [5,6] analyzed certain operations on fuzzy graphs and
hypergraphs. Parvathi and his colleagues [7,8] introduced intuitionistic fuzzy graphs (IFGs).
Chaira and Ray [9] explained the application of intuitionistic fuzzy set theory. Nagoorgani
and Radha [10] proposed certain properties and the conjunction of two fuzzy graphs. Xu
and Hu [11] suggested some ideas in the projection models of IFGs. Mordeson and Nar [6]
put forward basic ideas for fuzzy graphs and hypergraphs. Radha and Arumugam [12, 13]
summarized the properties of strong product fuzzy graphs. The product of fuzzy graphs was
established by Dogra [14], and Sahoo and Pal [15] presented product concepts based on IFGs
in the same year. Rashmanlou et al. [16] explained some properties of [FGs. Products on IFGs
were introduced in the same year by Sahoo et al.[18]. Sahoo and Pal [15]. The authors of [15,

17] also developed intuitionistic fuzzy competition graphs in 2016. Karunambigai et al. [18]
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explained the concepts of IFGs. In the same year, Mohideen
et al. [19] described the properties of regular IFGs. Peter [20]
established the conormal product of two fuzzy graphs. Muthu-
raj and Sasireka [21, 22] provided notions on anti-fuzzy graphs.
Complex IFGs were introduced by Yaqoob et al. [23]. Pal et
al. [24] established important notions of fuzzy graph theory.
Rashmanlou and his colleagues [16, 25-28] explained various
IVFSs in 2014. In 2015, IFGs with categorical properties were
developed by Rashmanlou et al. [16]. Several studies [29-33]
discussed the principles of fuzzy graphs and different products
in fuzzy graphs. X. Hong et al. introduced some applications
of fuzzy graphs. From 2012 to 2023, the authors of [18, 34-38]
explained the concepts of intuitionistic and domination fuzzy
graphs. Later, they discovered the novel conormal product, uti-
lized exclusively for IFGs. Subsequently, the conormal product
was utilized for intuitionistic anti-fuzzy graphs (IAFGs).

This manuscript is organized as follows: Section 2 provides
basic and important definitions. We introduce and study conor-
mal products on IAFGs in Section 3 on fascinating IAFGs, in-
cluding complete, regular, and strong IAFGs. Using a conormal
product yielded interesting outcomes. The conormal product of
complete IAFGs yields a complete IAFG, the conormal product
of regular IAFGs yields a regular IAFG, and the conormal prod-
uct of pseudo-strong IAFGs yields a strong IAFG. In Section
4, we discovered an application of the conormal product on
IAFGs. Future conormal product work on TAFGs is discussed
in Section 5.

2. Preliminaries

Definition 2.1 [2]. A fuzzy graph is an ordered triple G (VF,

. U, }
and o is a fuzzy subset of Vg such that op : Vp — [0, 1]

op, pr), where Vg is a set of vertices {up,, ugm,, ...

and is denoted by o = {(up,, or(ur,)), (up,, o(Up,)), s
(up,, o(upn))}, and pp is a fuzzy relation on o such that
pr(up,vp) <op(up) Aop(vgr).

Definition 2.2 [11]. A fuzzy graph G is regular if all its
vertices have the same degree. In a fuzzy graph, if the degree
of each vertex is kp, that is, dp(vp) = > pp(up,vr) = kp,
the graph is called a kp-regular fuzzy graph.

Definition 2.3 [6]. An IFG has the form G :
where

(Vr, Er),

1) Ve = {UFl, VFy s vees an} such that Wr, - Ve — [O, 1] and
Ve, : vp — [0, 1] denote the degree of membership (MS) and
non-membership (NMS) of the element vy, € V,, respectively,
and 0 < pup, (vp,) + Vi (vp,) < 1forevery vp, € Vg, (i =1,

www.ijfis.org

2,.,n);

(i) Er C Vr x Vp, where pp, : Vp x Vg — [0, 1] and
VE, : Vi x Vg — [0, 1] are such that

MF2(1]FNUF]') < {:uFl (Uqu) /\/uF1 (UF]')}7

VE, (v, vr,) < {vp (vr) V or (vE)}

and 0 < pp,(vR,, vr;) + VR (VE,, vr;) < 1 for every (vr,,
vp,) € Ep, (i, = 1,2, .., n).

