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A STUDY ON M-N FUZZY, M-N ANTI FUZZY SOFT SUBGROUPS
AND NORMAL SOFT SUBGROUPS OF A GROUP

ABSTRACT:

Fuzzy group is an extension of theories of fuzzy sets and the studies of fuzzy group
theory were initiated by Rosenfeld in the year 1971. He originated this fuzzy group theory by
introducing the concepts of fuzzy subgroupoid and fuzzy subgroup which laid the foundation
for further studies of various types of fuzzy algebraic substructures. In this thesis, we have
introduced the concept of M-N fuzzy and anti-fuzzy soft subgroups. The concept of M-N
fuzzy normal soft subgroups and anti-fuzzy normal soft subgroups are also discussed.

This thesis consists of six chapters. Initially, we have précised the basic definitions of
fuzzy sets, fuzzy subgroups and normal fuzzy subgroups are needed in the succeeding
chapters. Followed by, we defined the concept of M-N fuzzy soft subgroups based on the
concept of fuzzy group. We have also defined the M-N fuzzy soft set and the M-N level
subsets of a fuzzy soft subgroup. We defined the M-N normal fuzzy soft set, discussed the
intersection of two and three variables of M-N level subsets of normal fuzzy soft subgroups
with some of its elementary properties. Further, we defined the M-N homomorphism of fuzzy
soft subgroups and defined the M-N Homomorphism of level subsets of fuzzy soft subgroups.

Subsequently, we discussed the Conjugate of M-N fuzzy soft subgroups based on the
concept of fuzzy soft group. The conjugate of M-N fuzzy soft subgroups along with some of
its elementary properties are also discussed. In addition, we defined and discussed the
concept of M- N fuzzy soft middle coset with some related results.

Furthermore, we defined the M-N anti-fuzzy soft set and described the M-N level
subsets of Anti fuzzy soft subgroups. We have also discussed the concept of M-N Anti fuzzy
soft subgroups with some of its elementary properties. In addition, we defined the M-N Anti

fuzzy normal soft set and the intersection of two and three variables of M-N level subsets of



anti-fuzzy normal soft subgroup. Furthermore, we defined the M-N anti-homomorphism of
fuzzy soft subgroup and the M-N Homomorphism of anti-level subsets of fuzzy soft
subgroups. We discussed the Conjugate of M-N anti-fuzzy soft subgroups based on the
concept of fuzzy soft group.

Moreover, we defined the conjugate of M-N anti-fuzzy soft subgroups and some of
the elementary properties are also discussed. Finally, we defined the concept of M- N anti-

fuzzy soft middle coset and discussed about some of the related results.
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INTRODUCTION
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1. INTRODUCTIONS

1.1 Literature Reviews

Fuzzy set is a class with unsharp boundaries. Initially, Zadeh has proposed the notion
of a fuzzy set theory in the year 1965 [84, 85] for the purpose of developing expert systems
and soft computing by means of demonstrating mathematically as any imprecise (or) vague
system of information in the real world. The concept of fuzzy subset theory was expounded
in the first publication of Zadeh [84] and then Goguen [18] has shown the intention to
generalize the classical set. A classical set A is defined as a collection of objects x which
belongs to a universal set X. Each member of X can either belong to or not belong to A. In
the first case, the statement “x belongs to A” is true, and in the latter case this statement is
false. Such a classical set can be defined in different ways. Either we can list the objects that
belong to the set or describe the set analytically or define the member elements by using the
characteristic function y defined from X to {0, 1} in which 1 indicates the membership and
0 non-membership. In the general context, a membership function allows various degrees of
membership for the elements of a given set. The range of the membership function is usually
taken as [0; 1]. It has been noticed that the membership function is not limited to the values
between 0 and 1. The set defined by a membership function is called a fuzzy set. In short, a
fuzzy set is a generalization of a classical set and the membership function that of the
characteristic function. In fact, we do not distinguish between these two notions.

In 1999, concept of soft sets has introduced Molodtsov [1] and the fundamental result
of the new theory has also been established. A collection of approximate descriptions of an
object is a soft set. Each approximate description has two parts: a predicate and an
approximate value set. In classical mathematics, we construct a mathematical model of an

object and define the notion of the exact solution of this model. Later other authors like
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Maji et al. [27, 28, 29 and 81] have further studied the theory of soft sets and used this theory
to solve some decision making problems. Authors have also introduced the notion of fuzzy
soft set, a more generalised concept, which is a combination of fuzzy set and soft set and they
have studied its properties. The new definition of soft sets and soft groups depending on
inclusion relation and intersection of sets have been introduced by Aktas and Cagman [4] in
the year 2007. Several investigators have explored the different types of fuzzy soft
sets in [3, 5, 7 and 10].

There were numerous attempts have been taken to fuzzify various mathematical
structures. Rosenfeld [61] has initiated the fuzzification of algebraic structures. In 1971,
Rosenfeld has introduced the concepts of fuzzy subgroupoids and fuzzy subgroups; and some
of its basic properties are also obtained and the concept of M-group M-subgroup has
introduced by Jacobson [21]. The Fuzzy groups and level subgroups have been studied by Das
[12]. Many other researchers have investigated fuzzy subgroups in [1, 6, 14, 20, 24, 37, 64,
66, 83 and 86].

Wu [78] was revealed the fuzzy normal subgroup during 1981. In addition, the
Smarandache Fuzzy Algebra has been introduced by Vasantha Kandasamy [23] in 2003.
Sarala and Suganya [62, 63] have unravelled the normal fuzzy soft subgroup during the year
2014. Further, R. Patel et. al., [58] have developed the three variables on normal fuzzy soft
subgroup in 2015. Numerous investigators have also studied the fuzzy normal subgroups in
[25, 26, 30, 38, 43, 57 and 56]. The normal fuzzy subgroups and conjugate fuzzy subgroups
have been discussed by Zhang and Zou [87] in 1993. As well, Shukla Shobha has studied the
conjugate fuzzy subgroup in [70]. In [22], Kandasamy, W., and Meiyappan, D were discussed

the Fuzzy symmetric subgroups and conjugate fuzzy subgroups of a group in 1998.
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In [8] Biswas introduced the concept of fuzzy subgroups and anti- fuzzy subgroup of
groups. Further, Shen researched anti- fuzzy subgroups of a group in [69] and Dong [15]

studied the product of anti- fuzzy subgroups. Feng and Yao [17] studied the concept of (4, 1)

anti- fuzzy subgroups. In [56, 57], Pandiamml et al, (2010) have defined a new algebraic
structure of anti L- fuzzy normal M- subgroups and ant L- fuzzy M-Cosets of M- group.
Massa’deh, M. O. (2012) discussed On M-Fuzzy Cosets, M-Conjugate of M-Upper Fuzzy
Subgroups over M-Groups in [34]. Wang, S. H [76] further obtained some basic properties of
anti-fuzzy subgroups and anti-fuzzy normal subgroups of group. In [54, 55], Onasanya, have
studied some reviews about fuzzy subgroups and anti-fuzzy subgroups in 2016. Various other
investigators have studied the anti-fuzzy and anti-fuzzy normal subgroups in [38, 44, 49, 68,
72 and 73].

In [48], The M-Homomorphism and M-Anti Homomorphism of an M-Fuzzy
Subgroup and its Level M-Subgroups were introduced by R. Muthuraj et al. in 2010. In [35],
Mourad Oqgla Massa’deh has discussed the M-N-homomorphism and M-N-anti
homomorphism over M-N- fuzzy subgroups in 2012.

1.2 Preliminaries and Notations:
This chapter contains basic definitions, properties and theorems which are required to
develop the thesis.
Definition 1.2.1 [85]:
Let X be a non — empty set. A fuzzy subset A of X is a function A: x — [0, 1].
Example 1.2.2 [85]:
Let X ={1, 2, 3, 4, 5} be aset. Then A ={(1, 0.2), (2,0.4), (3,0.6), (4,0.7), (5,0.8)} is

a fuzzy subset of X.
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Definition 1.2.3[62]:

Let G be a group. A fuzzy subset A of G is called a fuzzy subgroup if for x,y € G

1. A(xy) = min {A(x), Ay)}

2. AXY = AKX)
Theorem 1.2.4:
Let G be an M — N group, A and B both be M — N fuzzy subgroup of G. Then ANB
isan M — N fuzzy subgroup of G.
Example 1.2.5:
A: G — [0, 1] where G = {1, -1, i, -i} defined as A (1) = 0.8, A (-1) = 0.6, A (i) = 0.4,
A(-i)=0.4
Definition 1.2.6[9]:
Let G be a group. A fuzzy subset A of G is called an anti-fuzzy subgroup if for x, y €G
(1) A (xy) = max {A (x).A ()}
2 Ax™) =A®X)
Theorem 1.2.7:
Let G be an M — N group, A and B both be M — N anti fuzzy subgroup of G. Then AUB

isan M — N anti fuzzy subgroup of G.
Example 1.2.8:
A: G — [0, 1] where G={1,-1,1i, -i} definedas A (1) =0.2, A(-1) = 0.4, A (i) = 0.6,
A(-i)=0.6
Definition 1.2.9[12]:

Let A be a fuzzy subgroup of a group G. For t € [0, 1] the level subset of A is the set

Ai={XEG/A (x)>t}. Thisis called a level subset of A.
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Definition 1.2.10[15]:

Let A be an anti-fuzzy subgroup of a group G. For t € [0, 1] the anti-level subset of A
istheset Ac={X&G/A (x)<t, A}. This is called an anti-level subset of A

Definition 1.2.11:

A subgroup H of G is called a normal subgroup of G ifaH =Ha foralla € G

Definition 1.2.12 [43]:
Let G be a group. A fuzzy subgroup A of G is called fuzzy normal if A(x) = A(y™

xy), for all x,y € G.

Example 1.3.13:

A:G—[0,1] wherex = {1, 2} G defined as A(1) =0.8, A(2)=0.6
Definition 1.2.14:

Let G be a group. A fuzzy subgroup A of G is said be an anti-fuzzy normal
subgroup, if forall x, y € G and A (xyx™) = A (y) (or) A (xy) = A (yx).
Definition 1.3.15[42]:

Let U be an initial universe set and E be the set of parameter. Let P (U) denote the

power set of U. A pair (F, E) is called a soft set over U, where F is mapping given by
F:E— P (U)
Definition 1.2.16 [1]:

Let (F, A) be a soft set over G. Then (F, A) is called a soft group over G if F (a) is a
group G for all a € A.
Definition 1.2.17[28]:

Let U be an initial universe set and E be the set of parameters. Let A EE. A pair

(F, A) is called fuzzy soft over U, where F is a mapping given by F: A — I" where 1" denote

the collection of all fuzzy subset of U.
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Definition 1.2.18 [42]:
Let (F, A) and (G, B) be two fuzzy soft set over U. Then (F, A) is called a fuzzy
soft subset of (G, B) denoted by (F, A) & (G, B) if
()ACSB
(2) F (a) is a fuzzy subset of G (a), for each a € A.
Definition 1.2.19[35]:
Let M, N be left and right operator sets of group G respectively, if (m x) n = m (x n) for
allx G, m &M, ne N. Then G is said be an M — N group.
Definition 1.2.20[35]:
If Alisan M — N fuzzy subgroup of an M — N group G. Then the following statement
holds for all X,y € G, m € M, and n €N
(1) A (m(x y)n) = min{A (x), A (y)}
(2) Amx™*n)= A(X)
Definition 1.2.21[9]:
If Ais an M — N anti fuzzy subgroup of an M — N group G. Then the following
statement holds forall x, yEG,meM,andn €N
(1) A (m(x y)n) < max{A (x), A (y)}
(2) A(mx ™" n) < A(x)
Definition 1.3.22[34]:
Let G be an M — N group and A be a fuzzy subgroup of G if
L AMX) = A(X)
(2) A (x n) = A(x) hold for any x EG, m €M and n €N, then A is said be an

M — N fuzzy subgroup of G.
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Definition 1.2.23[35]:
Let G be an M — N group and A be an anti-fuzzy soft subgroup of G if
(1) A (mx) <A (x)
(2) A(x n) <A(X) hold for any x €G, m €M and n €N, then A is said be an
M — N anti fuzzy soft subgroup of G.
Proposition 1.2.24[35]:

Let G be an M — N group, A and B both be M — N fuzzy subgroup of a group G. Then
ANB is an M — N fuzzy subgroup of a group G.

Proposition 1.2.25[35]:

Let G be an M — N group, A and B both be M — N anti fuzzy subgroup of a group G.
Then AUB is an M — N anti fuzzy subgroup of a group G.

Proposition 1.2.26[35]:

Let G be an M — N group, A be a fuzzy set of G, then A is M — N fuzzy subgroup of a
group G iff for any t € [0,1], A is an M — N fuzzy subgroup of a group G when A; # @.
Proposition 1.2.27[35]:

Let G be an M — N group, A be a anti fuzzy set of G, then A is M — N anti fuzzy
subgroup of a group G iff for any t € [0,1], At is an M — N anti fuzzy subgroup of a group G
when A # @ .

Proposition 1.2.28:
Let G and G* both be M- N groups and f an M- N homomorphism from G onto G*. If
Al an M — N fuzzy subgroup of a group G, then f *(A')is an M — N fuzzy subgroups of a

group G.
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Proposition 1.2.29[35]:

Let G and G* both be M- N groups, f an M- N homomorphism from G onto G, and A
an M — N fuzzy subgroup of a group G, then f (A) is an M — N fuzzy subgroups of a group G*.
Proposition 1.2.30[35]:

Let f be a homomorphism from the M — N group G onto the M —N group G*. Then the
preimage which can be written as f*(A') of A® under f where A'is an M — N fuzzy normal
subgroup of Glis an M — N fuzzy normal subgroup of G.

Proposition 1.2.31[35]:

Let f be an M — N homomorphism from the M —N group G to the M — N group G™.
Then the image which can be written as f(A) of under f is an M — N fuzzy normal subgroup in
case of A being an M — N fuzzy normal subgroup of G.

Let G be a M — N group and B be an M — N fuzzy normal subgroup of G. Wu [79] had
proved that G/ B isa M — N group.

Definition 1.2.32[63]:

Let G be an M —N group . A is said be an M- N normal fuzzy subgroup of G if A'is
not only an M- N fuzzy subgroup of G, but also normal fuzzy subgroup of G.

Definition 1.2.33:

Let G be an M —N group . A is said be an M- N anti normal fuzzy subgroup of G if
A is not only an M- N fuzzy subgroup of G, but also anti fuzzy normal subgroup of G.
Proposition 1.2.34:

Let A be an M — N fuzzy subgroup of a group G, while the identity operator is
included is MNN. Then A is an M — N fuzzy normal subgroup of G iff

(1) A(m(xyx™) = A(my), x,y G, m € M.

(2) A((xyxH)n) = A(yn), x,y €G, nEN
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Proposition 1.2.35:
Let A be an M — N anti fuzzy subgroup of a group G, while the identity operator is

included is MUN. Then A is an M — N anti fuzzy normal subgroup of G iff
(1) Am(xyx™)) = A(my), xy G, m € M.
(2) A((xyx™")n) = A(yn), x.y €G, nEN

Proposition 1.2.36:
Let A be an M — N fuzzy subgroup of M - N group G, while the identity operator is

included is MNN. Then A is an M — N fuzzy normal subgroup of G iff A(m(xy)) = A(m(yx))

and A((xy)n) = A(yx)n) forall x,y €G,meM and n €N.

Proposition 1.2.37:
Let A be an M — N fuzzy subgroup of M — N anti group G, while the identity operator

is included is MUN. Then A is an M — N anti fuzzy normal subgroup of G iff
A(m(xy)) = A(m(yx)) and A((xy)n) = A(yx)n) for all x,y EG, m M and n € N.

Definition 1.2.38[34]:

Let # and A be two fuzzy subgroup of G, then u and 4 are said to be conjugate of
fuzzy subgroup of G if for some g € G, 1 (x) = 4 (a™*x g) for every x € G.

In this thesis, we used the following notations and symbols:

M - Left Operator

N — Right Operator

max - Maximum

min - Minimum

(f, A) - Fuzzy Soft Subgroup
fa, Qa,ha  — Fuzzy Soft Set

Aa, Ma - Fuzzy Soft Set

Sup - Supremum

Inf - Infimum
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1.3 Summary of Results:

A short account of the results obtained in this thesis is given below:

The thesis is divided into five chapters and each chapter is further subdivided into a
number sections.

In the initial chapter, we have given some basic definitions, results and examples are
required for the development of the thesis.

In the second chapter, we defined the concept of M-N fuzzy soft subgroups based on
the concept of fuzzy group. We have also defined the M-N fuzzy soft set and the M-N level
subsets of a fuzzy soft subgroup. This work has been published in the “Journal of Applied
Science and Computations”. In the second section of this chapter, we defined the M-N
normal fuzzy soft set, discussed the intersection of two and three variables of M-N level
subsets of normal fuzzy soft subgroups and some of its elementary properties that has been
published in “International Journal of Fuzzy Mathematical Archive”. In the final section, we
defined the M-N homomorphism of fuzzy soft subgroup and defined the M-N
Homomorphism of level subsets of fuzzy soft subgroups. This part of content has been
communicated in the Journal “Advances and Applications in Mathematical Sciences”.

In the Third chapter, we discussed the Conjugate of M-N fuzzy soft subgroups based
on the concept of fuzzy soft group. The conjugate of M-N fuzzy soft subgroups and some
elementary properties are also discussed. In the second section of this chapter, we defined and
discussed the concept of M- N fuzzy soft middle coset with some related results. This content
has been published in the “Advances in Mathematics: Scientific Journal”.

In the fourth chapter, we defined the M-N anti fuzzy soft set and described the M-N
level subsets of Anti fuzzy soft subgroups. We have also discussed the concept of M-N Anti

fuzzy soft subgroups with some of its elementary properties. This part of work has been

10| Page



M. Kaliraja and S. Rumenaka, A Study on M-N Fuzzy, M-N Anti Fuzzy Soft Subgroups 2022
and Normal Soft Subgroups of a Group

published in “Journal of Computational Information Systems”. In addition, we defined the M-
N Anti fuzzy normal soft set and the intersection of two and three variables of M-N level
subsets of anti-fuzzy normal soft subgroup. This part is published in “International Journal of
Mathematics and its Applications”. Furthermore, we defined the M-N anti-homomorphism of
fuzzy soft subgroup and the M-N Homomorphism of anti-level subsets of fuzzy soft
subgroups. This part of content has been communicated in the Journal “South East Asian
Journal of Mathematics and Mathematical Sciences”.