Definition 2.4 [10]. Let G, : (i, ur,) and G, © (1p, .
ué) be two fuzzy graphs with underlying vertex sets Vg
and Vg, and edge sets Ep, and Ef,, respectively. Then, the
conormal product of IFGs G, and G, is a pair of functions
Gr, *Gp, : (1p * ulFl, Ly * ,u;%) with the underlying vertex
set Vg, X Vi, = {(up,, vr,); up, € Vg, vp, € Vi, } and
underlying the edge in Ep, X Er, = {(up,, vp, )(ur,, vF,) :
Up, = Up,, Vo Up, € Ep,(or)upupr, € Ep,, Vi, = Vg, }.
The vertex’s MS and NMS values (up,vr) in Gp, * Gp, are
given by

/ ’
(UFl * O-Fl)(uFurUFl) =0 (uFl) A O, (UF1)7

’ ’
(UFZ * UFz)(uF1’UF1) =0r, (uFl) A OR, (vFl)'

The extension of edge values is given by

(@) e, * g, (upy, vm, ) (U, UR )
pr (ume,) A o, (Vr,)
ifupup, € Ep, and vp, = vp,,
pi, (VrvE) AoR (U,
ifvpvr, € Ep, and up, = up,,
pr (urun,) Ao, (vr,) Ao, (vr)
ifup,up, € Ep, and vp,vp, ¢ Ep,,
/‘/Fl (vRvR,) Ao (up) Ao, (up,)
ifvp,vp, € Ep, and up,up, ¢ Ep,,

HFy (uFluFQ) A Hpy (vFlsz)

ifUF1UF2 € EF1 and VR, VR, € EFQ.
(i1) KF, * ILLFQ((UF17UF1)(UF27’UF2))
/‘LF2(uF1uF2) \/JFQ(UFQ)

iquluF2 € Epl and VR, = URy,

HE, (UFI UF2) Vor, (qu)

ifUFl’UF2 < EF2 and Up, = UF,,
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L, (U UR,) \/U}z(vpl) \/0}2(111:2)
ifup,up, € Ep, and vy vp, ¢ Ep,,

,U,,FQ(Upl’UFQ) Vop,(up)Vop,(ug,)
ifvp,vp, € Ep, and up,up, ¢ Ep,,

HFy (uFluFQ) 4 K, (vFl UFz)

ifuplupz S E‘F1 and VR VR, € EFZ'

3. Conormal Product of IAFGs

The preceding paper discussed certain concepts of IAFGs. This
section introduces conormal products and illustrates how to use

them in IAFGs. We use the conormal product on two IFGs.

Definition 3.1. Let Gar, : (tar, par,) and Gap,

(ui4 Py ﬂ:4 F,) be anti-fuzzy graphs with underlying vertex sets
Var, and Vap, and edge sets E4p, and E4F,, respectively.
Then, the conormal product of IAFGs G4, and G ap, is a
pair of functions Gap, * Gar, : (LaF, * U:4F1’ AR, * N;&Fz)
with the underlying vertex set Vap, X Vap, = {(uam, var );
uap, € Vap, varp, € Vap,} and underlying the edge in

Eap, X Eap, = {(uar,, var ) (UAF,, VAR,): UAR, = UAF,,

VAR VAR, € Ear,(0r)uar uar, € EAr, VAR, = VAR, }.

The vertex’s MS and NMS values (uap,var) in Gap, *
G A, are given by

() (0ar,*0ap ) (UaF, VAR, ) = 0ap, (AR )AT AR (VAR ),
7

(0AR,*0 4 g, ) (UaF, VAR, ) = OaF, (WAR, )VO 45, (VAR ),

(i) (0ar*0 45, )(UAR,, VAR) = 0Ar (WaR, AT 4p, (VAR,),

(0AR*0 o p,) (AR, VAR,) = OAr, (UAR)VO 4p, (VAR )-

The extension of edge values is given by

() par, * poap, (war,, var ) (Uar,, var,))
par (VAR UaR,) V 0:41:1 (var)
fuarpuar, € Ear, andvap, = var,,
Wap, (VAR vAR,) V O AR (Uar,)
ifvarpvar, € Eap, and uap, = uar,,
par, (Uar,uam,) V 0 ap, (Var) V Oap, (var,)
ifuapuar, € Ear, and vap,var, ¢ Ear,,
Woap, (VAR vaR,) V o (War,) V oar, (War,)
ifvar var, € Ear, and uap, uar, ¢ Ear,,

!
HAF, (UAFl uAFz) \4 M AR, (UAFI VAF, )

if'UJAFluAFg S EAF1 and VAR VAF, € EAFQ-

(i) pap, * M:4F2 ((uar,,var)(UaR,,vaAF,))

par (WA UAR,) A O ap, (VaF,)
if UAR, UAF, € EAF1 and VAF, = VAF,,
M:4F2 (UAFI UAFz) N O AR, (uAF2)
if’UAFlvAFQ S EAF2 and UAF, = UAF,,
par (UARUAR,) A O ap, (VaR) A O ap, (Var,)
ifuar,uar, € Ear, and varvam, & Ear,,
MiAFz (UAFI UAFz) N O AR, (U’AFI) NOAF, (UAFz)
ifvapvar, € Eap, and uap uar, ¢ Ear,,

par, (WA uAR,) A Hap, (VAR VAR,)

iquFluApz € EAF1 and VAR, VAF, € EAFQ-

Example 3.1. See Figure

Definition 3.2. Let G 4, : (taF,, taF,) and G4, : (M’AFl’
u/ AF, ) be complete and conormal products of two IAFGs; then,
the fuzzy graph is called a conormal product of complete IAFGs
and is denoted by Goar, * Goar,-

Example 3.2. See Figure[2]
Example 3.3. See Figure
Example 3.4. See Figure
Definition 3.3. Let G, : (ftapy, piar,)and Gap, : (1 ar,,

u/ AF, ) be strong, conormal products of two IAFGs; then, the
fuzzy graph is called a conormal product of strong IAFGs and

UAF1 (0.3,0.5) VAF1 (0.5,0.3)

(0.4,0.5) (0.6,0.4)

UAF2 (0.2,0.4) VAF2 (0.4,0.5)

GAF1 GAF2
(0.6,0.4)
UAF1VAF1 AF1VAF2
(0.5,0.3) 0.4,0.5)
(0.6,0.4)

(0.5,0.5) (0.5,0.5)
UAF2VAF1 UAF2VAF2
(0.5,0.3) (0.6.04) (0.4,0.4)

GAF1*GAF2

Figure 1. Conormal product of two IAFGs.
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u1(0.2,0.4) v1(0.5,0.6) v1(0.5,0.3)
u1(0.3,0.5)

(0.6,0.4)

V2 (0.4,0.5) (0.2,04)  (0.7,0.3)
GaF1

(0.6,0.4)
Gcari*Gear:
(0.7,0.6)
*
Gcari*Gear. Figure 4. Conormal product of complete IAFGs.
Figure 2. Conormal product of complete IAFGs. u1(0.2,0.4) v1(0.5,0.6)
u1(0.2,0.4)
V1 (0.5,0.3)

(0.5,0.4) (0.7,0.4) 0.5.0.3) o .3,0. 0.7.0.

uz — us3 (0.7,0.8) V2 (0.4,0.5)
(0.5,0.6) (0.7,0.6)

Gart Gar

(0.5,0.3)

uiv2 (0.4,0.4)

u3v1(0.7,0.3) 0.7,0.3) usv2 (0.7,0.5)
Gceari*Gear
(0.7,0.6)
Figure 3. Conormal product of complete IAFGs. Gsar1*Gsar:

denoted by Gsar, * Gsar,. Figure 5. Conormal product of strong IAFGs.

Example 3.5. See Figure 3]
Definition 3.4. Let G or, * G A, be the conormal product of regular IAFGs if each vertex has the same degree.

of two IAFGs; then, the graph is said to be a conormal product Example 3.6 See Figure[f]
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(0.6,0.4)

1v2(0.6,0.4)

(0.6,0.4)

uzv2 (0.5,0.3)

(0.6,0.4)

usv2(0.6,0.4)

(0.5,0.3)

Gar1*Gar2

Figure 6. Conormal product of regular IAFGs.

Theorem 3.1. A conormal product of two IAFGs is an
IAFGs.