In the fifth chapter, we discussed the Conjugate of M-N anti-fuzzy soft subgroups
based on the concept of fuzzy soft group. Further, we defined the conjugate of M-N anti-fuzzy
soft subgroups and some of the elementary properties are also discussed. In the second section
of this chapter, we defined the concept of M- N anti-fuzzy soft middle coset and discussed
about some of the related results. This both content of the material has been published in the

“International Journal of Control and Automation”.
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2. M-N FUZZY SOFT SUBGROUPS OF A GROUP

In this chapter, we have intersected into three sections to explore the concept of M-N
fuzzy soft subgroups of a group. The intersected sections are as follows,
2.1 M — N Fuzzy Soft Subgroups
In this Section, we defined the concept of M-N fuzzy subgroup based on the concept of
fuzzy group. Here, M and N are left and right operator of a non — empty set. Soft set theory,
proposed by Molodtsov [42], has been regarded as an effective mathematical tool to deal with
uncertainties and completely new approach, by establishing the relation of M-N fuzzy soft
subgroup of a group. We have defined the M-N fuzzy soft set and the M-N level subsets of a
fuzzy soft subgroup. The concept of M-N fuzzy soft groups of some of its elementary
properties is also discussed.
Definition 2.1.1
Let G be a group and (f, A) be an M — N fuzzy soft set over G. Then (f, A) is said
to be a M — N fuzzy soft group over G iff foreacha € Aand x, y € G,
(1) fafmxy) n} = min {00 )}
2) fa{(m x*) n} = f.(x) hold for eacha EA,m €M, n EN, f, isa M — N fuzzy
soft subgroup of a group G.
Theorem 2.1.2
Let G be a group and (f, A) be an M — N fuzzy soft set over G. Then (f, A) is said be
an M — N fuzzy soft subgroup on a group G iff foreachae Aand x,y G
Proof:
Assume that (f, A) isa M — N fuzzy soft subgroup of a group G
To prove that f, (m (xy) n) = min {f(x) , fa (Y)}

Letx,yEGandacA
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We have f, (m (xy)n) = min {fa(m x) , f. (y'n)}
= min{fax), f. (y)} (by definition 2.1.1)
= min{fx), . )} by AKX)=A (x7)

Therefore f, (m (xy™) n) = min {f.(x) , fa (Y)}
Conversely,
Assume that, f, (m (xy)n) = min {fa(X) , f. (y)}

To prove that (f,, A) isan M — N fuzzy subgroup of a group G
Now f, (men) = f, (m xx™ n)
= min {fa(mx) , f. (x'n)}
= min{f(x), f (x?) }
= min{fy(x), fa (X) }
= fa(X)
Therefore f, (men) =f, (x) where e is the identity element of G.
Next f,(mx™*n)=f,(mex™'n)
= min {fy(me), fa (x"n)}
= min {f.(e) , fa ()}
= min{f.e), f. (X)}
f, (m x™'n) =f, ()
On the other hand, foreacha € Aand x,y € G
fa (M xyn) = fa(mx (y*) " n)
= min{famx), fa (y)'n) }
= min{f.(mx), fa(y'n) }
= min {f(mx), f.(yn) }
fa(mxyn) = min {fy(x), f.(y) }

Hence the proof.
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Theorem 2.1.3

If (f, A) isan M — N fuzzy soft set and e is the unit element of G. Then for eacha € A

and for each x € X,

(1). fax?) = fa(x)

(2). fa(e)

fa(x)

Theorem 2.1.4
Let f, and g, be two M — N fuzzy soft group of G, then f, N gz isan M — N fuzzy soft

group of G.

Proof:
Toprovethat (1) (faN ga) (mxyn) = min{(faN ga) (x).(faN ga) (¥) }

(2) (faN ga) (Mx™n) = (fa N ga) (X)
(1) = (fa N ga) (mxyn) = min { fa (mxyn) , ga (Mxyn) }
= min {min { fa(mx), f.(yn)} , min { ga (Mx), ga (yn)}}
= min {min { fa(x), fa(y)} , min { ga (). 9a (V)}}
min {min {fa(x), ga(x)} , min { fa (y), 9a(y)}}

(fa N ga) (mxyn) = min {(fa N ga) (X) ,(fa N ga) (¥) }

I

2= (faNga) (Mx*n)= (faN ga) (MXxx7N)
= min { (fa N ga) (Mx'x), (fa N g) (x"n) }
= min {min { (f. N ga) (Mx™), (fa N g2) (O}, (fa N ga) (')}
= min{min { (fa N g) (), (. N g2) (93, (. N ga) (x7) 3
= min {min { (fa N ga) (), (fa N ga) ()}, (fa N 2a) (X) }
= min{(f. N ga) ()}, (fa N ga) (x) }
=(faN ga) (X)
(faNga) (1) = (fa N ) (%)
Hence the proof.
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Proposition 2.1.5

If f, and g, are two M — N fuzzy soft group of G, then the following statements

holdsforallx,yEG, meM,neENanda €A

(1) (fa A ga) (mxyn) = min {(fa A ga) (X) .(fa A ga) (¥) }
(2) (fa Aga) (Mx'n) = (fa A g) (x)

Proposition 2.1.6
If f, is an M — N fuzzy soft subgroup of a group over G, then f, (m(xy)n)® = f, (x*y?) is an

M — N fuzzy soft subgroup of a group G.

Proof:

Letx,yEG,meM,neNanda €A
1) = fo (Mxy)n)* = fa ((M(xy)n),(m (xy)n))
= min { fa(m(xy)n),fa(m (xy)n)}
= min { min {fs (mx), fa(yn)}, min{fy(mx), fa(yn)}}
= min {min {fa (x), fa(y)}, min{fa(x), fa(y)}}
= min {min {f 4(x), f.()}, min{fa(y), fa(y)}}
= min {f.(x. x) , f.(y .y)}
= min {f(<°) , f. (')}
=f. (¢ y)
fa (m(xy)n)* =1 (X y°)

(2 = famxy)'n) =fa (my™x"n)
= min {fy(my™) , fa(x™ )}
= min {f(y") , f.0c1)}
= fi(y )

= fa(xy)
fa (M(xy)™n) = fa(xy).
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Proposition 2.1.7
Iffai, iI€Ta jsan M - N fuzzy soft group of G, then U faiisan M — N fuzzy soft
group G whose element Ufai = {x, v fai (x) / X€ G}, where i ;..

Proof:

Letx,yEG,meM,neEN,aeAandiEf,.
(1) Ufy (Mxy)n) =min{y £, (x), U f.i ()}
U fy (M (xy) n) =V fai (M (xy) n)
=V min { fi (Mx), fai (yn)}
=V min { fai (X), fai (v)}, A@mx)> A(x)
= min {V fa(x) , V fa(y)}
= min{ Y, (x), U fa(y)}
U fy (MOxy)N) = min {y £, (x), U fa(y)}
@) Ufs (M) = Ui, (x)
U f,; (MHN) =y £, (M)
= Vi, (mxxxhn)
= Vmin{s, (Mx™x), , (xX"n)}
=V min {mingg, (mx?), f003}, £, 0}
=V min {min{g, (x), fi(¥)}, £, (X} .since A(mx)>A(x)
=V min {min{g, (), =i}, £; (0}, since A(x) = Ax™)

=V min { fa(x). f; (0}

%

Vi, (X)

= (Ufai)(x)
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U fai (m(x-l) n) = U fai (X)
Hence U f; (X) is an M — N fuzzy soft group of G.

Proposition 2.1.8
Let G; and G, both be M — N group and g be a soft homomorphism from G; and G,

If f, is an M — N fuzzy soft group of G, then the pre — image g™ (f.) is an M — N fuzzy soft
group of Gy
Proposition 2.1.9

Let g : G, — G, e an epimorphism and f, be an M — N fuzzy soft set in G, If 51

(f) isan M — N fuzzy soft group of Gy, f; is an M — N fuzzy soft group of G..

Proposition 2.1.10
Let f, be an M — N fuzzy soft groups over G, and g is endomorphism of G, then f,

[@] is an M- N fuzzy soft group of G.
Proof:

Letx,yEG,meM,nENanda €A
(1) = fa [[P1( (m(xy)n] = fa [@](M(xy)n]
> min {f, B(mx) , f, B(yn)}
>min {fz (8(x)) , fa (2(y))}, since A(mx)=A(x)
> min {f, (0x) , f (Dy)}
> min {f; [0](x) , fa [@1(y)}
fo [[9] (m(xy)n] > min {f, [8](X) , f. [O](Y)}
2 = f[[9] (m(xHn] = f [B(M* xx H)n]
> min {f, [B](mx "x), f, [8](x "n)}
>min {min {f [B](mx *), f [B1()}, fa [@](x ")}

17 |Page



M. Kaliraja and S. Rumenaka, A Study on M-N Fuzzy, M-N Anti Fuzzy Soft Subgroups 2022
and Normal Soft Subgroups of a Group

>min {min {f, [O](x ), fa [B100}, fa [2](x )}
>min {{fa [0](x ), fa [@1(x ")}
>min {f, [8](x), f [8]()}, since A(x ) = A(x)
> f, [0](x)
fa [[8] (M(xn] > £, [B](x)
Hence f, [@] is an M — N fuzzy soft group of G.

2.2 M — N Fuzzy Normal Soft Subgroups
In this Section, we have discussed the concept of M-N fuzzy normal soft subgroups
based on the concept of fuzzy normal soft group [58 and 62]. We also discuss some results
based on the fuzzy normal soft subgroups. We defined the M-N fuzzy normal soft set and also
defined the intersection of two and three variables of M-N level subsets of a normal fuzzy soft
subgroup with some of its elementary properties.
Definition 2.2.1
Let G be an M — N group and (F, A) be a fuzzy soft subgroup of G if
(1) F{m(xy) n} = min {F(x), F(y)}
(2) F{(mx™) n} = F(x) hold forany x, y € G, m €M, n € N, then (F, A) is
said be an M — N fuzzy soft subgroup of G. Here F: A —+ P (G)
Definition 2.2.2
Let G be an M — N group and (F, A) be a fuzzy soft subgroup of G if
(1) F(m x) = F(x)
(2) F(x n) = F(x) hold for any x € G, m € M, and n € N, then (F, A) is said be

an M — N fuzzy soft subgroup of G.
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Definition 2.2.3

Let G be an M — N group. (F, A) is said be an M — N fuzzy normal soft subgroup of G
if (F, A) is not only an M — N soft fuzzy subgroup of G, but also fuzzy normal soft subgroup
of G.
Theorem 2.2.4

If &, § and y are three M — N fuzzy soft subgroup of G, then = n fn yisaM-N

fuzzy soft subgroup of G.
Proof:

Let &, 5 and y be three M - N fuzzy soft subgroup of G.
D) (@ ngny)mxyHn)z min{(z nEn y)mx), (@ nfny)(y'n)}
(@ nB N y)(mxy)n=z= min{(a nE)(M (xy™)n), ¥ (m(xy")n)}

= min{min {(a N B) (Mx), (@ N B) (y'n)}, min{y (Mx), ¥ (y'n)}}

[

min {min {(a N £) (mx), ¥ (mx)}, min {(@ N B) (y'n), ¥ (y'n) }

%

min{ (@ NN y)(mx),(@npny)yn}
2 (enBny)mxn) = (anpfny)mxin)
(@ nBny)mxn) ={(anB)(mxn),y (mxn)}
={[e (mxn),, Bmxn)], ¥ (mxn)}
={[a (mx"n),, B (mx"n)], ¥ (mx n)}
={(a nB)(mx™n),y (mx'n)}
= (@ nfny)mx'n

Hence « n fn ¥ isan M — N fuzzy soft subgroup of G.
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Theorem 2.2.5

The intersection of any three M — N fuzzy normal soft subgroups of G is also an
M — N fuzzy normal soft subgroup G.
Proof:

Let @, ff and y are three M — N fuzzy normal soft subgroup of G.
By the previous theorem we know that, @ n N ¥ isan M — N fuzzy soft subgroup of G.
Letx,yEG,meM,andnEN
Toprovethat (@ NN ¥)(mMyxy'n) = (e nfny)(mxn)

Now (angny)myxy'n)=min{(anp)myxyn), v(m(yxy*)n)}
=min {[a (m (yxy")n), B(m(yxy")n), ¥»(myxyn)}
=min {[a (mxn), #(mxn), ¥(mxn)]}
=min{{an ) (Mxn), ¥ (mxn)}
=(anfny)mxn)

Hence (e nBny)myxy'n)= (a nfny)(mxn).
Hence a n fn ¥ isan M — N fuzzy normal soft subgroup G.

Note 2.2.6

If (e nf) i€AareM-—N fuzzy normal soft subgroup of G, then ;., (@ nNf) isa

M — N fuzzy normal soft subgroup of G.
Definition 2.2.7

Let G be agroup, @ isa M — N fuzzy soft subgroup of G issaid beaM — N
fuzzy normal soft subgroup if
et (m (xyx™)n) =a (myn) (or)
a(mMxyn) =a(m(yx)n)forallx,yEG,meM,andn €N
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Theorem 2.2.8
Let e is an M — N fuzzy normal soft subgroup of G, then for any y €G we have
a (m(yxy) n) = & (m (yxy™) n)
Proof:
Let @ be an M- N fuzzy normal soft subgroup G, then for any y € G.
Now a (m(y"xy) n)=a (m (xy™y) n)
=a (m(x) n)
= a (m(yy™x) n)
=a (m (yxy™) n)
Therefore a (m(y™*xy) n) = a (m (yxy™) n)
Hence the theorem
Theorem 2.2.9

If & is an M- N fuzzy normal soft subgroup G, then gag™ is also M- N fuzzy
normal soft subgroup G, for all g € G.

Proof:

Let @ be an M- N fuzzy normal soft subgroup G, then ga g'is an M- N fuzzy
subgroup G, forall g €G
Now g & g (m(yxy”n)= a(g'm(yxy“n) g)
=a(m(yxy"n)
=a(mxn)
= a( g(mxn) g*

= gag’ (mxn)
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Therefore g e g (m(yxy?n)= gag® (mxn)
Hence the theorem.

Theorem 2.2.10

Let & n fisaM — N fuzzy normal soft subgroup of G, then (& n S ) (m (y‘1 Xy)n) =
(e nF)(mxn).
Proof:

Let a« n fisan M — N fuzzy normal soft subgroup of G.

Letx,yG

Now (a nB)(m(y*xyn)= (anB)(m (xy'y)n)

(@nf) (m(x)n)

(@npB)(m(yy™*x)n)
=(anp)myxy’)n)
(@nB)my xyn= (anpB)mlyxy’)n)
Hence the proof
Theorem 2.2.11

If & N B is a M- N fuzzy normal soft subgroup G, then g( @n ) g™ is also a M- N
fuzzy normal soft subgroup G, forall g EG .
Proof:

If & N B is a M- N fuzzy normal soft subgroup G, then g( @ n ) g™ isalso a M- N

fuzzy normal soft subgroup G, forall g EG .

Toprovethat g(anB) gt (myxy)n = g(anf) g’ (mxn)

Now g(anp) g* (m(yxy“)n)=(anp(g'myxy')n) g)
= (anp)(m(yxy)n)
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=(anp)(mxn)
=(anp)(g(mxn)g™
= g(anBg*(mxn)

Therefore g( an B)g™ (m (yxy*)n)= glanplg™ (mxn)

Hence the theorem

Definition 2.2.12
Let @ n 5 bean M — N fuzzy soft subgroup of a group G. For any te [0, 1], we
define the M — N level subset of an 5 is the set
(xnf) ={xeG/(anB)(mx)=t, (anf) (xn)=tforallme M, n € N}
Theorem 2.2.13

Let G beagroupand a i be afuzzy subset of G. Then e f isa M — N fuzzy
normal soft subgroup of G iff the level subset (& n ) t € [0, 1] are M- N subgroup of G.
Proof:
Let & N S be an M — N fuzzy normal soft subgroup of G and the level subset
(anpB)i={xeG/(anf)Mmx)=t(anf)(xn)=tte [0,1]] me M,nEN}
Letx,ye(anf); then(@nf)(mx)=tand(anf)(xn) =t
Now (zng)(mxy'n)zmin{(eng)(mx),(anf)y*n)}
= min {(anf)(mx),(enf)yn)}
= min{t,t}
(@nf)mxy’n)= t
mxy'ne(anf),

Therefore (@ N £) isa M — N subgroup of G.

Conversely,
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Let us assume that (e N ) isan M — N subgroup G.
Letx,yE(anf); then(@anf)(mx)=tand(anf)(xn) =t
Also (ang)(m(xy!)n) =t
Since mxyl)ne(anf), =min{t t}
=min{(anf)mx), (anf)(yn)}
Therefore (e n ) (m (xy)n) = min{(enB)mx), (anf)(yn)}
Hence @ n £ is an M — N fuzzy normal soft subgroup of G.
Definition 2.2.14
Let G be a group and « rn 5 be an M — N fuzzy normal soft subgroup of G.
LetN(enfB)={yeG/(@anB)m(yxy)n=(@npB) (mxn)foralxEG, me
M, n €N}, then N (e n 8) is called the M — N fuzzy soft Normalizer of & n f.
Theorem 2.2.15
Let G beagroup and @ n 8 be afuzzy subset of G. Then & f isa M — N fuzzy
normal soft subgroup of G iff the level subset (a n ) t € [0, 1] are M- N normal subgroup

of G.
Proof:

Let & N S be a M — N fuzzy normal soft subgroup of G and level subset (a N 5), t € [0,1]
LetxeGandye(@nf) then(enf)(myn) =t forallmeM,neN
Now (& nB) (m (xyx")n)= (e nf) (myn) =t
Since & N 8 isan M — N fuzzy normal soft subgroup of G.
Thatis (@nB)(m(xyx?)n)=t

Therefore (m (xyx™*) n € (e nB),

Hence (z N £) isan M — N normal subgroup of G.
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2.3 M-N Homomorphism of fuzzy soft subgroups
In this section, we shall define the M-N homomorphism of fuzzy soft subgroup
and define the M-N level subsets of a fuzzy soft subgroup. We have also discussed the
concept of M-N homomorphism of fuzzy soft groups and some of its elementary properties.
Definition 2.3.1
Let G and G 'be any two M — N groups. If (f, A) is an fuzzy soft subgroup of an
M — N group G, then the function f,: G — G ' is said be an M — N homomorphism of fuzzy
soft subgroup if
(1) fa(xy) =fa(x) fa(y) forall x,y € G,a€A
2 fa(mx)= mf,(x),forallxe G,aec AandmeM
(3) fa(yn) = fa(y)n, forallye G,ae Aandn eN
Note 2.3.2
If 4 is a constant and ker f; isan M — N fuzzy soft subgroup then
(1) fa(A) fa(mx) = A(mx) = A(x), forall X EG,a€ A and m € M.
(2) fa(4) fa(xn) = A(xn) = A(x), forall x EGa€ A andn EN.
Theorem 2.3.3
Let f, be an M — N homomorphism of fuzzy soft subgroup from an M — N group G
onto an M — N group G'. If 4 is an M — N fuzzy subgroup of G and 4 is an f,— soft invariant,
then f, (1) is an M — N fuzzy soft subgroup of G'.
Proof:
We know that 4 is a constant and ker f, is an M — N fuzzy soft subgroup.
Now fy(4) (fa(X) fa(y)) = fa(4) (fa(xy)) , forall x,y €G,ae A

= A (xy), since by note
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> min { 1 (x), 4 (y)}
> min { fa(4) (fa(x), fa(4) fa(y)) }
Therefore fa(4) (fa(x) fa(y)) > min { f(2) (fa(x), fa(4) fa(y)) }
Clearly f,(4) is an fuzzy soft subgroup of G'.
To prove that f,(4) is an M — N fuzzy soft subgroup of G'
Let f.(1) €G', then
1) f(d) (Mf(x)) =F(2) (fa(mx))
= A(mx)
> A(x), by the definition A (mx) > A(x)
= fu(A) fuX)
Therefore fa(2) (M (X)) = f(A) fa(X)
(@) fa(d) (f(n) = fa(2) (fa(xn))
= A(xn)
> A(x), by the definition A (xn) > A(x)
= f,(4) fa(X)
Therefore fJ(2) (f.00n) = fu(d) fa(x)
Hence f,(4) is an M — N fuzzy soft subgroup of G'.

Theorem 2.3.4
The M — N homomorphic pre- image of an M — N fuzzy soft subgroup of an M — N
group G'is an M — N fuzzy soft subgroup of an M — N group G.

Proof:

Letf.: G— G' issaid be an M — N homomorphism of fuzzy soft subgroup
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Let u be an fuzzy set on the M — N fuzzy subgroup of G' .