Proof. Let Gar, : (LaF,, par,) and G4, : (,u/AFl, M:4F2)
represent IAFGs with the underlying crisp graphs G7 1., : (Var,,
Esp,) and G, : (Var,, Ear,), respectively, and G g, *
G ar, be their conormal product; we must prove that G 4, *
G ar, is an IAFG.

From definition, it follows that
Case (i) f uap,uar, € Ear, and vap, = VAR,
HAF, * M:4F1 (war,,var ) (VAR VAR,))
= par, (AR Uar,) V O ap (VAR
<[oar (uar,) V oar, (uar,)]
V[0 am (var,) V 0 ap, (Var,)]
= [0ar, (uar,) V o ap (Var,)]
Voar (uar,) V oap, (var,)]
= (0ar, * 0ap,)(UAR VAR, )
V (oA, * Tap,)(UARVAR,),
pAF, * tap, (War, VAR, ) (WAF,, VAR, ))
= par,(UAF, , UAF,) N U;;FQ (var,)
<l[oap,(uar)Aoar, (uar,)]
Ao am, (Var,) A O ag, (VaR,)]
= [0ar, (uaR,) A T ap, (Var,)]
Noar, (War) A oap, (Var,)]
= (0ap, *Oap,) (UaR, VAR, )
N(oaR, * UAFQ)(UAFQUAFQ).
Case (ii) If vap,var, € Ear, and uap, = Uar,,
HAF, * /Jin1 ((UAF1 ; UAFl)(uAFQ s UAFQ))

!
= HMap (UAFl ) UAFz) \4 OAR, (UAFI)

<04 (AR V Oap, (v2)]
V[oar (uar,) V oar (uar,)]

= [0ar, (uar,) V o ap (VAR )]
V(oar (war,) V oap (var,)]

= (oap * 0':4F1)(UAF1 VaAFR)
V(oap * U:qFl)(UAFQUAFg)v

HAF, * M:4F2 (war var ) (VAR VAR,))

= Hap, (VaF,, vAR) A Oap, (uar,)

< [0am, (Var) A Oap, (VaR,)]
Noar, (uar) A oar,(uar,)]

= [oar,(uar) A oap,(var,)]
Aloar,(uam) Ao ap, (Var,)]

= (0AR, * O aR,) (AR VAR,)

A (UAFQ * 0-14F2)(UAF2UAF2).

Case (iii) If uap, uar, € Eap, andvap,var, ¢ EAr,,
HAF, * /‘iAFl ((var,,var,)(Uar,, VAR, ))
= par, (WaruaR,) V Oap, (VAR) V O g (Var,)
<[oar (uar )V oar (uar,)]
Voar (0ar) V O ar, (var,)]
= [0ar, (uar,) V T ap (VAR )]
Voar (uam) V oap (var,)]
= (0ap, * U:4F1)('UJAF1UAF1)
V(0ar *0ap)(War,vAR,),
far, * ap, (Wary,var)(War,, var,))
= piar, (VAR UAR,) N U:4F2 (var ) A 0:4F2 (vam,)
< [0ar,(0ar) AT, (var)]
Nloar,(uar,) Noar,(uar,)]
= [0ar, (war,) Ao ap, (var)]
Noar,(uar) Ao ap, (var,)]
= (0ap, * U:4F2)(UAF17}AF1)

N (O aF, * Oap,)(UaF,vAR,)-

Case (iV) IfUAFIUAF2 S EAFZ and UAF, WAF, §§ EAF17

HAR, * /utin1 (war,,var ) (Uar,, VAR,))
= par, (VAR VAR,) V O ap (War,) V U:4AF1 (uar,)
<[oar, (var,) V oar (uar,)]
V[0ap (var,) V 0ap (VaR,)]
= [oar, (WaF,) V 0 g, (Var,)]

\ [UAFI (uAFz) \ U:4F1 (UAF2 )]
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IAFG.

= (UAF1 * U:4F1)(UAF1 UAF1)
Proof. W.K.T conormal product of two IAFGs is an IAFG.

V(0ar *0ap)(UaR,VAR,),
WAF, * /«L;x 7, ((uar,, var,)(Uar,, vAR,)) To prove: The conormal product of both IAFGs is complete.
An TAFG is said to be complete if par, (var,, var,) =

oar, (VAR )Voar, (Var;) and par, (VAF,, VAF;) = 0aFr, (VaF,)

Ao AR, (vaF;) forall var,, var, € Var.