Now A(xy) = u (fa(xy)) foralla€ Aand x,y € G
= p (Fa(x) fa(y)), since f, is an homomorphism
> min { & fa(X), i fa(y)}, since u is an fuzzy subgroup of G'
=min {4 (x), 4 (y) }

That is A(xy) > min { 4 (x), 1 (y) }
Let x € G,

AXY) = u(f(xY)
= pu( f4(x)™) , since f, is an homomorphism of fuzzy soft subgroup
= 1 (f4(x)), since u is an M — N fuzzy subgroup of G'
=4A(X)
A(XN>2 (x)
Clearly 4 (mx) = pu (fy(mx)) forsomem EeMand x €G

= p (mfy(x) ), since f, is an M - N homomorphism of an fuzzy soft group
> u fy(x), since M — N fuzzy subgroup of G

= A(X)
Thatis 4 (mx)> 4 (X)
Next
A (xn) = u (fy(xn)), forsomen ENand x €G

= p (nfy(Xx) ), since f, is an M - N homomorphism of an fuzzy soft group
> u Ty(x), since M — N fuzzy subgroup of G
=i (x)

Thatis, A (xn)> 4(X)

Hence, 4 isan M —N fuzzy subgroup of G.
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Theorem 2.3.4
Iff.: G—G' isan M —N homomorphism of an fuzzy soft subgroup of a group G,

then,
(1) f.(e)=¢', where €' is the unity element of G'

(2) fa (x") = fa(x)! forall x €G.

Proof:
Giventhatf.: G— G' isan M — N homomorphism of an fuzzy soft subgroup of a group G,

(1) = Suppose f,(mx) e' = f,(mx) = f,(x) ,for some mEM, aEAand x €G
= fa(xe), since e is an identity element in G
= fa(x) fa(e), since f, is an homomorphism of an fuzzy soft subgroup
fa(x) €' = fa(X) fa(e), by left cancellation law
Therefore  fu(e) = €'
Similarly, we can prove that f,(xn) ' = f,(xn) = fy(x) .for somen €N, a EAand x € G
That implies fa(e) = €'
(2) = We know that e' = f,(me) , since A(mx) > A(x)
= fa(e)
= a0
= f,(x) f.(x ") since f, is an homomorphism of an fuzzy soft subgroup
e (f(x)" =fu(x)
(f00)" =fa(x)
Similarly, we can prove that e' = f,(en) , since A(xn) > A(x)
That implies (fax))" = fa(x ")

Hence the proof
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Definition 2.3.5

Let  be an M — N fuzzy subgroup of an M — N group G. Then the M — N subgroup g
fort €[0, 1] and t > u(e), are called level M — N subgroup of p.

Theorem 2.3.6
The M — N homomorphic image of a level M — N subgroup of an M — N fuzzy

subgroup = of an M — N group G is a level M — N subgroup of an M — N fuzzy soft
subgroup f, () of an M — N soft subgroup G', where x is f, — soft invariant.

Proof:
Let G and G' be any two M — N group.
Letf,: G— G' bean M— N homomorphism of an fuzzy soft subgroup of a group G.

Let u be an M — N fuzzy subgroup of G.

Clearly f.(x) is an M — N fuzzy soft subgroup of G'.

Let u be a level M — N subgroup of an M — N fuzzy subgroup ¢ of G.

Since f; is an M — N homomorphism fuzzy soft subgroup,

fo(u ) is an M — N soft subgroup f(2) of G' and fa(u;) = (Fa(u )):
Hence (fa(x)); is a level M — N soft subgroup f,(x) of G'.

Theorem 2.3.7
The M — N homomorphism pre — image of a level M — N soft subgroup of an M — N

fuzzy subgroup i of an M — N group G' is a level M — N subgroup of an M- N fuzzy soft
subgroup f.™' () of an M — N group G.
Proof:

LetacEAmEMandneN

Let G and G' be any two M — N group.
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Letf,: G— G' bean M— N homomorphism of an fuzzy soft subgroup of a group G.

Let  be an M — N fuzzy subgroup of G'.
Clearly f, ' (mu) = f. ' () and f.~' (un) = f.~' () is an M — N fuzzy soft subgroup of G.
Let i be a level M — N subgroup of an M — N fuzzy subgroup z of G'.

Since f; is an M — N homomorphism fuzzy soft subgroup,

f, ' (i) is an M — N soft subgroup of f,' (1) of G and f.™' (1) = (fa ' (1 )):, is an M — N soft
subgroup of an M — N fuzzy soft subgroup f, (1) of G.
That is (f. ' (u))is a level M — N subgroup of an M — N fuzzy soft subgroup f, ' () of G .

Hence the proof

*khkkkkkkhkhik
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3. CONJUGATE OF M-N FUZZY SOFT SUBGROUPS OF A GROUP

In this chapter, we have intersected into two different sections to expose the
Conjugate of M-N fuzzy soft subgroups of a group. The intersected sections are as follows,
3.1 Conjugate of M-N fuzzy soft subgroups

In this section, we have defined the conjugate of M-N fuzzy soft subgroups. We have
discussed the Conjugate of M-N fuzzy soft subgroups based on the concept of fuzzy soft
group [5and 34], with some of its elementary properties.

Definition 3.1.1
Let 4, and A, be two M - N fuzzy soft subgroup of G, then p, and 4, are said to be
conjugate of M - N fuzzy soft subgroup of G if for some g € Gand a € A.
(1) 2 (MX) = 4, (a7 x @) foreveryx EG,meManda € A
(2) 2 (xn) = A, (671 x g) foreveryx EG,nENanda €A
Definition 3.1.2
Let G be an M — N group and (u, A) be a conjugate of fuzzy soft subgroup of G if
(1) ta (MX) = pa (X) =22 (37 x 0)
(2) pa(yn) = pa(y)= A2 (g yg) hold foranyx,y EG, me M, andn €N,
then (u, A) is said be a conjugate of M — N fuzzy soft subgroup of G.
Theorem 3.1.3
Let i, and A, be any M - N fuzzy soft subgroup of the group G, then u, and 4, are
conjugate of M - N fuzzy soft subgroup of G iff u, =4,
Proof:
Given that u, and 4, are conjugate of M - N fuzzy soft subgroup of the group G
To prove that u, = 4,
Since u, and 4, are conjugate of M - N fuzzy soft subgroup of the group G
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2022

By the definition there exists g € G, such that
: s (Mx) =4, (87 x g) forevery x EG,m € M and a € A.
Ha (xn) = A, (@' x g)foreveryx EG,nENandaEA.
Let mx = amx forall g, x € G, m € M, then
#a (aMX) = 4, (a7 ax 8)
Ha (amx) = 4, (X g)
Ha (aX) = A, (x @), since u (mx) > pu (X)
And let xn = gxn for all g, x € G, n € N, then
Ka (3xN) = 4, (37 X 0)
Ha (8XN) = 44 (X 9)
Hy (aX) = 4, (x @), since u (xn) > p (X)
Forsome g=e€ G, mEM
We have p, (mex) = 4, (mxe)
Ha (MX) = A4 (MX), since g (xm) > i (X)
2 (X) = 44 (X)
Ha =4y
Similarly we can prove that i, (exn) = 4, (xen)
Hence u, = 4,
Conversely,
To prove that, i, and 4, are conjugate of M - N fuzzy soft subgroup of G
Let puy=4,
Uy (MX) =4, (MX)
My (Mx) =4, (X) =4 (x), since i (xm) > u (X)

By the definition, u, (mx) = A, (e " xe)
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Similarly we can prove that g, (xn) = 4, (e ™ xe)
Hence 1, and 4, are conjugate of M - N fuzzy soft subgroup of G
Theorem 3.1.4
Let A, be an M - N fuzzy soft subgroup of a group G, and p, be a fuzzy soft subset of G.

If 1, and 4, are conjugate of M - N fuzzy soft subgroup of the group G, then pisan M - N
fuzzy soft subgroup of a group G.
Proof:

Let e be an identity element of the group G.

If 1, and 4, are conjugate of M - N fuzzy soft subgroup of the group G

By the definition, since there exists an element g € G, such that
Aa (%) < A4 (MX) = 1 (@7 x g) for all x €G and a€ A.

= A,(X) = e (87 x g) and
Aa (x) <A, (XN) = g (@' x g) forall XEG, mEM, and n €N,
= Za(X) =Ha (87X 0)
Also 4, (x) < 1y (MX) = i, (EXE)
(X)) = (@'axgg)
=2 (axg™)
Therefore u,(X) = A,(axg™)
Similarly we can prove that g, (x) <tz (Xn) = #a (3x 37
To prove that, i, isan M - N fuzzy soft subgroup of a group G.
Since 4, be an M - N fuzzy soft subgroup of a group G,
Now p, (Xy) < i, (MXyn) = w, (emxeyne)
Ha (MXYN) =, (8 g mxg gyng™)

=2, (amx gt ayng™)
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>min { A, (s mxg?), (g yn ™)}, since & (xm) > (X)
Ma (mxyn) >min {2, (ax87™), Aa(ay 6™) }
Ha(xy) Zmin { #a (X), Ha(y) }
Also g, (mx™'n) = 4, (amxy*gtanyg™)
>min { 4, (amxgtaytat), A(@ynat)},
>min {min{ 4, (amx g™") L (ay* 87 )} A(ayna™)}, since p (xm) > (X)
>min {min{ 4, (8x87) A (ay™ 8™)} Aa(ays™) },
>min {{4a (ax8™"), da(oys™)}, Hy)=n(?
>min { 4, (ax87), Za(3y' 87)}
=4, (8xg™)
Ka (MX7N) = A4 (ax87)
Hence u, is an M - N fuzzy soft subgroup of a group G.
3.2 M-N Fuzzy Soft Middle Coset.
In this section, we define the concept of M- N fuzzy soft middle coset subgroups of a
group and discuss some related results.
Definition 3.2.1
Let 4, be an M- N fuzzy soft subgroup of a group G. then for any s, t € G the M — N
fuzzy soft middle coset si,t of the G is defined by (s 4. t) (mxn) = A, (s* x t ™) for all
X EG.
Theorem 3.2.2
If A, is an M — N fuzzy soft subgroup of a group G, then for any a €G, the M — N fuzzy
soft middle coset s 4, s™* of the group G is also a M — N fuzzy soft subgroup of the group G.
Proof:

Let A, be an M — N fuzzy soft subgroup of a group G and a €G

34| Page



M. Kaliraja and S. Rumenaka, A Study on M-N Fuzzy, M-N Anti Fuzzy Soft Subgroups 2022
and Normal Soft Subgroups of a Group

Letx,y €EG,m M and n €N, then
(s A2 s1) (mxy™n) =4, (ms™ xy tsn)
=2, (ms?t xssty *sn)
= (m (st xs) sty ts)n)
> min { 4, (M(5'XS), 4 (STy™*s)n)}, since fu(mx) > £;(X) and fa(yn) > fay)
>min { A ((5xs), 4. (sty?ts},
Since 4, is an M — N fuzzy soft subgroup of a group G
Therefore (s 4, 5™*) (M xy™n) > min { 2, ((™xs), 4a (s'y's))}
Hence s 4, s is an M — N fuzzy soft subgroup of the group G

Theorem 3.2.3
Let A, be any M — N fuzzy soft subgroup of a group G and s 2, s be an M — N fuzzy soft

middle coset of G, then o(s 4, s™) = 0(4,) for any s € G.

Proof:

Let 4, be an M — N fuzzy soft subgroup of a group G and s €G
By the above theorem (That is Theorem 3.2.2)
s A, s isan M — N fuzzy soft subgroup of the group G
Thus (s A2 s™) (m xn) = 4, (ms™ x sn), forall X EG,mEMandn €N
Therefore 4, and s 4, s™* are conjugate of M - N fuzzy soft subgroup of G
We know that the theorem if A, and p, are conjugate of M —N fuzzy soft subgroup of the
group G, then 0 (4,) =0 (1)
Hence o (s 4, s™) =0 (1,) for any s €G.
Definition 3.2.4
Let A and u be an M — N fuzzy soft subgroup of the group G, and f be a positive fuzzy
set, then for a € G we define the M — N positive double fuzzy soft coset

(law)’ by (Rap)' = min{@@d)’, @w'}
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Theorem 3.2.5
The M — N positive double fuzzy soft coset (1, s #2)" is M — N fuzzy soft subgroup of
the group G, when 4,, i, are M — N fuzzy soft subgroup of G
Proof:
Letx,yEG,mEMandn€&EN
Now (4,5 )" (mxy™*n) = min {(s 4,)" (mxy™n), (s 1) (mxy™n) }
= min {f(s) 4, (mxy™n), f(s) 1a (Mxy™n) }
> f(s) min{min{ A, (Mx), 4, (y"'n), min{ s (MX), 24 (y *n)}}
Since A, (mx) > 4, (x), A2 (x 1) = A5 (X) and s (x0) > g (X) , Ha (X ) = Ha (X)
> f(s) min{min{ 4 (x), 44 (y), Min{ Ha (x), #a (¥ )3}
> f(s) min{min{ 4, (x), #a ()}, min{ 4a (y), Ha (¥)}}
= min { f(s) min{ 4 (x), #a ()}, f(s)min { 4a (¥), Ha (¥) 3}
= min {(4a s 1) (X), (RS 1a)" (¥)}
Therefore (155 #a)" (Mxy™n) >min {( 4 S #a)" (X), (Aa s 1) (Y)}
Hence (4, s i)' is M — N fuzzy soft subgroup of the group G.
Theorem 3.2.6
If x™* fx is an soft middle coset of a group G, for some x €G and a EA, then for each x
form the normalize N (f,) of M — N fuzzy soft subgroup f, of G iff f, is M — N fuzzy normal
soft subgroup.
Proof:
By the definition of normalize of f by N (f) = {x €G: f (xyx}) = f(x)}
By the definition of M — N fuzzy normal soft subgroup of f, by
N (f.) = {x €G a EA: f(mxyx ) = f.(x) and fa(xyx™n) = fa(x) }

Then fa(mxyx ™) = fa(xyx ™) = fa(y) and fa(xyx™n) = fa(xyx™) = fa(y)
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Since, fy(mx) > f3(X) and fy(xn) > f5(x)
iff f, is an M — N fuzzy normal soft subgroups.
So that f(mxyx™x) = fa(mxyxx)
= fa(myx)
= fa(yx)
= fuxy) = fa(yx)
Similarly, we can prove that f,(xyxxn) = fa(yx)

Conversely,

Suppose f, is an M — N fuzzy normal soft subgroup and x™* f.x is an M — N fuzzy soft
middle coset in G, then for all x, yEG and a EA
(xax) (My) = fa(xmyx™?)
= f,(xx "t my)
(X ) (My)= fa(y)
(X x) =Faly)
Next,
() (yn) = falxynx™)
= f(xxtyn)
(" fax) (yn) =fa(y)
(Hfax) =fa(y)
Hence < x> = f,(y)

Proposition 3.2.7
Let f,be an M — N fuzzy normal soft subgroup of a group G by x and y, then every fuzzy

middle soft coset xfyy coincides with some left and right cosets s(f,) and f,(s) respectively,

where s is the product of y* x™
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Proof:

We know that by the association in G, we have f, is called a fuzzy normal soft
subgroup of G if fy(xy) = fa(yx) for all X,y € G, a EA
Now (xfay) (mg) = fa (x* mg).y™)

f.(y (x'mg))

f.(s'mg)

f(y* x*mg) = fu(s'mg)
= fi(mgs™) , since by associative law

Thus (xfay) (mg) = s f, (MQ).
Similarly we can prove that (xfay) (gn) = s f, (gn).
Hence (xfy) =s f, = fas
Theorem 3.2.8

Let G be an M — N group of order 2 and f, is an M — N fuzzy normal soft subgroup of G,
then for some X,y € G the middle coset x of y coincides with fuzzy subgroup f,,

Proof:

In the middle coset x of y, take x =y
By associative law in G, we have
(xfx) (Mg) = fa (" mg).x™)

=f, (x* x*mg)

=, (x? mg)

=fa(m(x* g).)
Since x2 G and G is of order 2
fa(m(x*g).) = fa(m(x")*g.)

=fa(meg)
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= fa(mg)
(xfax) (mg) = fa(mg)
Similarly we can prove that (xf,x) (gn) = fa(gn)
Hence (xf-x) =1,

*hkhkhkhkhkhkhkx
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4. M-N ANTI FUZZY SOFT SUBGROUPS OF A GROUP
In this chapter, we have intersected into three sections to describe the concept of

M-N Anti fuzzy soft subgroups of a group. The intersected sections are as follows,

4.1 M - N Anti Fuzzy Soft Subgroups
In this Section, we defined the concept of M-N anti fuzzy soft subgroups based on the
concept of fuzzy group. We have also defined the M-N anti fuzzy soft set and the M-N level
subsets of the anti fuzzy soft subgroup. Further the concepts of M-N anti fuzzy soft groups of
some of its elementary properties are also discussed.
Definition 4.1.1
Let G be a group and (f, A) be an M — N anti fuzzy soft set over G. Then (f, A) is
said to be a M — N anti fuzzy soft group over G iff for each a € A and x, y€ G,
(1) fa {m(xy) n} < max {fa(x),fa(y)}
2) f. {(mxY n} < £, (x) hold foreacha EA,m €M, n € N, f, isa M — N anti
fuzzy soft subgroup of a group G.
Theorem 4.1.2
Let G be a group and (f, A) be an M — anti fuzzy soft set over G. Then (f, A) is said be

an M — N anti fuzzy soft subgroup on a group G iff for eacha € A and x, y €G

Proof:
Assume that (f, A) isa M — N anti fuzzy soft subgroup of a group G
To prove that f, (m (xy™) n) < max {fa(x), f. (y)}
Let X, yEG and aEA
We have f, (m (xy™) n) < max {f;(m x) , f. (y"'n) }
<max {fix), fa (y") } (by definition 1.2.23)
<max {f(x), fa () } by AX) =A (x*)
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Therefore f, (m (xy™) n) < max {f;(X) , fa (y) }
Conversely,
Assume that f, (m (xyHn) < max {£;(X) , f. (Y) }
To prove that (f,, A) isan M — N anti fuzzy subgroup of a group G
Now f; (men) = f, (m xx™ n)

< max{fy(mx) , f. (x'n)}
<max{fy(x) , fa (x) }
<max {fz(X), fa (X) }

fa(x)

Therefore, f, (m e n) =1, (X) where e is the identity element of G.
Next, f, (mx™n)=f, (mex'n)
< max {fi(me) , f, (x'n)}
<max {fs(e) , fa ()}
<max {fs(€), fa (X)}
fa (mx'n) =f, (x)
On the other hand, foreacha€ Aand x,y € G
fa (M xyn) = fa(mx (y*) " n)
<max {f(mx), fa (y")'n) }
< max {f;(mx), fa (y'n) }
< max {fa(mx), fa(yn) }
fa(m xyn) < max {fa(X), fa (y) }
Hence the proof.

Theorem 4.1.3

If (f, A) isan M — N anti fuzzy soft set and e is the unit element of G. Then for each
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a € A and for each x € X,
D) R < £
(2) fae) = fux)
Theorem 4.1.4
Let f; and g, be two M — N anti fuzzy soft group of G, then f, N gz isan M — N anti

fuzzy soft group of G.

Proof
To prove that (1) (fa N ga) (Mxyn) <max {(fa N ga) (x) .(fa N ga) () }
(2) (fa N ga) (MX7N) = (fa N ga) (X)
(1) = (fa N ga) (mxyn) = max { fa (mxyn) , ga (Mxyn) }
< max {max { fa(mx), fa(yn)} , max { ga (Mx), ga (yn)}}
< max {max { fa(x), fa(y)} , max { ga (x), 9a (¥)}}
<max {max { fa(x), ga(x)} , max {fa (y), 9a(¥)}}
(fa N ga) (mxyn) <max {(fa N ga) (X) ,(fa N ga) (V) }
(2)= (faNg) (mx'n)= (faN g)) (MX'xx"n)
<max { (fa N ga) (MXx7x), (fa N ga) (x7N) }
< max {max { (fa N g) (MX), (f. N ) (O}, (Fa N ga) (XN}
< max {max { (fa N g) (x™), (faN ) (O}, (N o) (x) }
< max {max { (fa N g3 (), (fa N ga) (})}, (fa N ga) (X) }
<max {(fa N ga) ()}, (fa N ga) (X) }
=(faN ga) (x)
faNga) (X7 = (faN ) (%)

Hence the proof.
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Proposition 4.1.5
If f, and g, are two M — N anti fuzzy soft group of G, then the following statements
holds forall x,y EG,mEM,nEN
(1) (fa /A ga) (Mxyn) <max {(fa A da) (X),(fa A ga) (V) }
(2) (fa Ada) (Mxn) = (fa A ga) (%)
Proof:
Straight forward.
Proposition 4.1.6
If f, is an M — N anti fuzzy soft subgroup of a group over G, then f. (m(xy)n)? = fa (x° y°)
isan M — N anti fuzzy soft subgroup of a group G.
Proof:

Letx,yEG, mMmeEM,neEN

(1) fa (mxy)n)® = fa (M(xy)n),(m (xy)n))
< max { fy(M(xy)n),f(m (xy)n)}
< max { max {f; (X), fa(yn)}, max { fa(mx), fa(yn)}}
<max { max {fa (), fa(y)}, max { fa(x), faly)3}
<max { max {f; (x), fa(X)}, max { fa(y), fa(y)}}
< max {fa(x. X) , fa(y Y)}
< max {fa(<%) , fa (')}
=f, (¢ y)

fa (MExy)n)* =2 (¢ y?)

(2) fa (m(XY)_ln =fa (my_lx_ln)

AN

max {fa(my?), fa(x* n)}

AN

max {fa(y_l) , fa(x_1 )}
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< faly x)
< fa(xy)
fa (m(xy)™n) = fa(xy)
Proposition 4.1.7

If {fai} i €f, is an M — N anti fuzzy soft group of G, then U f,i is an M — N anti fuzzy

soft group G whose element U f ,; = {X, V f 5 (x) / X€ G}, where i €.

Proof:
Letx,yEG,meM,neENandi&ef,.
(1) U fy (m(xy)n) <max {y f,; (x), U fy ()}

U f; (M (xy) n)=V fai (m (xy) n)
SV max { fai (mx), fa (yn)}

<V max { f5 (x), fai ()}, since A(mx) < A(X)
< max {V fu(x), V fa(y)}
= max { U fy (x), U fai(y)}
U f, (m(xy)n) <max { U fy (x), U, ()}
2) Uf; MXHn) < Uy x)
U f; (M) n) =y £, (MO X))
< Vi, (mx*xx™n)

< Vmax {f, (mx'x), f, x'n)}

V max {max { ,, (mx™), fa()}, f,, (x"n)}

< Vmax {max { f, (™), fa(¥)} f,; (X}, since A(mx <A(x)

< V max {max { 1, (), fa(Q} £, 0} AX) = AKX

= Vmax { fai(x), £, (X)}
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= Vi (%
= VU)X
U f; M) ) <U £ (x)
Hence U f, (X) is an M — anti fuzzy soft group of G.

Definition 4.1.8

Let fa N g, be an M — N anti fuzzy soft subgroup of a group G. For any t € [0, 1], we
define the M — N anti level subset of f, g, is the set
(fanga)t ={Xx€G/(fanga ) (mx)<t, (fanga) (xn)<tforallme M, ne N}

Theorem 4.1.9

Let G be a group and f,n g, be an M- N anti fuzzy soft subgroup of G. Then the anti-
level subset (f, N ga) ¢ t € [0, 1] is an M- N anti fuzzy soft subgroup of G.

Proof:

Let f, N g, be an M — N anti fuzzy soft subgroup of G and the anti-level subset
(fanga)t= {XxEG/(fanga )(mx)<t(fanga) (Xxn)<t,te [0,1]] mMEM,nEN}
Letx,y € (fanga):, then(fangy )(mx)<tand (fang,) (xn)<t

Now (fanga ) (mxy™n) < max {(faNgs) (Mx), (fanga) (y' n)}

max {(faNga) (mx), (fanga) (yn)}
< max {t,t}
(f.nga ) (Mxy™n) < t
mxy™n & (fan g

Therefore (f, N gy)+ isan M — N anti fuzzy soft subgroup of G.
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Proposition 4.1.10

Let G; and G, both are M — N anti group and @ be a soft homomorphism from G,
and G,, If f, is an M — N anti fuzzy soft group of G, then the pre — image ¢ (f.) isan M — N
anti fuzzy soft group of G;

Proposition 4.1.11

Let g : Gy — G, be an epirmorphism and f, be an M — N anti fuzzy soft set in G, If
o™ (f2) is an M — N anti fuzzy soft group of G, , f.is an M — N anti fuzzy soft group of G..
Proposition 4.1.12

Let f, be an M — N anti fuzzy soft groups over G, and g is endomorphism of G, then

fa [@] is an M- N anti fuzzy soft group of G.
Proof:

Letx,yEG,meM,andn €N
(1) (@1 (m(xy)n] = fa [B](m(xy)n]
< max {f, B(mx) , f, (yn)}
<max {f; (B(x)) , f. (D(y))}, since A(mx) <A(x)
< max {f, (Bx) , f (By)}
<max {fa [0](x), fa [2](Y)}
f [[@] (m(xy)n] < max {f, [8](X) , f. [@](Y)}
2 f[[9] (m(xn] = fa [BIM* xx )n]
<max {f, [0](mx *x), f, [0](x ")}
< max {max {f [@](mx ™), f. [D]()}, fa [@](x ")}
< max {max {f, [8](x ), fa []()}, fa [2](x )}

< max { {f; [0](x ), fa [O](x )}
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<max {f; [0](x), f. [8](X)}, since A(x 1) = A(X)
<fa [0](x)
fa [[0] (M(x)n] < £ [D](x)
Hence f, [@] is an M — N anti fuzzy soft group of G.
4.2 M — N Anti Fuzzy Normal Soft Subgroups
In this Section, we have discussed the concept of M-N Anti fuzzy normal soft subgroups
based on the concept of fuzzy normal soft group [1, 8, 35 and 62]. We defined the M-N Anti
fuzzy normal soft set and also defined the intersection of two and three variables of M-N level
subsets of the anti fuzzy normal soft subgroup and some of its elementary properties.
Definition 4.2.1
Let G be an M — N group and (F, A) be an anti-fuzzy soft subgroup of G if
(1) F{m(xy) n} =max {F(x), F(y)}
(2) F{(m x™") n} =F(x) hold for any x, y € G, m € M, n € N, then (F, A) is said
be an M — N anti fuzzy soft subgroup of G. Here F: A — P (G)
Definition 4.2.2
Let G be an M — N group and (F, A) be an anti-fuzzy soft subgroup of G if
(1) F(m x) = F(x)
(2) F(x n) =F(x) hold forany x € G, m € M, and n € N, then (F, A) is said be
an M — N anti fuzzy soft subgroup of G.
Definition 4.2.3
Let G be an M — N group. (F, A) is said be an M — N anti fuzzy normal soft subgroup
of G if (F, A) is not only an M — N anti fuzzy soft subgroup of G, but also an anti-fuzzy

normal soft subgroup of G.
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Theorem 4.2.4

Let G be an M — N group, A and B both be M — N anti fuzzy subgroup of G. Then

AUB is an M — N anti fuzzy subgroup of G.
Proof:
(1) (AUB) (m(xy)n) = max {(AUB) (x), (AUB) (¥)}
(20 (AUB) (mx'n) =(AUB) ()
(1)=  (AUB) (m(xy)n) = max {A (m(xy)n), B (m(xy)n)}
= max{max {A(mx), A(y)n}, max {B(mx), B(yn)}}
=max { max {A(x), B(x)}, max {A(y), B(y)}}, A(mx)<A(x)
(AUB) (m(x y)n) = max {AUB) (x), (AUB) (y)}
(2)= (AUB) (mx™'n) = (AUB) (mxx™xn)
(AUB) (mx™n) = max {A(mxx?), B(xn)}
< max {max{A(mx) ,A(x )}, B(x)}
<max { max{A(x) ,Ax")}, B(x)}
< max { Ax), B(x)}
= (AUB) (X)
(AUB) (mx'n) = (AUB) (x)
Hence (1) and (2) is proved.
Theorem 4.2.5
If @ and S are the two M — N anti fuzzy soft subgroup of G, then & U § is an M- N

anti fuzzy soft subgroup of G

Proof:

Let zand £ be two M — N anti fuzzy soft subgroup of G.
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(3) (& UB) (m(xy")n) = max { (@ BI(MX), (« UR) (y'n)}
(e B) (M (xy™!) n) = max {a (m (xy™) n), B(m (xy™) n)}

= max { max{(a(mx), (a (y"'n)}, max{f (mx), B(y"n)} }
= max{max{(a (m x), B(m x)}, max{(a (y"'n),B(y"'n) }
< max{ (aU B) (mx),(au B) (y'n)}

Therefore(a U8 ) (m (xy™) n) < max {(e v £)(mx),(a UL (y'n)}

4) (@auB)(mxn) = (aUp)(mx'n)

(@u B)(mxn) =max{a(mxn), B(mxn)}
=max{ amx™n), B(mx" n)}
= (aupB) (mx™n)
Hence @ U B isan M — N anti fuzzy soft subgroup of G.

Theorem 4.2.6

The union of any two M — N anti fuzzy normal soft subgroup of G is also an M — N anti
fuzzy normal soft subgroup G.
Proof:

Let &, and £ be the M — N anti fuzzy normal soft subgroup of G.
By the previous theorem we know that, & U £ is an M — N anti fuzzy soft subgroup of G.
Letx,yEG,meM,andn &N
Toprovethat (auU ) m(yxy?)n)=(au B)(mxn)
Now (& UB) (m (yxy™)n)=max{a(m(yxy?)n), S Mmyxy")n)}
= max {[a (m xn), 5 (mxn)] }

=(a U B) (m xn)
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Hence (@ UB) (m(yxy™h)n)=(a UB)(mxn).
Hence « U f isan M — N anti fuzzy normal soft subgroup of G.

Note 4.2.7

If (U )i i €A are M — N anti fuzzy normal soft subgroup of G, then U,., (zUf )i is

a M — N anti fuzzy normal soft subgroup of G.
Definition 4.2.8

Let G be a group, a isa M — N anti-fuzzy soft subgroup of G is said be a M — N anti
fuzzy normal soft subgroup if
a(m (xyx)n) =a (myn) (or)
aMXy)n) = amyx)n)forallx,yEG, meM,andn N
Theorem 4.2.9
Let & is an M — N anti fuzzy normal soft subgroup of G, then for any yEG we have
a (m(y'xy) n) = @ (m (yxy™) n).
Proof:

Let abe an M- N anti fuzzy normal soft subgroup G, then for any y € G.
Now a (m(y™'xy) n) = a (m (xy™y) n)
=a (m(x) n)

a (m (yy'x) n)

a (m (yxy™) n)

Therefore a (m(y™xy) n) = & (m (yxy™) n)

Hence the theorem.
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Theorem 4.2.10

If @ is an M- N anti fuzzy normal soft subgroup of G, then gag™ is also M- N
anti fuzzy normal soft subgroup of G, for all g €G.

Proof:

Let @ bean M- N anti fuzzy normal soft subgroup of G, then ge g is an M- N anti
fuzzy subgroup of G, forall g €G
Now g @ g* (m(yxy)m=a(g'm(yxy’)n) g)

a(m(yxy™)n)

a(mxn)

a( g(mxn)) g™
= gag" (mxn)

Therefore gz g* (m(yxy")n)= gag'mxn)
Hence the theorem

Theorem 4.2.11

If @ U # is an M- N anti fuzzy normal soft subgroup of G, then g( @ U ) g™ is also
an M- N anti fuzzy normal soft subgroup of G, forall g £EG.

Proof:

If & U £ is an M- N anti fuzzy normal soft subgroup of G, then g{ @ U 8) g™ is also
an M- N anti fuzzy normal soft subgroup of G, forall g €G.
Toprovethat g( aUB) g (m(yxy*)n) = g(auUpB) g’ (mxn)

Now g(auUB) g (myxy')n)=(auB)(gimyxy)n) g)

= (aUuf)(m(yxy')n)
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=(aUp)(mxn)
=(auB)(g(mxn)g™
= g(auB)g™(mxn)
Therefore g(a U B)g™ (m (yxy*)n)= glaupB)g™ (mxn)
Hence the theorem

Definition 4.2.12

Let & U be an M — N anti fuzzy soft subgroup of a group G. For any t € [0, 1], we
define the M — N anti level subset of a« U £ is the set
(U ={xEG/(aUf)mMx)=t, (auf)(xn=tforallmeM,neN}

Theorem 4.2.13

Let Gbeagroupand @ U [ be an anti fuzzy subset of G. Then U § isan M — N anti
fuzzy normal soft subgroup of G iff the anti-level subset (¢ v §) t € [0, 1] are M- N anti

fuzzy subgroup of G.
Proof:

Let @ U 8 be an M — N anti fuzzy normal soft subgroup of G and the anti-level subset
(@UB)={XEG/(aUB)MmX)=t(auUf)(xn) =t te[0,1]] ME M, nEN}
Letx,y € (@ UgB), then (@ UB)(Mx)<tand (aUB)(xn) <t
Now (zUB)(m(xy)n)=max{(auB)(mx) (auUB)(y" n}
=max {(aUB) (mx),(aUB)(yn}
<max{t,t}
(@UB)(m(xy")n) =t

m (x y)n € (a U f).
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Therefore ( W )¢ isan M — N anti fuzzy subgroup of G.

Conversely,

Let us assume that (e W ) isan M — N anti fuzzy subgroup G.
Letx,yE(xzUf); then(zuf)(mx)=tand(auUf)(Xn)=t
Also (aUfB)(m(xyY)n) =t
Since m (xy) n € (& U B), = max {t, t}
=max {(a U ) (mx), («Up)(yn}
Therefore (U B ) (m (xy™) n) = max {(a U £ (M x), (Y B)(y n)}
Hence e U £ is an M — N anti fuzzy normal soft subgroup of G.

Definition 4.2.14

Let G be a group and & U 5 be an M — N anti-fuzzy normal soft subgroup of G.
LetN (zUB)={yeG/(@aUB)M(yxy)n=(eupB)mxn)foral xEG, MEM,neE
N}, then N (= U ) is called the M — N anti fuzzy soft Normalize of « U 5.

Theorem 4.2.15

Let Gbeagroupand « U [ be an anti fuzzy subset of G. Then & U f isan M — N anti
fuzzy normal soft subgroup of G iff the anti-level subset (z U ) t €[0, 1] are M- N anti

fuzzy normal subgroup of G.
Proof:

Let @ U be a M — N anti fuzzy normal soft subgroup of G and the anti-level subset
(xu ), te [0,1]
LetxEGandy E(aUf) then(@uB)(myn)=t foralmeM,neN

Now (& UB) (M (XyxHn) =(euB)(myn) <t
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Since & U £ isan M — N anti fuzzy normal soft subgroup of G.
Thatis (@UB)(M(xyxH)n)<t
Therefore (m (xyx™*) n € (a U B),
Hence (a U 8) isan M — N anti fuzzy normal subgroup of G.
4.3 M-N Anti Homomorphism of fuzzy soft subgroups
In this section, we have defined the M-N anti homomorphism of fuzzy soft
subgroup and the M-N anti level subsets of a fuzzy soft subgroup. We have also discussed the
concept of M-N anti homomorphism of fuzzy soft groups and some of its elementary
properties.
Definition 4.3.1
Let Gand G 'be any two M — N groups. If (f, A) is an fuzzy soft subgroup of an M — N
group G, then the function f.:G — G ' is said be an M — N anti homomorphism of fuzzy soft
subgroup if
(1) fa(xy) = fa(x) fa(y) for all x,yeG, a €A
(2) fa (mx) = mf, (x) ,for all XEG, a€A and meM
(3) fa(yn) = fa(y)n, for all yeG, a€A and nEN
Note 4.3.2
If 4 is a constant and ker f; is an M — N anti fuzzy soft subgroup, then
(1) fo(4) fa(mx) = A(mx) = A(x), for all x€ G, a € A and me M.
(2) fa(4) fa(xn) = A(xn) = A(x), forall xe Ga€ A and neEN,

Theorem 4.3.3
Let f, be an M — N anti homomorphism of fuzzy soft subgroup from an M — N group

G onto an M — N group G' . If Ais an M — N fuzzy subgroup of G and 4 is an f, — soft

invariant, then f, (1), the image of 4 under f, is an M — N anti fuzzy soft subgroup of G'.
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Proof:

We know that 4 is a constant and ker f, is an M — N anti fuzzy soft subgroup.
Now fa(4) (fa(X) fa(y)) = fa(4) (fa(xy)) , forall x,y €G,a € A

A(xy) , since by note

AN

max { 4 (x), 4 (y)}
< max { fz(4) (fa(x), fa(2) fa(y)) }
Therefore (1) (fa(X) fa(y)) < max { fa(d) (fa(x), fa(2) fa(y)) }
Clearly f,(2) is an anti fuzzy soft subgroup of G' .
To prove that f,(4) is an M — N anti fuzzy soft subgroup of G'
Let f.(4) € G, then
(2) fa(d) (Mfa(x)) =Ta(A) (fa(mx))
= A(mx)
< A(x), by the definition A (mx) < A(x)

= fa(4) fa(x)

Therefore fJ(1) (M (X)) = Fa(A) Fa(%)

() (4 (fa)n) = fu(4) (Fa(xn))

= A(xn)

IA

A(x), by the definition A (xn) < A(x)

fa(4) fa(X)
Therefore fy(4) (f.(x)n) = fi(4) fa(X)

Hence f,(4) is an M — N anti fuzzy soft subgroup of G'.
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Theorem 4.3.4

The M — N anti homomorphic pre- image of an M — N anti fuzzy soft subgroup of an

M — N group G'is an M — N anti fuzzy soft subgroup of an M — N group G.

Proof:

Letf. G— G' issaid be an M — N anti homomorphism of fuzzy soft subgroup
Let u be an fuzzy set on the M — N anti fuzzy subgroup of G'.
Now A(xy) = (fa(xy)) forallae Aand x,y G
= p (fa(X) fa(y)), since f, is an anti-homomorphism
< max { u f(X), & f2(y)}, since u is an anti-fuzzy subgroup of G'
=max {4(x),1(y) }
That is, A(xy) < max {2 (x), 2 (y) }
Let x €G,
A7) = u(faxh)
= u(f.(x)™) , since f.is an anti-homomorphism of fuzzy soft subgroup
= u (fa(x)), since g is an M — N anti fuzzy subgroup of G'
=4 (X)
2(xN< A

Clearly 4 (mx) =p(f(mx)) forsomem M and x € G

= pu(mfy(x)), since f, is an M — N anti homomorphism of an fuzzy soft group

< ufy(x), since 1 M — N anti fuzzy subgroup of G
=i (x)

Thatis, A (mx) < 4 (X)
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Next, 4 (xn) = u (fa(xn)), forsomeneNand x G
= u (fa(X)n), since f, is an M — N anti homomorphism of an fuzzy soft group
< ufy(x), since i M — N anti fuzzy subgroup of G
=4(x)
Thatis, A(xn)< A(x)
Hence A4 isan M —N anti fuzzy subgroup of G.
Theorem 4.3.5
If f. G— G' isan M — N anti homomorphism of an fuzzy soft subgroup of a group
G, then,
(1) fa (e) = €', where €' is the unity element of G'
2) fa (x") = fo(x)! forall x €G.
Proof:
Given that f.. G — G ' is an M — N anti homomorphism of an fuzzy soft subgroup of a
group G,
(1) = Suppose f.(mx) €' = f.(mx) = fa(x) ,for some MEM, a€A and xe G
= fa(xe), since e is an identity element in G
= fa(x) fa(e) , since fyis an anti-homomorphism of an fuzzy soft
subgroup
fa(x) €' = fa(x) fa(e), by left cancellation law
Therefore  fai(e) = €'
Similarly, we can prove that f,(xn) ' = f,(xn) = f,(x) .for somen €N, a EAand x € G
That implies fa(e) = €'

(2) =We know that ' = fy(me) , since A(mx) < A(x)
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= fa(e)
= f,(xx )
= fi(x) fa(x") since fuis an anti-homomorphism of an fuzzy soft
subgroup
e'(f.00)" = f(x)
(fa(x)" = Falx")
Similarly, we can prove that e' = f,(en) , since A(xn) < A(x)
That implies, (fa(x))"' = fa(x”")
Hence the proof.
Definition 4.3.6
Let £ be an M — N anti-fuzzy subgroup of an M — N group G. Then the M — N
subgroup g fort €[0, 1] and t < p(e), are called anti level M — N subgroup of .
Theorem 4.3.7
The M — N anit homomorphic image of a level M — N subgroup of an M — N fuzzy

subgroup . of an M — N group G is a level M — N subgroup of an M — N fuzzy soft
subgroup fa(x ) is an M — N soft subgroup G', where g is f, — soft invariant.