= :u:42 (UAFl UAF2) Noa, (UAFl) NOCAF, (U‘AF2)
<loamWar) Aoap,(var,))

ANoar,(uar ) Aoar,(uar,)]
’ ! R Case (i) If uap, uap, € Eap, and vap, = vap,,

= [oam (uar,) Nogp, (VaR,)]
Aloar, (uz) A U:4F2 (var,)]
= (0AF, * Oap,) (UAFR VAR,

’
AT AR, * 0 4p,) (UAR,VAR,).

Case (v) fuap,uar, € Eap, andvap,var, € Ear,,
!
HAF, * MAFI((UAFUUAFl)(UAFw UAF2))

= piar, (VAR , UaR,) V U/Apl (VAR VAR,)
<[oar (uar)Voar (Uar,)]
\ [U:4F1 (vap )V 0:4F1 (var,)]
= [oar (var) V oap, (Var,)
Voar (uar,) V oap (var,)]
= (0ar, * Tap,) (AR VAR,)
V(oap * 0':4F1)(UAF2UAF2)7
HAF, * M:4F2 (war ,var ) (UAR,, VAF,))
= par,(UamuAR,) V i r, (VAR VAF,)
< [0am, (Var) A O ap, (VAR )]
Nloar,(uar,) Noar,(uar,)]
= [oar, (uar, ) N U:4F2 (var)]
Noar,(uar,) A oap, (Var,)]
= (oam, * UAFQ)(UAFlfUAFl)

N(Oar, * 0 up,)(UaR,vAR,),

then
par, * pap (Uar, VAR ) (UAR,, VAR, ))

= (0ar, *Oap ) (UaRVAF,)

V(oar, * (T;lFl)(uAFQUAFg)a
par, * Hap, (Wary, var) (War,, var,))
= (0AR, * O':sz)(UAFl'UAFl)

N(TAF, * Tap, ) (UAF, VAR, ).

HAF, * U:AFl ((uar,,var, ) (UAR,, VAF,))
= piar, (VAR UAR,) V U:4F1 (var,)
= [oar, (uaF,) V 0aR (UAF,)]
V[0 am (VaR) V Oap, (Var,)]
= [oar, (War,) V O g (VaR)]
V[0ar, (War,) V 0 ap, (Var,)]
= (0ar, * O g ) (AR VAR,)
V(0AF, *0ap,)(UAR,VAR,),
HAF, * M;;Fg ((UAF1 y VAF, )(UAF;,, UAF2))
= piar, (UAr, , UAFR,) N U:4F2 (var, ),
= [0ar,(uar,) N OAR, (UAR,)]
A [0ap, (WaR) A Oap, (var,)]
= [0ar, (Uar,) Ao ap, (Var)]
Noar, (war,) A ag, (Var,)]
= (0ar, *0up,)(UAFRVAR,)

!’
Ao AR, * 0 4p,)(UWAF, VAR, ).

Case (ii) If'UAFl'UAFz S EAF2 and UAF, = UAF,,

HAF, * U:AFl ((UAF1 y VAF, )(UAFQ, VAF, ))
= g, (VAR VAR,) V O ap, (UaF,)
= [0ar, (var,) V 0ap, (v2)]
V[oar (uar,) V oar (uar,)]
= [oar (war,) V o ap (var,)]
V[oar (uap,) V oapm (Var,)]
= (0ar, * O ap) (AR VAR,)
V(0ar, *0ap)(War,vaR,),
HAF, * M:4F2 (war,,var)(Uar,,VAR,))
= tap, (VaF VAR N O ap, (UaR,)
= [0:4F2 (var) A U/AFQ (var,)]

A [O—AFQ (U‘AFl) NOAFR, (UAFz)]

This proves that an IAFG is the conormal product of two IAFGs. )
O = [JAFz (uAFl) A OAF, (UAFl )]

Theorem 3.2. If Gar, : (iaF,, piar,) and Gap, : (//AFl, Nloar,(uar,) N oap,(Var,)]