Proof:
Let G and G' be any two M — N group.

Letf,, G— G' bean M — N anti homomorphism of an fuzzy soft subgroup of a group
G.

Let = be an M — N fuzzy subgroup of G.
Clearly fi(x) is an M — N fuzzy soft subgroup of G'.
Let u be a level M — N subgroup of an M — N fuzzy subgroup pof G.

Since f, is an M — N anti homomaorphism fuzzy soft subgroup,
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f.(1) is an M — N soft subgroup () of G'and fa(utr) = (Fa(&))
Hence (fa(x2)): is a level M — N soft subgroup fa(u) of G'.

Theorem 4.3.8

The M — N anti homomorphism pre — image of a level M — N soft subgroup of an M —

N fuzzy subgroup « of an M — N group G' is a level M — N subgroup of an M- N fuzzy soft
subgroup f," () of an M — N group G.
Proof:

LetacAmeMandneN

Let G and G' be any two M — N group.
Letf, G— G' bean M — N anti homomorphism of an fuzzy soft subgroup of a group G.

Let u be an M — N fuzzy subgroup of G'.
Clearly f, ' (mu) = f, ' () and f.~' (un) = f,~' (&) is an M — N fuzzy soft subgroup of G.
Let i be a level M — N subgroup of an M — N fuzzy subgroup z of G'.

Since f; is an M — N anti homomorphism fuzzy soft subgroup,

f, '(1) is an M — N soft subgroup of f, () of G and f. '(u) = (fa ' (1)), is an M — N soft
subgroup of an M — N fuzzy soft subgroup f,”'() of G.
That is (f. ' (1))cis a level M — N subgroup of an M — N fuzzy soft subgroup f, ' (1) of G.

Hence the proof.

*kkkhkhkhkhhkhkikkx
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5. CONJUGATE OF M-N ANTI FUZZY SOFT SUBGROUPS OF A GROUP

In this chapter, we have intersected into two sections to explore the concept of
conjugate of M-N anti-fuzzy soft subgroups of a group. The intersected sections are as
follows,

5.1 Conjugate of M-N anti-fuzzy soft subgroups
In this section, we have defined the conjugate of M-N anti-fuzzy soft subgroups
based on the concept of fuzzy soft group [2, 6 and 34], and some elementary properties are
discussed.
Definition 5.1.1
Let G be an M — N anti group and (x, A) be a conjugate of fuzzy soft subgroup of G if
(1) tta (MX) < pta(X) = A4 (67 X 0)
(2) pa (Y N) = ma(y) =4a(ay g) hold for any x, yEG, a€ AmEM, and n

€N, then (i, A) is said be a conjugate of M — N anti fuzzy soft subgroup

of G.

Theorem 5.1.2

Let 4, and 4, be any M - N anti fuzzy soft subgroup of the group G, then g, and 4 , are
conjugate of M — N anti fuzzy soft subgroup of G iff u,=4,
Proof

Given that u , and 4 , are conjugate of M — N anti fuzzy soft subgroup of the group G

Toprovethat p,=4,

Since i, and 4, are conjugate of M — N anti fuzzy soft subgroup of the group G

By the definition there exists g € G, such that

, pa(mx)=4,(atxg) foreveryx EG,mEManda €A

pa(xn) = A, (6 x g) foreveryx EG,nENandaEA

60| Page



M. Kaliraja and S. Rumenaka, A Study on M-N Fuzzy, M-N Anti Fuzzy Soft Subgroups
and Normal Soft Subgroups of a Group

2022

Let mx = amx for allg, X € G, m € M, then
Ka (8MX) =2 4 (a7 6X 8)
Ha (3Mx) = A4(X 0)
1a(ax) =4, (xa), since i (Mx) = u(x)
And let xn = gxn for all g, Xx € G, n € N, then
i (oxn) =1, (3" gx 9)
ta(axn) =4, (xg)
Ha(ax) =4, (xa), since u(xn) = u (X)
Forsome a=e€EG, mMeEM
We have p, (mex) = 4, (mxe)
Ly (MX) = 44 (MX), since p (xm) = p (X)
Ha (X) =4 4 (X)
Ha=4q
Similarly we can prove that u, (exn) = 4, (xen)
Hence i, = 4,
Conversely,
To prove that, u, and 4, are conjugate of M — N anti fuzzy soft subgroup of G
Let up,=4,
I (MX) = 4,4 (MX)
My (MX) = pta (X) = 45 (X), since u (xm) = i (X)
By the definition, u, (mx) =4, (e ™ xe)
Similarly we can prove that g, (xn) = 4, (e ™ xe)

Hence i, and 4, are conjugate of M — N anti fuzzy soft subgroup of G.
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Theorem 5.1.3
Let A, be an M — N anti fuzzy soft subgroup of a group G, and u , be a fuzzy soft subset
of G. If i, and 4, are conjugate of M — N anti fuzzy soft subgroup of the group G, then p, is
an M — N anti fuzzy soft subgroup of a group G.
Proof
Let e be an identity element of the group G.
If u,and A, are conjugate of M — N anti fuzzy soft subgroup of the group G
By the definition, since there exists an element g € G, such that
Aa () >4, (MX) =, (a7 x 0) forall x EG
= A, (X) = i (8 x g)and
Aa(x) > A, (xn) = p,(a*xg)foralxEG,mMeEM,a€A andn €N,
= A2 (X) = Ha (97X 9)
AlSO L, (x) > pt, (MX) = 4 (EXE)
ga(X) =Ra(s'axa"a)

Aa(axg™

Aa(axg™

Therefore  p, (X)
Similarly we can prove that £ ; (x) > #a (Xn) =tz (3x 87
To prove that, u, is an M — N anti fuzzy soft subgroup of a group G.
Since 4, be an M — N anti fuzzy soft subgroup of a group G,
Now p, (Xy) < i, (MXyn) = w, (emxeyne)
#a (MXYN) =, (8 amx g ayna™g)
=4, (gmxa*t gyng™t)
< max{4.(amxa™), A (ayng™t)} since u(xm) = u ()

ta (mxyn) = max {4, (axg™), A (sya™)}
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Ha (xy) = max {fa (X).Ha(y)}
Also g, (Mx™n) =4, (amxy gtagnyg™)
= max{ 2. (amxatay'et) A.(ayng™) },
< max {max{%, (smx a™) A (@ y" 8™ )}, Aa (g yn g™) }, since g (xm) < p (x)
< max {max{ 4, (ax8") A (ay" 6™)}, A (ays™) },
=max {{ 4. (ax 87), A (aya™) }, since i (y) = & ()
=max {2, (oxg™), A(ay" g?) }
= X, (gxg™)
fa(mxtn)= 4, (sxg?)

Hence p, is an M — N anti fuzzy soft subgroup of a group G.

5.2 M-N Anti Fuzzy Soft Middle Coset
Definition 5.2.1
Let A4 be an M- N anti fuzzy soft subgroup of a group G. then for any s, t € G the
M — N anti fuzzy soft middle coset s 4, t of the G is defined by (s 42 t) (mxn) = A, (s x t ™)
forallx eGanda€A.
Theorem 5.2.2
If 4;isan M — N anti fuzzy soft subgroup of a group G, then for any s €G, the M — N
anti fuzzy soft middle coset s 4, s™ of the group G is also a M — N anti fuzzy soft subgroup of
the group G.
Proof
Let A, be an M — N anti fuzzy soft subgroup of a group G and seG
Letx,yEG,mEM,agAandn&EN, then
(s 2 s (M xy™n) = 4, (ms™ xy *sn)
=2, (ms?t xssty *sn)
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=2, (M (st xs) sty *s)n)
<max { A, (M(s?x), 4a (s'y*s)n)},since A(mx) < A(x), A(yn) < A(y)
<max {4, ((s7xs), 4a (S'y"s))},
Since 4, is an M — N anti fuzzy soft subgroup of a group G
Therefore (s A, s™) (M xy™'n) < max {4, ((sxs), 44 (s'y™'s))}
Hence s A, s is an M — N anti fuzzy soft subgroup of the group G
Theorem 5.2.3
Let A,be any M — N anti fuzzy soft subgroup of a group G and st s*be an M — N anti
fuzzy soft middle coset of G, then o(s 4, s™) = 0(4,) for any s € G.
Proof:
Let A, be an M — N anti fuzzy soft subgroup of a group Gand s € G
By the above theorem (that is theorem 5.2.2)
s 2,57 isan M — N anti fuzzy soft subgroup of the group G
Thus (s 4, s™) (M xn) = A, (ms™ xsn), forall xEG,mEM,aeAandn €N
Therefore 4 ;and s 4,5 are conjugate of M — N anti fuzzy soft subgroup of G
We know that the theorem if 4, and u, are conjugate of M —N anti fuzzy soft subgroup of a
group G, then o (4,) =0 (a)
Hence o (s 4, 5™%) =0 (4, ) forany s € G and a € A.
Definition 5.2.4
Let 4, and g, be an M — N anti fuzzy soft subgroup of the group G, and f be a positive
fuzzy set, then for s € G we define the M — N anti positive double fuzzy soft coset

(as i)' by (Aas i)' = max {(s )", (s )"} for some a €A
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Theorem 5.2.5
The M — N anti positive double fuzzy soft coset (4, s i2,)"is M — N anti fuzzy soft

subgroup of the group G, when 4,, u,are M — N anti fuzzy soft subgroup of G

Proof
Letx,yEG,meM,aeEAandn&EN
Now (4a s &2)" (mxy™n) = max {(s 4.)" (mxy™n), (sea)’ (mxy™n) }
= max {f(s)Aa (mxy™n), f(s) ia (Mxy™n) }
< f(s) max {max { 2, (M), A2 (y"'n)}, max{ pa (MX), #a (y "n)} }
Since A (mx)< A (x), A (x ) =4 (x)and u# (xn) < p(x), u(x ) =u(x)
< f(s) max{max{ 4, (x), 4a (¥)}, max{ #a(x), Ha(y )}}
< f(s) max {max { 4, (X), #a(X)}, max{ 4a (y), #a(y)}}
= max {f(s) max {4a (x), #a ()}, () max {4a (y), #a (V)}}
=max {(Aa s #a)' (X), (Aa s a) (¥)}
Therefore (155 12)" (Mxy™n) < max {(1a S #a)" (X), (Aa s 2a)" (Y)}
Hence (4 .5 1 5)" is M — N anti fuzzy soft subgroup of the group G
Theorem 5.2.6
If x* £ is an soft middle coset of a group G, for some x€G and aEA, then for each x
form the normalize N (f;) of M — N anti fuzzy soft subgroup f, of G iff f; is M — N anti fuzzy
normal soft subgroup.
Proof: Itis trivial.
Proposition 5.2.7
Let f,be an M — N anti fuzzy normal soft subgroup of a group G by x and y, then every
fuzzy middle soft coset xf,y coincides with some left and right cosets s(f,) and f4(s)

respectively, where s is the product of y* x™
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Theorem 5.2.8
Let G be an M — N group of order 2 and f, is an M — N anti fuzzy normal soft subgroup of
G, then for some x,y € G the middle coset x of y coincides with fuzzy subgroup f,

Proof: It is trivial.
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6. CONCLUSION

In this thesis, we have defined the concept of M-N fuzzy soft subgroups based on the
concept of fuzzy group. We have also defined the M-N fuzzy soft set and M-N level subsets
of a fuzzy soft subgroup. Further, the M-N normal fuzzy soft set are defined and discussed the
intersection of two and three variables of M-N level subsets of normal fuzzy soft subgroups
with some of its elementary properties. Here, the M-N homomorphism of fuzzy soft subgroup
and the M-N Homomorphism of level subsets of fuzzy soft subgroups are also defined.

Subsequently, we have discussed the Conjugate of M-N fuzzy soft subgroups based on
the concept of fuzzy soft group. The conjugate of M-N fuzzy soft subgroups and some
elementary properties are also deliberated. We have defined and discussed the concept of M-
N fuzzy soft middle coset with some related results.

Furthermore, we have defined the M-N anti-fuzzy soft set and described the M-N level
subsets of Anti-fuzzy soft subgroups. We have also discussed the concept of M-N Anti-fuzzy
soft subgroups with some of its elementary properties. In addition, we defined the M-N Anti-
fuzzy normal soft set and the intersection of two and three variables of M-N level subsets of
anti-fuzzy normal soft subgroup. Moreover, we have defined the M-N anti-homomorphism of
fuzzy soft subgroup and the M-N Homomorphism of anti-level subsets of fuzzy soft
subgroups. We discussed the Conjugate of M-N anti-fuzzy soft subgroups based on the
concept of fuzzy soft group. In addition, we defined the conjugate of M-N anti-fuzzy soft
subgroups and some of the elementary properties are also discussed. Finally, we defined the

concept of M- N anti-fuzzy soft middle coset and discussed about some of the related results.
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1. Introduction

There are various types of uncertainties in the real world, but few classical mathematical
tools may not be suitable to model these uncertainties. Many intricate problems in
economics, social science, engineering, medical science and many other fields involve
undefined data. These problems which one comes face to face with in life cannot be
solved using classical mathematic methods. In classical mathematics, a mathematical
model of an object is devised and the concept of the exact solution of this model is not
yet determined. Since, the classical mathematical model is too complex, the exact
solution cannot be found. There are several well-renowned theories available to describe
uncertainty. For instance, Rosenfeld [7] introduced the concept of fuzzy subgroup in
1971 and the fuzzy normal subgroup was revealed by Wu [10] during 1981. Further, the
theory of fuzzy sets was inspired by Zadoh [11] in addition to this, Molodtsov [5] have
introduced the concept of softsets in 1999. Furthermore, Maji et al., [4] as well
introduction the concept of fuzzy soft sets in 2001 and Jacobson [3] introduced the
concept of m-group M-subgroup.

In 2015, Patel et al. [6] were developed three variables on normal fuzzy soft
subgroup. Sarala and Suganya [8] beunraveled the three variables on normal fuzzy soft
subgroup in 2004.In addition, Kandasamy [9] have introduced the fuzzy algebra during
2003. An introduction to the new definition of Soft sets and soft groups depending on
inclusion relation and intersection of sets were exposed by Akta and Cagman [1]. In
1981, Das [2] studied the Fuzzy groups and level subgroups. Moreover, Maij et al. [4]
were introduced the fuzzy soft set in 2001.
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In the present manuscript, we have discussed the concept of M-N fuzzy normal soft
group based on the concept of Normal fuzzy soft group [6, 8]. In section 2, we presented
the basic definition, notations on M-N fuzzy normal soft group and required results on
fuzzy normal soft group. In section 3, we define the M-N fuzzy soft set, normal fuzzy
soft set and also define the M-N level subsets of a normal fuzzy soft subgroup. We have
also discussed the concept of M-N fuzzy normal soft group and some of its elementary
properties.

2. Preliminaries
In this section, some basic definitions and results needed are given. For the sake of
convenience we set out the former concepts which will be used in this paper.

Definition 2.1. Let G be any non-empty set. A mapping « : G = [0, 1] is called fuzzy set
in G.

Definition 2.2. Let x be a non-empty set. A fuzzy subset « of X is a function
a:X - [0,1].

Definition 2.3. Let G be a group. A fuzzy subset a of G is called a fuzzy subgroup if for
X, VEG

(1) a(xy) = min {a (x),a (v)}

(2) a(x™) =a(x)

Definition 2.4. A pair (F, A) is called a soft set over U, where F is a mapping given b F:
A-P)

Definition 2.5. Let (F, A) be a soft set over G. Then (F, A) is called a soft group over G
if F () is a group G for all a € A.

Definition 2.6. A pair (F, A) is called a fuzzy soft set over U , where F: A - [V isa
mapping [ = [0, 1], F(a)is a fuzzy subset of U for all ¢ € A.

Definition 2.7. Let (F, A) be a fuzzy soft set over G. Then (F, A) is a called a fuzzy soft
group if F («) is a fuzzy subgroup G for all a € A.

Definition 2.8. Let (F, A) and (G, B) be two fuzzy soft set over U. Then (F, A) is called
a fuzzy soft subset of (G, B) denoted by (F, A) € (G, B) if

()AcB

(2) F («) is a fuzzy subset of G (a) for each a € A.

Definition 2.9. A fuzzy set a is called a fuzzy soft subgroup of a group G, if forx, y € G
(1) a (xy) = min{a (x), a(y)}
2) a(x')=a(x)

Definition 2.10. A subgroup H of G is called a normal subgroup of a G if aH = Ha for all
a€ G
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Definition 2.11. Let G be a group. A fuzzy subgroup a of G is said be normal if for all x,
YE G aXyx)=a(y) (o a(xy) > a(yx)

Definition 2.12. Let G be a group. A fuzzy soft subgroup a of G is said be fuzzy normal
soft subgroup, if forall x,y € G and a (xyx') =a (y) (or) a (xy)= a (yx)

Definition 2.13. Let o N B be a fuzzy soft subgroup of a group G, for any t € [0, 1], we
define the level subset of o N B is the set
(anp)i={xeX/(anp)x) =t}

Definition 2.14. Let G be a group and a N B be a fuzzy normal soft subgroup of G.
LetN(@npB)={ye€G/(anpP)(yxy')=(anp) (x) for all x € G}, then N
(a N B) is called the fuzzy soft Normalize of & N S.

Definition 2.15. Let M, N be left and right operator sets of group G respectively if (m x)
n=m (xn)forallx € G, m€ M, n€ N. Then G is said be an M — N group.

Definition 2.16. If « is an M — N fuzzy subgroup of an M — N group G. Then the
following statement holds for all x, y¢ G, m € M, and n € N

(1) a (m(xy)n)= min{ a (x), a (y)}

(2) a(mx*n)> a (x)

Definition 2.17. Let G be an M —N group . « is said be an M- N fuzzy normal subgroup
of G if a is not only an M- N fuzzy subgroup of G, but also fuzzy normal subgroup of G.

3. M-N fuzzy normal soft group

In this section, we shall define M-N fuzzy soft group, fuzzy normal soft group, discussed
the concept of M-N fuzzy normal soft group based on the concept of fuzzy normal soft
group [6, 8], also define the M-N level subsets of a fuzzy normal soft subgroup and its
some elementary properties are discussed.

Definition 3.1. Let G be an M — N group and (F, A) be a fuzzy soft subgroup of G if

(1) F {m(x y) n} = min {F(x), F(y)}

(2) F {(m x") n} > F(x) hold for any x, y € G, m €M, n € N, then (F, A) is
said be an M — N fuzzy soft subgroup of G. Here F: A - P (G)

Definition 3.2. Let G be an M — N group and (F, A) be a fuzzy soft subgroup of G if
(1) F(m x) = F(x)
(2) F(x n) = F(x) hold for any x € G, m € M, and n € N, then (F, A) is said be an
M — N fuzzy soft subgroup of G.

Definition 3.3. Let G be an M — N group. (F, A) is said be an M — N fuzzy normal soft

subgroup of G if (F, A) is not only an M — N soft fuzzy subgroup of G, but also fuzzy
normal soft subgroup of G.
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Theorem 3.4. If &, B and y are three M — N fuzzy soft subgroup of G, thena NS N y
is a M- N fuzzy soft subgroup of G
Proof: Let «, § and y be three M - N fuzzy soft subgroup of G.
(1) (@ NB N y)(mxyhn)= min{(@ NN y)(mx), (@ nBny)y'n}
(@ BN y)(m(xy")n)= min {(@ NB)(m(xy")n),y (m(xy")n)}
> min {min { (@ NB)(mx),(@ NB)(y'n)}, min {y (mx),y (y'n)} }
> min { min { (@ NB) (mx),y (mx) },min { (@ NB)(y'n),y (y'n)}
> min{ (@ NBNy) mx),(a NBNY)(yn)}
2) (@ nBNy)(mxn) = (@ nNBny)mxn)
(@anpny)mxn) ={(anp)(mxn),y (mxn)}
={[a(mxn),, f(mxn)],y (mxn)}
={[a (mx'n),, B (mxn)],y (mxn)}
={(a nB)(mx'n),y (mx'n)}
= (anfn y)(mx'ln)
Hence, « N B N y isan M — N fuzzy soft subgroup of G.

Theorem 3.5. The intersection of any three M — N fuzzy normal soft subgroup of G is

also an M — N fuzzy normal soft subgroup G.

Proof: Let a, § and y are three M — N fuzzy normal soft subgroup of G.

By the previous theorem we know that, « NN y is an M — N fuzzy soft

subgroup of G.

Letx,y€EG,meM, andn €N

Toprovethat (¢ NN y)(myxy'n)= (@ NBN y)(mxn)

Now (¢ nBNy)myxy'n)=min{(@np)(myxyn), ym(yxyn)
=min { [a (m(yxyn), B(m(yxy")n), y(m(yxyn)]}
=min { [ (m xn), S (mxn), y(mxn)]}
=min { (@ N ) (mxn), y (mxn) }
=(anpny)(mxn)

Therefore, (¢ NN y)(myxy'n)= (@ NG N y)(mxn).

Hence a N B N y isan M — N fuzzy normal soft subgroup G.

Note 3.6. If (a Npf) . i €A are M — N fuzzy normal soft subgroup of G, then
Niean (a NB); isa M — N fuzzy normal soft subgroup of G.

Definition 3.7. Let G be a group, a is a M — N fuzzy soft subgroup of G is said be a M —
N fuzzy normal soft subgroup if

o (m (xyx)n) = a (my n) (or)

a(myn) =2a(m(yx)n)forallx,y€G, meM,andn €N.

Theorem 3.8. Let  is an M — N fuzzy normal soft subgroup of G, then for any y €G we
have a (m(y"'xy) n) = a (m (yxy') n)
Proof: Let «a is an M- N fuzzy normal soft subgroup G, then for any y € G.
Now a (m(y'xy)n=a (m (xy"y) n)
= a (m(x) n)
= a (m (yy'x) n)
=a (m (yxy ") n)
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Therefore « (m(y"xy) n)=a (m (yxy") n).
Hence the theorem.

Theorem 3.9. If @ is an M- N fuzzy normal soft subgroup G, then gag™ is also M- N
fuzzy normal soft subgroup G, for all g € G.
Proof: Let a be an M- N fuzzy normal soft subgroup G, then gar g”' is an M- N
subgroup G, for all g € G.
Nowgag' (m(yxy'n)=a(g'm(yxy"'n) g)
=a(m(yxy"'n)
=a(mxn)
= a(g(mxn)) g
= gag' (mxn)
Therefore, ga g' (m(yxy"’n)= gag”' (mxn).
Hence the theorem.

Theorem 3.10. Let « N S isa M — N fuzzy normal soft subgroup of G, then
(@ NB)m(y' xyn)=(a NB)(mxn).

Proof: Let a N B is an M — N fuzzy normal soft subgroup of G.

Letx, y G.

Now (a NB)(m(y'xym= (anpB)(m(xy'y)n)
= @nB)(mxn)
=@nB)(m(yy' xn)
=(anp)myxy")n)

(@nB)m(y'xymn= (anp)m(yxy")n).
Hence the proof.

Theorem 3.11. If @ N is a M- N fuzzy normal soft subgroup G, then g(a N B) g is
also a M- N fuzzy normal soft subgroup G, forallg € G .
Proof: If a N f is a M- N fuzzy normal soft subgroup G, then g(a N B) g is also a M-
N fuzzy normal soft subgroup G, forall g €G.
To prove that glanp)g'm@yxy')n)= glanp)g' (mxn).
Nowg(anp) g (myxy ) m=(anp)(g myxy)n) g)
= (anp)(m(yxy')n)
= (anp)(mxn)
=(anpB)(g(mxnyg"
= g(anpBg’ (mxn).
Therefore, g(a N B)g' (m (yxy')n)= glanp)g” (mxn).
Hence the theorem.

Definition 3.12. Let « N be an M — N fuzzy soft subgroup of a group G. For any t€
[0, 1], we define the M — N level subset of & N B is the set
(anpP)i={xeG/(anB)mx)=>t,(anf)(xn)=>tforallme M, n€ N}

Theorem 3.13. Let G be a group and @ N S be a fuzzy subset of G. Thena N f isaM
— N fuzzy normal soft subgroup of G iff the level subset (¢ N B) t€ [0, 1]are M- N
subgroup of G.
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Proof: Let @ N 8 be an M — N fuzzy normal soft subgroup of G and the level subset
(anpf),={xeG/(anB)mx)=t(anf)xn)=>t t€ [0,1]] mE M, nEN }
Letx,y€(@anpB); then(anB)(mx)=tand(anpP)(xn)=>t
Now (anp)(mxy'n)=min{(anp)mx),(anpB)y’ n)}

= min {(anp)(mx),(anp)(yn)
> min {t,t}
(@npB)mxy'n)> t
mxy'n€(@np),
Therefore (@ N ), is a M — N subgroup of G.
Conversely, let us assume that (¢ N ) is an M — N subgroup G.
Letx,y€(@npB), then(@nB)(mx)>tand(anp)(xn)>t
Also (anB)(m(xy' )n) >t
Since m(xyl)n€(anpf), =min {t, t}
=min {(@Nn B) (mx),(anp)(yn).
Therefore (a N B ) (m (xy')n) = min {(@ N B)(mx),(anp)(yn)}.
Hence a N B is an M — N fuzzy normal soft subgroup of G.

Definition 3.14. Let G be a group and a N § be an M — N fuzzy normal soft subgroup of
G.

LetN(@nB)={yeG/(anB)m(yxy')n)=(anpB)(mxn) forall x €G,
m € M, n € N}, then N (a N ) is called the M — N fuzzy soft normalizer of a N S.

Theorem 3.15. Let G be a group and @ N B be a fuzzy subset of G. Thena N S is a M—
N fuzzy normal soft subgroup of G iff the level subset (¢ N ) t€ [0, 1] are M- N
normal subgroup of G.

Proof: Let N f be a M — N fuzzy normal soft subgroup of G and level subset (a N B),,
te [0,1].

Letx€Gandy € (anp) then(anNP)(myn)=>t, forallmeM, n€N.

Now (@ N B) (m(xyx)n)=(@npB)(myn)>t

Since « N B is an M — N fuzzy normal soft subgroup of G.

Thatis (@nNB)(m(xyx')n)>t

Therefore (m(xyx')n € (anp),

Hence (@ N B); is an M — N normal subgroup of G.

4. Conclusion

The main results in the present manuscript are based on the concept of fuzzy normal soft
group [6 and 8]. We have also defined the M-N level subsets of a fuzzy normal soft
subgroup and its some elementary properties are discussed.
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1. Introduction

There are various types of uncertainties in the real world, but few classical mathematical tools may not be suitable to model
these uncertainties. Many intricate problems in economics, social science, engineering, medical science and many other fields
involve undefined data. These problems which one comes face to face with in life cannot be solved using classical mathematic
methods. In classical mathematics, a mathematical model of an object is devised and the concept of the exact solution
of this model is not yet determined. Since, the classical mathematical model is too complex, the exact solution cannot be
found. There are several well-renowned theories available to describe uncertainty. For instance, Rosenfeld [12] introduced
the concept of fuzzy subgroup in 1971 and the fuzzy normal subgroup was revealed by Wu [16] during 1981. Further, the
theory of fuzzy sets was inspired by Zadoh [18] in addition to this, Molodtsov [9] have introduced the concept of soft sets in
1999. Furthermore, Majiet. al., [8] as well introduction the concept of fuzzy soft sets in 2001 and Jacobson [6].

In 2015, R. Patel, Ramakant Bhardmal, Sanjay Choudhary, Sunil [11] were developed three variables on normal fuzzy soft
subgroup. Sarala and Suganya [13] be unraveled the three variables on normal fuzzy soft subgroup in 2004. In addition,
Vasantha Kandasamy and Smarandache [15] have introduced the Fuzzy Algebra during 2003. An introduction to the new
definition of Soft sets and soft groups depending on inclusion relation and intersection of sets were exposed by Akta and
Cagman [1]. In 1981, Das [2] studied the Fuzzy groups and level subgroups. Moreover, Maij, Biswas and Ray [8] were
introduced the fuzzy soft set in 2001.

In [4] Biswas introduced the concept of anti-fuzzy subgroup of groups. Shen researched anti-fuzzy subgroups in [14] and
Dong [3] studied the product of anti- fuzzy subgroups. Feng and Yao [5] studied the concept of (A, 1) anti-fuzzy subgroups.
Pandiamml et al, (2010) defined a new algebraic structure of anti L-fuzzy normal M-subgroups. Wang Sheng-hai [17] further
obtained some basic properties of anti fuzzy subgroups and anti fuzzy normal fuzzy subgroups of group. Mourad Oqla

Massa’deh [10] have discussed The M-N-homomorphism and M-N-anti homomorphism over M-N-fuzzy subgroups in 2012,
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In our earlier work have discussed the concept of M-N fuzzy normal soft groups [7].

In the present manuscript, we have discussed the concept of M-N anti fuzzy normal soft group based on the concept of
Normal fuzzy soft group [2, 7, 10, 13]. In section 2, we presented the basic definition; notations on M-N fuzzy normal soft
group and M-N anti fuzzy normal soft subgroup are required results on fuzzy normal soft group. In section 3, we define
the M-N anti fuzzy soft group, normal fuzzy soft group and also define the M-N anti level subsets of a normal fuzzy soft

subgroup. We have also discussed the concept of M-N anti fuzzy normal soft group and some of its elementary properties.

2. Preliminaries

In this section, some basic definitions and results needed are given. For the sake of convenience we set out the former

concepts which will be used in this paper.

Definition 2.1. Let G be any non-empty set. A mapping o : G — [0,1] is called fuzzy set in G.

Definition 2.2. Let x be a non-empty set. A fuzzy subset a of X is a function o : X — [0, 1].

Definition 2.3. Let G be a group. A fuzzy subset o of G is called an anti fuzzy subgroup if forx,y € G

(1). a(zy) < max {a(z),a(y)}.

(2). a(z™h) = a(z).

Definition 2.4. A pair (F, A) is called a soft set over U, where F is a mapping given by F : A — P(U).

Definition 2.5. Let (F, A) be a soft set over G. Then (F, A) is called a soft group over G if F(«) is a group G for all a € A.

Definition 2.6. A pair (F, A) is called a fuzzy soft set over U, where F : A — 1Y is a mapping I = [0,1], F(a) is a fuzzy
subset of U for all a € A.

Definition 2.7. Let (F, A) be a fuzzy soft set over G. Then (F,A) is a called a fuzzy soft group if F(&) is a fuzzy subgroup
G for all a € A.

Definition 2.8. Let (F,A) and (G, B) be two fuzzy soft set over U. Then (F,A) is called a fuzzy soft subset of (G, B)
denoted by (F, A) C (G, B) if

(1). AC B.

(2). F(a) is a fuzzy subset of G(c), for each a € A.

Definition 2.9. A fuzzy set « is called an anti fuzzy soft subgroup of a group G, if for x,y € G
(1). a(zy) < max {a(z),a(y)}.

(2). a(z™) < ().

Definition 2.10. Let G be a group. A fuzzy soft subgroup o of G is said be an anti fuzzy normal soft subgroup, if for all

z,y € G and a(zyr™") = a(y)(or)a(ry) < alyz).

Definition 2.11. Let aU S be an anti fuzzy soft subgroup of a group G, for any t € [0,1], we define the anti level subset of

aUpB is the set (U B) = {z € X/(aU B)(z) < t}.
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Definition 2.12. Let G be a group and U B be an anti fuzzy normal soft subgroup of G. Let N(aU ) = {y € G/(aU

B)(yzy™") = (a U B)(x) for all x € G}, then N(a U B) is called an anti fuzzy soft Normalize of aU .

Definition 2.13. Let M, N be left and right operator sets of group G respectively, if (mx)n = m(zn) for all x € G,m €
M;n € N. Then G is said be an M — N group.

Definition 2.14. If o is an M — N fuzzy subgroup of an M N group G. Then the following statement holds for all x,y €
G,méeM, andn € N

(1). a(m(zy)n) = minfa(z), a(y)}-
(2). a(mz™'n) > a(z).

Definition 2.15. Let G be an M — N group. « is said be an M — N normal fuzzy subgroup of G if o is not only an M — N

fuzzy subgroup of G, but also normal fuzzy subgroup of G.
Definition 2.16. Let G be an M — N group and (F, A) be a fuzzy soft subgroup of G if
(1). F{m(zy)n} = min{F(x), F(y)}.

(2). F{(mz~")n} > F(x) hold for any z,y € G,m € M,n € N, then (F,A) is said be an M — N fuzzy soft subgroup of G.
Here F: A — P(Q).

Definition 2.17. Let G be an M — N group and (F, A) be a fuzzy soft subgroup of G if
(1). F(mz) > F(x).
(2). F(zn) > F(x) hold for any x € G,m € M, and n € N, then (F, A) is said be an M — N fuzzy soft subgroup of G.

Definition 2.18. Let G be an M — N group. (F, A) is said be an M — N fuzzy normal soft subgroup of G if (F, A) is not

only an M — N fuzzy soft subgroup of G, but also normal fuzzy soft subgroup of G.

Definition 2.19. Let G be a group, a is a M — N fuzzy soft subgroup of G is said be a M — N fuzzy normal soft subgroup

if a(m(zyz™"n) = a(myn) (or) a(m(zy)n) > a(m(yz)n) for al z,y € G,;m € M, andn € N.

Definition 2.20. Let aN B be an M — N fuzzy soft subgroup of a group G. For any t € [0,1], we define the M — N level

subset of aN f is the set (aNP)y = {xz € G/(anN P)(mz) >t,(anNB)(xn) >t for all m € M,n € N}.

Definition 2.21. Let G be a group and N B be an M — N fuzzy normal soft subgroup of G. Let N(aN ) = {y €
G/(an B)(m(yzy~")n) = (an B)(man) for all x € G,m € M,n € N}, then N(an B) is called the M — N fuzzy soft

Normalizer of aN .

Definition 2.22. If a is an M — N anti fuzzy subgroup of an M — N group G. Then the following statement holds for all

r,ye Gime M, andn € N

(1). a(m(zy)n) < max{a(z), a(y)}-

(2). a(mz~'n) < a(z).

Definition 2.23. Let G be an M — N group. « is said be an M — N anti fuzzy normal subgroup of G if a is not only an

M — N anti fuzzy subgroup of G, but also an anti fuzzy normal subgroup of G.
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3. M-N Anti Fuzzy Normal Soft Groups

In this section, we shall define M-N anti fuzzy soft group, anti fuzzy normal soft subgroup, discussed the concept of M-N
anti fuzzy normal soft group based on the concept of fuzzy Normal soft group [2, 7, 10, 13], also define the M-N anti level

subsets of a fuzzy Normal soft subgroup and its some elementary properties are discussed.
Definition 3.1. Let G be an M — N group and (F, A) be an anti fuzzy soft subgroup of G if
(1). F{m(zy)n} < max{F(z), F(y)}

(2). F{(mz~")n} < F(x) hold for any x,y € G,m € M,n € N, then (F, A) is said be an M — N anti fuzzy soft subgroup of
G. Here F : A — P(G).

Definition 3.2. Let G be an M — N group and (F, A) be an anti fuzzy soft subgroup of G if
(1). F(ma) < F()

(2). F(zn) < F(x) hold for any x € G,m € M, andn € N, then (F, A) is said be an M — N anti fuzzy soft subgroup of G.

Definition 3.3. Let G be an M — N group. (F,A) is said be an M — N anti fuzzy normal soft subgroup of G if (F,A) is

not only an M — N anti fuzzy soft subgroup of G, but also an anti fuzzy normal soft subgroup of G.

Theorem 3.4. Let G be an M — N group, A and B both be M — N anti fuzzy subgroup of G. Then AU B is an M — N

anti fuzzy subgroup of G.
Proof.

(1). (AU B)(m(xy)n) < max{(AU B)(x), (AU B)(y)}.
(2). (AU B)(ma~'n) = (AU B)(x).

(1) = (AU B)(m(zy)n) = max{A(m(zy)n), B(m(zy)n)}
< max{max{A(mx), A(ny)}, max{B(mz), B(yn)}}
< max{max{A(z), B(z)}, max{A(y), B(y)}}, A(mz) < A(x)
(AU B)(m(zy)n) < max{AU B)(z), (AU B)(y)}
(2) = (AU B)(mz~'n) = (AU B)(mzz~'zn)
(AU B)(mz~'n) = max{A(maz""), B(zn)}
< max{max{A(mz), A(z"")}, B(z)}
< max{max{A(z), A(z~")}, B(x)}
< max{A(z), B(z)}
= (AU B)(x)
(AUB)(mz 'n) = (AU B)(x)
Hence (1) and (2) is proved. O
Theorem 3.5. If a and § are the two M—N anti fuzzy soft subgroup of G, then aU B is an M — N anti fuzzy soft subgroup
of G.
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Proof. Let a and 8 be two M —N anti fuzzy soft subgroup of G.

(1. (aUB)(m(zy~")n) < max{(a U B)(mz), («U B)(y~'n)}
(@ U B)(m(zy™")n) = max{a(m(zy~")n), B(m(zy ™" )n)}
< max{max{(a(mz), (a(y~"n)}, max{B(mz), By~'n)}}
< max{max{(a(mz), f(mz)}, max{(a(y”'n), By~ 'n)}
< max{(aU §)(mz), (a U B)(y~'n)}
Therefore (aU §)(m(zy™")n) < max{(a U f)(mz), (a U B)(y~'n)}.
(2). (aUB)(man) = (aU f)(ma""n)
(a U B)(man) = max{a(mazn), 5(man)}
= max{a(ma""'n), f(mz""n)}

= (a U f)(ma""n)

Hence a U g is an M — N anti fuzzy soft subgroup of G. O

Theorem 3.6. The union of any two M — N anti fuzzy normal soft subgroup of G is also an M — N anti fuzzy normal soft

subgroup G.

Proof. Let a, and 8 be the M — N anti fuzzy normal soft subgroup of G. By the previous theorem we know that, aUS is an

M — N anti fuzzy soft subgroup of G. Let 2,y € G,m € M, and n € N. To prove that (aUg)(m(yzy *)n) = (U ) (mzn).

Now
(@ U B)(m(yzy~")n) = max{a(m(yzy~")n), B(m(yzy ™ In)}
= max{[a(man), B(man)]}
= (U B)(man)
Hence (a U B)(m(yzy™')n) = (a U B)(man). Hence a U B is an M — N anti fuzzy normal soft subgroup of G. O

Note 3.7. If (aUB)i,i € A are M — N anti fuzzy normal soft subgroup of G, then Uiea(aU B); is a M — N anti fuzzy

normal soft subgroup of G.