,u:4F2 ) are complete IAFGs, then G 4, *G 4, is also a complete = (0aR, * 0:4F2 Y(uarvar,)
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N(oap, * O':4F2)(UAF2’UAF2).
Case (iii) If uar, uap, € Ear, and vap,var, € Ear,,
HAF, * NIAFl ((uar,var)(UaF,,VAR,))
= par, (UARUAR) V T g, (VAR V O ap (VAR,)
= [0ar, (uar,) V 0aF, (UaR,)]
VIoar, (0ar) V O ar, (var)]
= [oar (uar,) V oap, (Var)]
V[oar, (uar,) V oap (VaR,)]
= (oap * 0':4F1)(UAF1UAF1)
V(oar % 0ap,)(UaRvAR,),
AR, * M/AFQ ((uar,var ) (UaF,,VAR,))
= par, (UARUAR) N O g, (VAR) AN O ap, (VAR,)
= [0'14F2 (var) A 0:4F2 (var,)]
Nloar,(uar,) Noar, (uar,)]
= [oam, (uar) Ao ap, (VAR )]
Aoar,(War,) A oap, (Var,)]
= (0ap, * 0:4F2)(UAF1 VAF,)
N (CAF, * U:sz)(UAFz'UAFz)-
Case (iv) If vap,var, € Eap, and uar, uar, ¢ Ear,,
par, * fiag, (War,, VAR, ) (UAR,, VAR, )
= par, (VAR VAR,) V O g, (War,) V U,AAFI (uar,)
= [oaF, (uaF,) V 0AR, (UAF,)]
V[oum (var) V o4, (var,)]
= [oar (uar,)V oap (Var)]
Vioar (uar,) V oap (var,)]
= (0ar, * Oap ) (UARVAR,)
V(0ar, *0ap)(UaRvAR,),
AR, * M:4F2 ((war,,var)(uar,,vaR;))
= M;;z (VAR VAR,) N OAy(UAR,) AN OAR, (UaF,)
= [0ar, (VaF) A Oap, (VaR,)]
Nloar,(uar,) N oar, (uar,)]
= [oar,(uar) A oap,(var,)]
Aloar, (uz) A 0:4F2 (var,)]
= (0aR, * U:4F2)(UAF1 VAF,)
N(oarR, * UAFZ)(UAFQUAFQ)-
Case (V) If uap,uar, € Eap, and vap,var, € Ear,,
HAF, * ,u:4F1 ((war,,var)(Uar,,var,))

= par, (VAR UAR,) V 0:4F1 (VAR VAR,)

=[oar (uap )V oar (uar,)]
V{oup (War) V oap, (Var,)]

= [oar (var,) V oap, (var)]
Voar (uar,) V oap (Var,)]

= (0AF, * 0',,4F1)('UJAF1UAF1)
V(0ar *0ap) (AR, vAR,),

HAF, * N:4F2 (war var )(UAF,, VAF,))
= par, (AR UaR,) V Hap, (VAR VAR,)
= [0':4F2 (var,) A ‘7:4F2 (vAR,)]

Noar,(uar ) Noar, (uar,)]
= [0ar, (uar ) AT ap, (VAR )]

Aoar,(uam) Ao ap, (var,)]
= (0am, * U:4F2)('UJAF1UAF1)

N (oAR, * UIAFZ)(UApszFZ).

Hence, G ar, * G aF, is a complete IAFG. O

Theorem 3.3. If Gar, : (par,, par,) and Gap, : (,u/AFl,
u:4 F2) are two strong IAFGs, then G o, * G 4 F, is also a strong

IAFG.
Proof. W.K.T conormal product of two IAFGs is an IAFG.

To prove: Conormal product of both IAFGs is strong.

An IAFG is said to be strong if par, (vVaF,, vAF;) = 0AR,
(var,)Voar (var;) and par, (VAF,, VaF;) = 0AR, (VaF,) A
OAF, (UAFj) for all VAF;, VAF; € Var.

Case (i) fuar uar, € Eap, and Vap, = VAF,,

par, * g, (wary, var ) (uar,, var,))

= piar (Uar uAR,) V 014F1 (varm)
= [oaF, (uaF,) V 0aR, (UaAF,)]
V[our (var) V 04, (var,)]
= [oar (uar,)V oap, (Var)]
V[oar (War,) V 0ap, (Var,)]
= (0ar * U:4F1)(UAF1 VAF,)
V(R *0ap)(UARvAR,),
HAF, * /~L:4F2 ((war ,var ) (UAR,,VAR,))
= par,(Uar , uAR,) A U:4F2 (var,)
= [0ar,(uar,) Noar,(uar,)]
Noar, (Var) AOap, (WaR,)]
= [oar(uar,) Ao ap, (var,)]
Aloar,(war,) A oar, (Var,)]
= (0ar, *0up,)(UAR,VAR,)

’
AT AR, * 0 4p,) (UAR, VAR, ).
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Case (ii) If vap,var, € Ear, and uar, = uar,,
HAF, * NIAFI ((war, ,var,)(UAF,,VAF,))
= tap, (VAR VAR) V O g (UAF,)
= [0ap, (VAR V Tap, (v2)]
Vioar (uar)V oar (uar,)]
= [oar, (WA, V Oap, (VaF,)]
V[oam (War,) V oap (VaR,)]
= (0ar, *0ap,)(UAFRVAR,)
V(oar * U:4F1)<UAF2UAF2),
HAF, * M;\Fz (uar ,vam ) (AR, VAR,))
= Wap, (VAR vAR) A Oap, (uaF,)
= (04, (WAR) AOap, (VaR,)]
N[oar,(uar, ) Noar,(uar,)]
= [oar, (War,) A Tap, (VaR,)]
Noar,(uar,) A oap, (Var,)]
= (0AR, * Oup,)(UAR VAR, )

N (oar, * U:4F2)(UAF2'UAF2)~

Case (iii) If uar, uar, € Ear, and vapvar, ¢ Ear,,
par * tap, (Wap,, var,) (War;, VAR, ))
= par (Uap,UAR,) V U:4F1 (vap, )V cr;\Fl (var,)
= [0aF, (uar,) V oaR, (UaR,)]
VIoar, (0ar) V 0 ar, (var)]
= [oam (uar,) V o ap (VAR )]
Voam (War,) V oap (VaR,)]
= (0ar, *0ap,)(UARVAR,)
V(oar *0ap, ) (UaRvAR,),
HAR, * M/AFQ ((war,,var)(uar,,var,))
= par, (UARUAR) N O g, (VAR) AN O ap, (VaR,)
= (04, (WAR) AOap, (Var,)]
ANoar,(uar) A oar,(uar,)]
= [oar,(uar) A oap,(var,)]
Noar,(uar,) A oap, (var,)]
= (0aR, * 0up,) (WA VAR, )

’
N (O AR, * 0 5p,) (UAR,VAR,).

Case (iv) If VAR, VAF, € EAF2 and UAR, UAF, ¢ EAFl,
’
BAF, * fiap, (Uar , var ) (UAR,, VAR, ))
! /7
= par, (VAR VAR) V Ogp, (Uar) V 04, (VaR,)

= [OAFI (UAFl) Voar (uAFz)]

www.ijfis.org

v [U:4F1 (var )V U,,4F1 (var,)]
= [0ar (uar) V T ap (VAR )]
Vioar (war) V our, (var,)]
= (0aR, * 0':4F1)(UAF1UAF1)
V(0aF, * U:4F1)(UAF2UAF2),
HAF, * /ut:w2 (war,,var ) (Uar,, VAR,))
= M:42 (VAR VAR,) N oA, (uar ) Noar, (uar,)
= (045, (vAR) A Tap, (v4F,)]
Nloar,(uar) N oar, (uar, )]
= [0ar (war,) Ao ap, (var)]
N[oar, (uz) A U:4F2 (vam)]
= (0aR, * U/AFQ)(UAFlvAFl)
N(oAR, * UAFZ)(UAFQUAFQ)-
Case (V) If uap, uap, € Eap, and vap,var, € Eap,,

HAF, * /14:4F1 (war,,var ) (UaF, VAR,))
= par, (Uar ,uar,)V 0,,41:1 (VAR VAR,)
= [oar (uap,) Voar (uar,)]

V{oup (War) V oap, (Var,)]
= [oar (var,) V oap, (Var)]

Voar (uar,) V oap (Var,)]
= (0ap * U,,4F1)(UAF111AF1)

V(0aR, * U:qFl)(uAngAFg);