Definition 3.8. Let G be a group, a is a M — N anti fuzzy soft subgroup of G is said be a M — N anti fuzzy normal soft
subgroup if a(m(zyz™")n) = a(myn) (or) a(m(zy)n) < a(m(yz)n) for all z,y € G,m € M, and n € N.

Theorem 3.9. Let o be an M — N anti fuzzy normal soft subgroup of G, then for any y € G we have a(m(y 'zy)n) =
a(m(yzy~")n).

Proof. Let a be an M — N anti fuzzy normal soft subgroup G, then for any y € G. Now

a(m(y zy)n) = a(m(zy” y)n)

= a(m(z)n)

= a(m(yy "x)n)

= a(m(yzy )n)

Therefore a(m(y *zy)n) = a(m(yzy *)n). O
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Theorem 3.10. If a is an M — N anti fuzzy normal soft subgroup of G, then gag™ ' is also M — N anti fuzzy normal soft

subgroup of G, for all g € G.

Proof. Let a be an M — N anti fuzzy normal soft subgroup of G, then gag™' is an M — N anti fuzzy subgroup of G, for

all g € G. Now

gag”'m(yzy~')n) = alg” 'm(yzy = )n)g)
= a(m(yzy ™" )n)
= a(mzn)

= a(g(man))g-

= gag™ ' (man)

Therefore gag™ " (m(yzy ™ )n) = gag™' (man). O

Theorem 3.11. If aUB is an M — N anti fuzzy normal soft subgroup of G, then glaU B)g™ ' is also an M — N anti fuzzy

normal soft subgroup of G, for all g € G.

Proof. If aUpBisan M — N anti fuzzy normal soft subgroup of G, then g(aU 8)g~! is also an M — N anti fuzzy normal
soft subgroup of G, for all g € G.

To prove that g(aU B)g™ ! (m(yzy~")n) = gla U B)g~* (man). Now

g(aUB)g™  (m(yzy ")n) = (aUB)(g " (m(yzy ")n)g)
= (aUB)(m(yzy ")n)
— (U B)(man)

= (U B)(g(man)g™

= g(aUB)g™ ' (man)

Therefore g(a U B)g™* (m(yzy~')n) = g(a U B)g~ ' (man). O

Definition 3.12. Let a U S be an M — N anti fuzzy soft subgroup of a group G. For any t € [0,1], we define the M — N

anti level subset of aU S is the set (aUB)y = {z € G/(aUB)(mz) <t,(aUpB)(zn) <t for all me M,n € N}.

Theorem 3.13. Let G be a group and aU 3 be an anti fuzzy subset of G. Then aU B is an M — N anti fuzzy normal soft

subgroup of G iff the anti level subset (U B)s,t € [0,1] are M — N anti fuzzy subgroup of G.

Proof. Let aUB be an M — N anti fuzzy normal soft subgroup of G and the anti level subset

(aUB)e={z e G/(aUPB)(mx) <t (aUpB)(an) <t tec|0,1lme M,ne€ N}

Let z,y € (o U B)¢, then (U B)(mz) <t and (aU B)(xzn) < t. Now

(aUB)(m(zy")n) < max{(aU B)(ma), (U B)(y~'n)}
= max{(a U B)(mz), (a U B)(yn)}

< max{t,t}
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(@UB)(m(zy)n) <t

m(zy~")n € («U B);. Therefore (aU B)¢ is an M — N anti fuzzy subgroup of G.

Conversely, let us assume that (o U 8); is an M — N anti fuzzy subgroup G. Let z,y € (o U 8); then (aU 8)(mz) < t and
(a U B)(en) < t. Also (a U B)(m(zy~")n) < t. Since m(zy~)n € (@ U §), = max{t, t} = max{(a U §)(mz), (a U B)(yn)}.
Therefore (o U B)(m(zy~)n) < max{(a U B(mz), (a U B)(yn)}. Hence a U B is an M — N anti fuzzy normal soft subgroup
of G. O

Definition 3.14. Let G be a group and aU B be an M — N anti fuzzy normal soft subgroup of G. Let N(aU ) = {y €
G/(aU B)(m(yzy~1)n) = (U B)(man) for all x € G,m € M,n € N}, then N(aU B) is called the M — N anti fuzzy soft

Normalize of aU .

Theorem 3.15. Let G be a group and aU 3 be an anti fuzzy subset of G. Then aU B is an M — N anti fuzzy normal soft

subgroup of G iff the anti level subset (U )¢, t € [0,1] are M — N anti fuzzy normal subgroup of G.

Proof. Let aUpB bea M — N anti fuzzy normal soft subgroup of G and the anti level subset (aU 8)¢,t € [0,1]. Let z € G
and y € (aUB)y, then (U B)(myn) < t, for allm € M,n € N. Now (aUB)(m(zyz~")n) = (aUB)(myn) < t. Since aU B
is an M — N anti fuzzy normal softsubgroup of G. That is (a U 8)(m(zyz~')n) < t. Therefore (m(zyz~')n < (a U B):.

Hence (U B); is an M — N anti fuzzy normal subgroup of G. O

4. Conclusion

The main results in the present manuscript are based on the concept ofAnti fuzzy normal soft group [2, 7, 10, 13]. We have

also defined the M-N anti level subsets of a fuzzy normal soft subgroup and its some elementary properties are discussed.
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Abstract

In this paper, we have discussed the concept of M-N fuzzy soft group, then we define the M-N level subsets of a fuzzy soft
subgroup and its some elementary properties are also discussed. The presented method in this manuscript is more sensible and also
reliable in solving the problems. This method can solve the decision making problems.

Key words: Fuzzy group, M-N fuzzy group, M-N fuzzy soft subgroup, M-N level subset, M-N fuzzy soft homomorphism.

1. Introduction

There are various types of uncertainties in the real world, but few classical mathematical tools may not be suitable to
model these uncertainties. Many intricate problems in economics, social science, engineering, medical science and many other fields
involve undefined data. These problems which one comes face to face with in life cannot be solved using classical mathematic
methods. In classical mathematics, a mathematical model of an object is devised and the concept of the exact solution of this model is
not yet determined. Since, the classical mathematical model is too complex, the exact solution cannot be found. There are several
well-renowned theories available to describe uncertainty. For instance, Rosenfeld [8] introduced the concept of fuzzy subgroup in
1971 and the theory of fuzzy sets was inspired by Zadoh [11] in addition to this, Molodtsov [6] have introduced the concept of soft
sets in 1999. Furthermore, Maji et. al., [5] as well introduction the concept of fuzzy soft sets in 2001 and Jacobson [3] introduced the
concept of M-group M-subgroup.

Sarala and Suganya [9] be unraveled some properties of fuzzy soft groups in 2014 In addition, Vasantha Kandasamy and
Smarandache [10] have introduced the Fuzzy Algebra during 2003. An introduction to the new definition of Soft sets and soft groups
depending on inclusion relation and intersection of sets were exposed by Akta and Cagman [1]. In 1981, Das [2] studied the Fuzzy
groups and level subgroups. Moreover, Maij, Biswas and Ray [5] were introduced the fuzzy soft set in 2001. In our earlier work we
have discussed the concept of M-N fuzzy normal soft group in [4].

In the present manuscript, we have discussed the concept of M-N fuzzy soft group based on the concept of fuzzy soft group [4, 7
and 9]. In section 2, we presented the basic definition, notations on M-N fuzzy soft group and required results on fuzzy soft group. In
section 3, we define the M-N fuzzy soft set and define the M-N level subsets of a fuzzy soft subgroup. We have also discussed the
concept of M-N fuzzy soft group and some of its elementary properties.

2. Preliminaries
In this section, some basic definitions and results needed are given. For the sake of convenience we set out the former
concepts which will be used in this paper.

Definition 2.1
Let G be any non-empty set. A mapping f: G — [0, 1] is called fuzzy set in G.
Definition 2.2
Let x be a non-empty set. A fuzzy subset f of X is a function f: X — [0, 1]
Definition 2.3
Let G be a group. A fuzzy subset f of G is called a fuzzy subgroup if for x,y € G
(1) f(xy) =min{ f(x), f(y)}
(2) f(x)=f(x)
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Definition 2.4
A pair (F, A) is called a soft set over U, where F is a mapping given by F: A = P(U)
Definition 2.5
Let (F, A) be a soft set over G. Then (F, A) is called a soft group over G if F (a) is a group G for all a € A.
Definition 2.6
A pair (F, A) is called a fuzzy soft set over U, where F: A — 1Y is a mapping 1=[0, 1], F (a) is a fuzzy subset of U for all
a€A.
Definition 2.7
Let (F, A) be a fuzzy soft set over G. Then (F, A) is a called a fuzzy soft group if F (a) is a fuzzy subgroup G for all a € A.
Definition 2.8
Let (F, A) and (G, B) be two fuzzy soft set over U. Then (F, A) is called a fuzzy soft subset of (G, B) denoted by (F, A) & (G,
B) if
()AcSB
(2) F (a) is a fuzzy subset of G (a) for eacha € A.
Definition 2.9
A fuzzy set f is called a fuzzy soft subgroup of a group G, if forx, y € G
(1) flxy) = min{f(x), fly)}
(2) f(xh)= f(x)
Definition 2.10 [4]

Let M, N be left and right operator sets of group G respectively if (m x) n =m (x n) for all x € G, m € M, n€ N. Then G is said be
an M — N group.
Definition 2:11[4]
Let G be an M — N group and (F, A) be a fuzzy soft subgroup of G if
() F {m(xy)n} = min {F(x), F(y)}
(2) F {(mx")n} = F(x) hold for any x, y € G, m € M, n € N, then (F, A) is said be an M — N fuzzy soft subgroup of G.
Here F: A— P (Q)
Definition 2:12 [4]
Let G be an M — N group and (F, A) be a fuzzy soft subgroup of G and A is a parameters of the set if
(1) F(mx) = F(x)
(2) F(xn) = F(x) hold forany x € G, m € M, and n € N, then (F, A) is said be an M — N fuzzy soft subgroup of G.
3. M-N fuzzy soft group
In this section, we shall define M-N fuzzy soft group, discussed the concept of M-N fuzzy soft group based on the concept
of fuzzy soft group [4, 7 and 9], and give some elementary properties are discussed.
Definition 3:1
Let G be a group and (f, A) be an M — N fuzzy soft set over G. Then (f, A) is said to be a M — N fuzzy soft group over G iff
foreach a€ Aandx,y € G,

(1) fa {m(xy)n} = min {fi(x).fu(y)}
(2) £y {mxn} = £, (x) hold for eacha EA, me M, n € N, f, isa M — N fuzzy soft subgroup of a group G.
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Theorem 3:2
Let G be a group and (f, A) be an M — N fuzzy soft set over G. Then (f, A) is said be an M — N fuzzy soft subgroup on a group

G iff for eacha € A and x, y €G
Proof:
Assume that (f, A) is a M — N fuzzy soft subgroup of a group G
To prove that f, (m (xy)n) = min {fu(x), fa (y) }
Let x, y€ Gand a€ A
We have f, (m (xy)n) = min {f,(mx), f, (y'n) }
Z min {fyx), i (y') } by (definition 2:12)
Z min {i(x), i (y)} byA®x)=A ")
Therefore f, (m (xy')n) = min {fi(x), f () }
Conversely,
Assume that f, (m (xy')n) = min {fi(x), £ (y) }
To prove that (f;, A) is an M — N fuzzy subgroup of a group G
Now f, (men) = f, (m xx"' n)
Z min {fy(mx), f, (x'n)}
= min {fi(x), i (x')}
= min {fi(x), fa (x) }
= fu(x)
Therefore fa (m e n) = f, (x) where e is the identity element of G.
Next f, (mx'n) =1, (mex'n)
Z min {fy(me), f, (x'n)}
= min {fi(e), . x"}
= min {fi(e), fi (x)}
f, (mx'n) =1, (x)
On the other hand, for eacha € Aandx,y € G
f, (mxyn) = f(m x (y'))'n)
= min {f(mx), fu ((y")'n) }
min {f;(mx), f, (y'n) }
min {fi(mx), f. (yn) }
f, (mxyn) = min {fu( x), fy (y) }
Hence the proof
Theorem 3:3
If (f, A) is an M — N fuzzy soft set and e is the unit element of G. Then for each a € A and for each x € X,
(1) fa(x?) = fa(x)
(2)  fale) = fa(x)

Theorem 3.4
Let f, and g, be two M — N fuzzy soft group of G, then f, N g, is an M — N fuzzy soft group of G.

oW

Proof
To prove that (1) (fa N g) (mxyn) = min {( 2N g.) X),(fa N g) (¥) }
(2) (fa N ga) (mx'n) = (fa N ga) (%)
()= (fu N g) (mxyn) = min { f, (mxyn) , g, (mxyn) }
= min {min { fy(mx), fy(yn)} , min { g, (Mx), ga (yn)}}
= min {min { fy(x), fu(y)} , min { g. (x), ga (¥)}}
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= min {min { fi(x), g«(x)} , min { fu (y), g(¥)}}
(f: N g2) (mxyn) = min {( £ N ga) (x) ,(fa N ga) () }
)= (fiNg) (mx'n)= (f, N g) (mx'xx'n)
Zmin { (f,N g) (mx'x), (£, N g) (x'n) }
= min {min { (f. N g) (mx"), (fa N ga) X}, (. N ga) (x'n)}
= min {min { (£ N g) (x"), (f. N g) ®)}, (a N ga) (x1) }

Z min {min { (£, N g) x), (f. N g) X}, (. N g) (X) }
Z min {(L N g) X}, BN g)x)}
=(fa M ga) ()
fuNg) (x)=(faNg) x)
Hence the proof

Proposition 3:5
If f, and g, are two M — N fuzzy soft group of G, then the following statements holds for all x, y © G, m € M, n € N
(1) (fa A ga) (mxyn) = min {( fi A ga) (X),(fa A ga) (¥) }
) (fa Ago) (mx'n) = (£, A g2) (X)
Proof
Straight forward.

Proposition 3:6
If f, is an M — N fuzzy soft subgroup of a group over G, then f, (m(xy)n)? = f, (x* y?) is an M — N fuzzy soft subgroup of a group G.

Proof:
Letx,y EG,meEM,neEN
(1) f (m(xy)n)® = £, (m(xy)n),(m (xy)n))
Z min { fy(m(xy)n),fu(m (xy)n)}
= min { min {fa (mx), fy(yn)}, min { f,(mx), fa(yn)}}
= min { min {fa (x), fu(y)}, min { fu(x), fu(y)}}
= min { min {fa (x), fu(x)}, min { fu(y), fu(y)}}
= min {fy(x. x) , fu(y .y)}
= min {fu(x%), f. (y))}
=f (x*y?)
fo (m(xy)n)* =fu (x* y?)
(2) fi (m(xy)'n) = fu (my'x"'n)
= min {f(my"), fu(x! n)}
= min {fi(y"), f(x ")}
= fuy x)
= fu(xy)
fa (m(xy)'n) = fu(xy)
Proposition 3:7
If {fi} i €faisan M- N fuzzy soft group of G, then U f,; is an M — N fuzzy soft group G whose element Uf,= {x,Vfy

(x) / X€E G}, wherei € f,.

Proof:
Letx,y EG,meM,neENandi€f,.

(1) U gy (M Gy) ) Zmin {y £ (x), U £ ()}
U £,; (M (xy) n)=V fii (m (xy) n)
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= V min { £ (mx), £ (yn)}

=V min { fi (x), fu ()} A(mx)=> A®x)
min {V fu(x), V fu(y)}

min { U £, (x), U fui ()}

U f, m&xy)n) Zmin { (¢, (x), U fi(y)}

@) Uf;mxHn) =y, (x)
U f; mx")n) =y g, (m(x"xx")n)

=
=

> Vi (m(x'xx")n)

> Vmin { ¢ (mx'x), ¢ (x'n)}

> Vmin {min { ¢, (mx"), fi(x)}, ¢, (x'n)}

= Vmin {min { ¢, (x"), (¥}, £, X} AMX)=A(x)
> Vmin {min { ¢, (0, (O} £, (0} AKX = A(x")
= Vmin { fu(x), £, (x)}

> Vi (%)

Z (Ufy)(x)

U £ (MG 1) = U gy (x)
Hence U f;; (x) is an M — N fuzzy soft group of G.
Proposition 3:8

Let G1 and Gz both be M — N group and @ be a soft homomorphism from G and G, If fa is an M — N fuzzy soft group of Go,
then the pre — image @’1 (fa) is an M — N fuzzy soft group of G;
Proposition 3:9

Letg : Gi — Ga be an epirmorphism and f, be an M — N fuzzy soft set in G If ¢ (fa) is an M — N fuzzy soft group of Gi , fu

is an M — N fuzzy soft group of Go.
Proposition 3:10

Let f. be an M — N fuzzy soft groups over G, and @ is endomorphism of G, then f, [@] is an M- N fuzzy soft group of G.
Proof:
Letx,y EG,meM,andn €N
(1) £ [[9]( (m(xy)n] = fu [@](m(xy)n]
> min {f, @(mx) , f, @(yn)}
>min {f; (B(x)), fa (B(y))}, A(Mx)>A(x)
>min {f; (§x) , f: (Dy)}
>min {f, [#](x), f. [B](¥)}
f, [[@] (m(xy)n] > min A(mx)>A(X)
2 fll8] (m(x"n] = fi [@)(m(x" xx ")n]
> min {f, [@](mx '), fa [B](x 'n)}
>min {min {f, [#](mx ), £ [2](x)}, f. [@](x "n)}
>min {min {f, [](x ), fu [1(x)}, fa [B](x )}
>min { {f [](x "), fu [@1(x )}
>min {f, [@](x), L [0](X)}, A(x)=A(x)
> £ [0](x)
fa [[@] (m(x")n] = £ [@](x)
Hence f, [@] is an M — N fuzzy soft group of G.
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4. Conclusion
The main results in the present manuscript are based on the concept of M —N fuzzy soft group [4, 7 and 9]. We have also defined the
M-N level subsets of a fuzzy soft subgroup and its some elementary properties are discussed.
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Abstract

In this paper, we have discussed the concept of M-N anti fuzzy soft group, then we define the M-N anti level
subsets of a fuzzy soft subgroup and its some elementary properties are also discussed. The presented method in this
manuscript is more sensible and also reliable in solving the problems. This method can solve the decision making
problems.

Key words: Fuzzy Group, M-N Anti Fuzzy Group, M-N Anti Fuzzy Soft Subgroup, M-N Anti Level Subset, M-N
Anti Fuzzy Soft Homomorphism.

1. Introduction

There are various types of uncertainties in the real world, but few classical mathematical tools may not
be suitable to model these uncertainties. Many intricate problems in economics, social science,
engineering, medical science and many other fields involve undefined data. These problems which one
comes face to face with in life cannot be solved using classical mathematic methods. In classical
mathematics, a mathematical model of an object is devised and the concept of the exact solution of this
model is not yet determined. Since, the classical mathematical model is too complex, the exact solution
cannot be found. There are several well-renowned theories available to describe uncertainty. For instance,
Rosenfeld [9] introduced the concept of fuzzy subgroup in 1971 and the theory of fuzzy sets was inspired
by Zadoh [12] in addition to this, Molodtsov [7] have introduced the concept of soft sets in 1999.
Furthermore, Majiet. al., [6] as well introduction the concept of fuzzy soft sets in 2001 and Jacobson [3]
introduced the concept of M-group M-subgroup.

Sarala and Suganya[10] be unraveled some properties of fuzzy soft groups in 2014 In addition,
Vasantha Kandasamy and Smarandache [11] have introduced the Fuzzy Algebra during 2003. An
introduction to the new definition of Soft sets and soft groups depending on inclusion relation and
intersection of sets were exposed by Akta and Cagman [1]. In 1981, Das [2] studied the Fuzzy groups and
level subgroups. Moreover, Maij, Biswas andRay [6W] were introduced the fuzzy soft set in 2001.