HAF, * lffiAF2 (war var )(UAF,, VAF,))
= par, (VAR UAR,) V ,u/AF2 (VAR VAR,)
= [0ar, (VaR) A Tap, (VaR,)]

Nloar,(uar,) Noar,(uar,)]
= [0ar, (uar ) AT ap, (VAR )]

Aoar,(uam) Ao ap, (var,)]
= (0ap, * U:4F2)('UJAF1'UAF1)

N (oaF, * UIA}«“Q)(UAF2 VAF,)-

Hence, G soF, * Gar,is also a strong IAFG. ]

Theorem 3.4. If Gap, : (par,, par,) and Gap, : (N:4F1’
,[L/AF2) are two regular IAFGs, then Gap, * G, is also a
regular IAFG.

Proof. Let Gap, = (Vap, Eap, 0ar, ptar) and Gap, =
(V;‘ o E/A o 014 o u:4 ) be the conormal product of IAFGs.

To prove: The conormal product of IAFGs is also an IAFG.

Let Gar, = (Var, Ear, 0ar, piar) and Gap, = (Vg
Ey s 0y ps iap) be IAFGs and G ar, * G o, be their conor-
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(0.6,0.4)

UAar1VAF1
(0.5,0.3)

Uar1VAaF2 (0.4,0.5)
(0.6,0.4)

(0.5,0.5) (0.5,0.5)

Uar2VAF

UAr2VAF2 (0.4,0.4)
(0.5,0.3)

(0.6,0.4)
Gar*Gar

Figure 7. Conormal product of regular IAFG.

mal product; then, drG ,p «Gam, (WaAF,; vAR;) = S for all i,
j=1,2, .., n. Aregular fuzzy graph of degree <, or a 3-
regular fuzzy graph, is one in which each vertex has the same
degree. An IAFG is a regular IAFG in this sense.

Example 3.7 See Figure

In Fig.

dap(Uap, ,var, ) = 1.7,dar(Uar, ,VaF,)
=1.7,dar(uar,,var,)
=1.7,dap(uar,, var,)
=1.7.

From the above we get

dar(uar,,var ) = dar(uar,,var,)
=dar(uar,,VAF,)

=dar(uar,,vaR,).

Hence, G ar, * G aF, is a regular IAFG.

Remark 3.1. Although the conormal product of IAFGs is
regular, regular fuzzy graphs need not be the conormal product
of IAFGs.

Example 3.8. See Figure

The above example is a regular and pseudo-regular fuzzy
graph. However, it is not a conormal product of IAFGs.

4. Application

In this example, we demonstrated how to use the conormal
product of two IAFGs. Consider the following example, where
G ar, and G 4, represent two IFAGs and two vertices repre-
senting distinct grocery goods. The MS and NMS values of the
vertices denote the proportion of a product’s quality and cost,
respectively.

(0.4,0.2)

UAar1VaF1
(0.5,0.3)

UAar1VAF:2 (0.4,0.5)

(0.3,0.5) (0.3,0.5)

UAr2VAF2 (0.4,0.4)

(0.4,0.2)

Figure 8. Regular IAFG.

In G 4, , the MS and NMS values of the vertices reflect the
percentage of a product’s quality and cost, respectively. The
MS and NMS values of the edges show the maximum relative
product quality and minimum product cost, respectively. In
addition, for G 4,, the MS and NMS values of the vertices
represent the percentage of a product’s quality and cost, respec-
tively. The MS and NMS values of the edges represent the
maximum relative product quality and minimum product cost,
respectively. The conormal product G o, * G ap, of Gar, and
G ar, shows the percentage change in product quality for the
highest MS value and the percentage change in product cost for
the lowest NMS value.

Consequently, the most effective combinations with the high-
est percentage of quality improvement and the lowest percent-

age of cost increase were discovered across all supermarkets.

5. Conclusion

In this manuscript, we present the conormal product of IAFGs.
We define the conormal product of IAFGs, and use a few exam-
ples to demonstrate its properties. Each of the given definitions
and hypothetical methodologies is appropriate for regular, com-
plete, and strong IAFGs.

In future work, different kinds of products of different types
of IFGs, like m-polar, interval-valued, vague, and hesitancy
anti-fuzzy graphs, will be discussed. The above anti-fuzzy
graphs are useful for practical applications. We are committed
to managing other maintainable improvement objectives for a
better world.
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