In the present manuscript, we have discussed the concept of M-N anti fuzzy soft group based on the
concept of M — N fuzzy soft group[4 and 6]. In section 2, we presented the basic definition, notations on
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M-N anti fuzzy soft group and required results on fuzzy soft group. In section 3, we define the M-N anti
fuzzy soft set and define the M-N anti level subsets of a fuzzy soft subgroup. We have also discussed the
concept of M-N anti fuzzy soft group and some of its elementary properties.

2. Preliminaries

In this section, some basic definitions and results needed are given. For the sake of convenience we
set out the former concepts which will be used in this paper.

Definition 2.1

Let G be any non-empty set. A mapping f: G = [0, 1] is called fuzzy set in G.
Definition 2.2

Let x be a non-empty set. A fuzzy subset f of X is a function f: X — [0, 1]
Definition 2.3[5]

Let G be a group. A fuzzy subset f of G is called an anti fuzzy subgroup if forx,y € G
f(xy) =max {f(x),f(y)}
f(x ) =f(x)

Definition 2:4[5]

Let f be an M- N anti fuzzy subgroup of a set G. For t € [0, 1], the anti level subset of f is the set f; =
{x€G/f(mx)<t f(xn)<t,m€ M, n € N}. This is called a M — N anti level subset of f.

Definition 2.5

A pair (F, A) is called a soft set over U, where F is a mapping given by F: A - P(U)
Definition 2.6

Let (F, A) be a soft set over G. Then (F, A) is called a soft group over G if F (a) is a group G for all
a€A.

Definition 2.7[10]

A pair (F, A) is called a fuzzy soft set over U, where F: A — 1" is a mapping I = [0, 1], F (a)is a fuzzy
subset of U for alla€ A.
Definition 2.8[10]

Let (F, A) be a fuzzy soft set over G. Then (F, A) is a called a fuzzy soft group if F (a)is a fuzzy

subgroup G for all a€ A.
Definition 2.9 [10]

Let (F, A) and (G, B) be two fuzzy soft set over U. Then (F, A) is called a fuzzy soft subset of (G, B)
denoted by (F, A) & (G, B) if

(HhASB
(2) F (a) is a fuzzy subset of G (a) for each a€ A.
Definition 2.10

A fuzzy set f is called an anti fuzzy soft subgroup of a group G, if for x, y € G f(xy ) <max {f (x),
fly)}f (x) <f (%)
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Definition 2.11 [4]
Let M, N be left and right operator sets of group G respectively if (m x) n = m (x n) for all x € G,
m € M, n€ N. Then G is said be an M — N group.

Definition 2:12 [5]
Let G be an M — N anti group and (F, A) be a fuzzy soft subgroup of G if

(I) F {m(x y) nj < max {F(x), F(y)}
(2) F {(mx") n} < F(x) hold for any X, y € G, m € M, n € N, then (F, A) is said be an M — N anti
fuzzy soft subgroup of G. Here F: A - P (G)
Definition 2:13 [5]

Let G be an M — N anti group and (F, A) be a fuzzy soft subgroup of G and A is a parameters of the
set if

F(m x) < F(x)

F(x n) < F(x) hold for any x € G, m € M, and n € N, then (F, A) is said be an M — N anti fuzzy soft
subgroup of G.
Example 2: 13

Let F be a fuzzy soft subgroup of an M —N group G. A is the parameters of the set, then F is defined
by
(01 ifx€eG
Fx)= {0.9 and above if x € G
Where x = {1, 2, 3,4, 5,6} F(1)=0.1, F(2) = 0.03, F(3) = 0.06, F(4) = 0.6, M = {1, 2,3} and N = {1,3,
5}, here NC A and MCA where A is a natural numbers.

3. M-N Anti Fuzzy Soft Group

In this section, we shall define M-N anti fuzzy soft group, discussed the concept of M-N antifuzzy soft
group based on the concept of fuzzy soft group [6 and 7], and give some elementary properties are
discussed.

Definition 3:1 [5]
Let G be a group and (f, A) be an M — N anti fuzzy soft set over G. Then (f, A) is said to be a M — N
anti fuzzy soft group over G iff for each a€ A and x, y € G,

(D) fi {im(xy) nj< max {fu(x),fu(y)}

(2) f, {(mx™") n} <f,(x) hold for each a €EA, m € M, n € N,f,is a M — N anti fuzzy soft subgroup of a
group G.

Theorem 3:2

Let Gbe a group and (f, A) be an M — anti fuzzy soft set over G. Then (f, A) is said be an M — N anti
fuzzy soft subgroup on a group G iff for each a € A and x, y €G

Proof:
Assume that (f, A) is a M — N anti fuzzy soft subgroup of a group G
To prove that f(m (xy™) n) < max {f,(x),f, (y)}
Let x, y€ Gand a€ A
We havef, (m (xy™) n) <max {f(mx), f, (y'n) }
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<max {f,(x), f, (y") } by (definition 2:12)

<max {f(x),f.(y)} byAx)=AK")

Therefore f, (m (xy™') n) <max {f,(x), f, (y) }

Conversely,

Assume that f, (m (xy)n) <max {f(x), f, (y) }

To prove that (f, , A) is an M — N anti fuzzy subgroup of a group G
Now f, (men) =f, (mxx"'n)

< max {fy(mx), f, (x'n)}

<max {f,(x), f, (") }

max {fy(x) , f, (x) §

= £(x)

Therefore f, (men) ={, (x) where e is the identity element of G.

IA

Nextf, (mx'n) = f, (mex'n)
<max {fy(me), f, (x"'n)}

<max {fy(e) , f, (x)}

<max {fy(e) , f, (x)}

f, (mx"'n) =1, (x)

On the other hand, for each a € A and x, y€ G

f, (m xyn) = f,(m x (y"") " n)
<max {f(m x), £, (y")"'n) }

< max {f(mx), f, (y'n) }

< max {f(mx), f,(yn)}

f, (m xyn) < max {f;( x), f, (y) }
Hence the proof

Theorem 3:3

If (f, A) is an M — N anti fuzzy soft set and e is the unit element of G. Then for each a € A and for
each x €X,

f,x") <fix)
fue) = fux)
Theorem 3.4

Let f, and g, be two M — N anti fuzzy soft group of G, then f, N g, is an M — N anti fuzzy soft group
of G.

Proof
To prove that (1) (f, N ga) (mxyn)< max {(f, N g.) (x) .(f. N g) (¥) }
(2) (f. N ga) (mx'n) = (£, N g,)(x)
(1) = (fi N g,) (mxyn) = max { f, (mxyn) , g, (mxyn) }
<max {max {f,(mx), f,(yn)} , max { g, (mx), g, (yn)}}
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< max {max { fu(x), fu(y)} , max { g, (x), g (Y)}}
<max {max { fy(x), g.(x)} , max { f, (), g(y)}}
(fa N ga) (mxyn) <max {(f. N g.) (x) (£ N ga) (¥) }
@) =(f, N g) (mx"'n) = (f, N g,) (mx"'xx"'n)
<max { (f, N g) (mx'x), (f, N g) (X'n) }
< max {max { (f, N g) (mx™), (5 N g) (O}, (. N g) (")}
<max {max { (f, N g) ), (£ N g) (O}, (f. N g) (1)}
< max {max { (f, N g,) (x), (fa N ) ()}, (. N o) (x) }
<max {(f, N g) GO}, (. N ) () }
=(f. N ga) (x)
(f. N g) () = (£, N g)(x)
Hence the proof
Proposition 3:5

Iff, and g,are two M — N anti fuzzy soft group of G, then the following statements holds for all x, y €
G, meM,neN

(D) (fA ga) (mxym)<max {( ./ g,) (%) ,(£.A g2) (¥) }
(2) (fAg:) (mx'n) = (£A g)(x)

Proof
Straight forward.

Proposition 3:6

Iff, is an M — N anti fuzzy soft subgroup of a group over G, then f, (m(xy)n)’ = f, (x’y?) isan M — N
anti fuzzy soft subgroup of a group G.

Proof:
Letx,yEG,meEM,neN
(Df, (m(xy)n)*= f, (m(xy)n),(m (xy)n))
<max {fy(m(xy)n),fy(m (xy)n)} <max { max {f, (mx), f(yn)}, max { f(mx), fu(yn)}}
<max { max {f, (x), fu(y)}, max { fu(x), fu(y)}}
<max { max {f, (x), fu(x)}, max { f)(y), fuy)}}
<max {fy(x. x), f(y .y)} <max {f:(x) , £ (")}
= £, (*y)) fu (m(xy)n)® =1, (x*y?)
(2) £, (m(xy)"'n= £, (my'x'n)<max {f(my™), £,(<" n)}
< max {f,(y"), f(x")}
<f,(yx) <t(xy) f, (m(xy)'n) = f(xy)
Proposition 3:7

If {f.i}i€fa is an M — N anti fuzzy soft group of G, then Uf}; is an M — N anti fuzzy soft group G whose
element U £, = {x, V£, (x) /XEG}, where i€ £,
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Proof:
Letx,yEG,meM, neNandi€f,.
(1) Uf,; (m (xy) n) <max {yf, (x),Uf,(y)}
Uf,; (m (xy) n)=V f;; (m (xy) n)
=V max { f,; (mx), £, (yn)}
SV max{ f,; (x), fy (y)}, since A(mx) = A(x)
max {V £(x), V fu(y)}
max {Uf,; (x) , Ufu(y)}
Uf,; (m(xy)n) <max {yf; (x), Ufy(y)}
@) Uf; (mx"n) <yf, (x)
Ut (m(x™) n) =y, (m(x"'xx")n)

< Vg, (m(x"'xx™n)

IA

AN

< Vmax{f_ (mx'x), ¢ (x'n)}
<V max{max{f . (mx"), f(x)}, f, (x'n)}
<V max{max{g (x"), fu(x)}, , (x)}.since A(mx < A(x)

<V max{max{f, (), f(®)}, £, 0} A= AKX

<V max{ f(x), £, ®)} =V, (x) =(Uf,) (x)

uf, mx"n) < U, (x)

Hence Uf,; (x) is an M— N anti fuzzy soft group of G.
Definition 3 .8[5]

Let fan g, be an M — N anti fuzzy soft subgroup of a group G. For any t € [0, 1], we define the M — N
anti level subset of f, N g, is the set

(N g = X EG/(fiN g) (mx) <t, (f.N g, ) (x n) < t for allm EM, n € N}
Theorem 3.9

Let G be a group and f,N g, be an M- N anti fuzzy soft subgroup of G. Then the anti level subset (f,N
g.) t € [0, 1]is an M- N anti fuzzy soft subgroup of G.

Proof:
Let f,N g, be an M — N anti fuzzy soft subgroup of G and the anti level subset
(iNg) = {xEG/(fuN g) (mx) <t,(fiN g, ) (xn) <t, t € [0,1] mEM, nEN }
Letx,y € (fin g,).. then (f.ng,) (mx)<tand (f,Ng,) (xn)<t
Now (£, g,) (m xy™'n) <max {(f,N g.) (mx), (fan g, ) (y"' n)}

= max {( fan ga ) (m X)> (fan a ) (y 1’1)}
<max {t,t}
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(N g) (mxy'n) <t
mxy'n€ (fang),
Therefore (f,N g,)¢ is an M — N anti fuzzy soft subgroup of G.
Proposition 3:10

Let G; and G, both be M — N anti group and 1) be a soft homomorphism from G, and G, If f, is an M
— N anti fuzzy soft group of G,, then the pre — image ¢-1 (f.) is an M — N anti fuzzy soft group of G,
Proposition 3:11

Let g : G| — G,be an epirmorphism and f, be an M — N anti fuzzy soft set in G,. If¢-l (f)isan M —N
anti fuzzy soft group of Gy .f, is an M — N anti fuzzy soft group of G,.
Proposition 3:12

Let f, be an M — N anti fuzzy soft groups over G, and @ is endomorphism of G, then f, [@] is an M- N
anti fuzzy soft group of G.
Proof:

Letx,yEG,meM,andn€N

(Dfa [[2]( (m(xy)n] = f,[@](m(xy)n]

< max {f,@(mx) , f,.@(yn)}

<max {f,(B(x)), f; (B(y))}, since A(mx) <A(x)

<max {f, (0x) , fu (By)}

<max {f;[@](x) , f. [8](y)}

f, [[@] (m(xy)n] < maxA(mx)>A(x)

() £, [[@] (m(x)n] = £,[@)(m(x" xx ")n]

<max {f, [8](mx "x), f, [@](x "n)}

<max {max {f, [@](mx ), £, [#](x)}, f, [@](x 'n)}

<max {max {f, [0](x "), f, [8](x)}, fu [B](x )}

< max { {f, [8](x "), £, [@](x )}

<max {f, [@](x), f, [#](x)}, since A(x ") =A(x)

<f, [@1(x)

f, [[@] (m(x)n] <f, [@1(x)

Hence f, [@] is an M — N anti fuzzy soft group of G.
4. Conclusion

The main results in the present manuscript are based on the concept of M —N antifuzzy soft group [4
and 5]. We have also defined the M-N anti level subsets of a fuzzy soft subgroup and its some elementary
properties are discussed.
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Conjugate of M-N Anti Fuzzy Soft Subgroups

M. Kaliraja'* and S. Rumenaka?

“12pssistant Professor, PG and Research Department of Mathematics,
H.H. The Rajah’s College, Pudukottai- 622 001, Affiliated to Bharathidasan
University, Tiruchirappalli, Tamilnadu, India.

YEmail: mkr.maths009@gmail.com
2Email: rumenaka@gmail.com

Abstract

In this paper, we have discussed the concept of a conjugate of M-N anti fuzzy soft
subgroup and define the M-N anti fuzzy soft middle cosets. It is some elementary
properties are discussed.

Keywords: Fuzzy group; M-N anti fuzzy soft subgroup; Conjugate of M-N anti fuzzy soft
subgroups; M — N anti fuzzy soft middle cosets.

1. Introduction

In [13], Rosenfeld introduced the concept of fuzzy subgroup in 1971 and the
theory of fuzzy sets was inspired by Zadeh [17] in addition to this, Molodtsov [10] have
introduced the concept of soft sets in 1999. Furthermore, In 2009, Maji et. al., introduced
the concept of fuzzy soft sets in [9] and Jacobson introduced the concept of M-group
M-subgroup in [3]. In [18], Wen-Xiang Gu et.al., have discussed the concept of Fuzzy
groups with operators in the year of 1994.

Sarala and Suganya [14] be unraveled some properties of fuzzy soft groups in
2014 in addition, Vasantha Kandasamy and Smarandache [16] have introduced the Fuzzy
Algebra during 2003. An introduction to the new definition of Soft sets and soft groups
depending on inclusion relation and intersection of sets were exposed by Akta and
Cagman [1]. In 1981, Das [2] studied the Fuzzy groups and level subgroups. Moreover,
Maij, Biswas and Ray [9] were introduced the fuzzy soft set in 2001. In [15], Shobha
Shukla have studied the conjugate fuzzy subgroup in 2013. Mourad Oqla Massa’deh[9]
studied M- fuzzy cosets, M —conjugate of M — fuzzy subgroups. In[6][, our earlier work
we have discussed the concept of a conjugate of M — N fuzzy soft subgroups.

In the present manuscript, we have discussed the concept of conjugate of M-N
anti fuzzy soft subgroups based on the concept of M - N anti fuzzy soft groups [6, 7 and
12]. In section 2, we presented the basic definition, notations on conjugate of M-N anti
fuzzy soft group and required results on anti fuzzy soft group. In section 3, we define the
conjugate of M-N anti fuzzy soft subgroups and define the M-N anti fuzzy soft middle
cosets.

2. Preliminaries
In this section, some basic definitions and results needed are given. For the sake
of convenience we set out the former concepts which will be used in this paper.

Definition 2.1[11]

Let  be an M- N anti fuzzy subgroup of a set G. For t £ [0, 1], the level subset
of wis the set uy = {x G/ u(mx) <t, u(xn) <t, me M, n€ N}. This is calleda M — N
anti level subset of

Definition 2.2[11]
Let M, N be left and right operator sets of group G respectively if (m x) n=m (x
n) for all x € G, m& M, nc N. Then G is said be an M — N group.
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Definition 2:3 [7]
Let G be an M — N anti group and (u, A) be a fuzzy soft subgroup of G if
(D) p{mxy)n} = max{x (), x ()}
(2) g{(mx"n}=u(x) holdforany x,y EG, m M, ne N, then (i, A) is
said be an M — N anti fuzzy soft subgroup of G. Here ui: A— P (G)
Definition 2:4 [7]
Let G be an M — N anti group and (i, A) be a fuzzy soft subgroup of G if
(1) #(mx) = u(x)
(2) w(xn) = w(x) holdforany x £G, m €M, and n €N, then (&, A) is
said be an M — N anti fuzzy soft subgroup of G.

Definition 2.5 [8]
Let 4 and 4 be two fuzzy subgroup of G, then x and A are said to be conjugate
fuzzy subgroup of G if for some g € G, 1 (X) = A (g™ x g) for every x € G.

Definition 2.6 [8]
Let i and A be two M - N fuzzy soft subgroup of G, then x and A are said to be
conjugate of M - N fuzzy soft subgroup of G if for some ¢ £ G,
(1) (Mmx)=24(z'xg) foreveryxe G,meM
(2) u(xn) =2 (g"xg) foreveryxG,neN

3. Conjugate of M-N anti fuzzy soft subgroup

In this section, we shall define conjugate of M-N anti fuzzy soft subgroups
based on the concept of fuzzy soft group [6, 7 and 12], and give some elementary
properties are discussed.

Definition 3.1
Let G be an M — N anti group and (i, A) be a conjugate of fuzzy soft subgroup of G

if
(1) p(mx) = ux)=1(g"xg)
(2 u(yn) = u(y)= A(@'ya) hold for any x, yEG, mEM, and n
£ N, then (&, A) is said be a conjugate of M — N anti fuzzy soft
subgroup of G.
Theorem 3:2

Let i and A be any M - N anti fuzzy soft subgroup of the group G, then w and 4
are conjugate of M — N anti fuzzy soft subgroup of G iff u =4

Proof:
Given that 1 and 4 are conjugate of M — N anti fuzzy soft subgroup of the group
G. Toprovethat p=241
Since p and A are conjugate of M — N anti fuzzy soft subgroup of the group G
By the definition there exists ¢ £ G, such that
: p(mx)=A(g"xg)foreveryxe G, me M

p(xn) = A (gt xg)foreveryx= G, n£N
Let mx = gmx for allg, x £ G, m € M, then
u(@mx) = 4 (g™ ax g)
e (gmx) =4 (X g)
u(ox) =4 (xa), since w (Mx) = p(x)
And let xn = gxn for all g,x € G, n € N, then

u(gxn) = 4 (g™ ox )
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p (axn) = 4 (xg)
p(ax)=4(xg), since p(xn) = u(X)
Forsome g=e=G, meM

We have i (mex) = 4 (mxe)
w (mx) = A(mx), since p (xm) = u (X)

w(x)=4(x)
po=4
Similarly, u (exn) = A (xen)
Hence p =4
Conversely,
To prove that, i and A are conjugate of M — N anti fuzzy soft subgroup of G
Let w =4

# (Mmx) =4 (mx)
w(mx) =u(x)=4(x), since p(xm) = i (X)
By the definition, z (mx) =4 (e *xe)
Similarly we can prove that i (xn) = 4 (e " xe)
Hence 1 and A are conjugate of M — N anti fuzzy soft subgroup of G

Theorem 3:3
Let A be an M — N anti fuzzy soft subgroup of a group G, and u be a fuzzy soft

subset of G. If wand 4 are conjugate of M — N anti fuzzy soft subgroup of the group G,
then w is an M — N anti fuzzy soft subgroup of a group G.

Proof
Let e be an identity element of the group G.
If 1 and A are conjugate of M — N anti fuzzy soft subgroup of the group G

By the definition, since there exists an element ¢ £ G, such that
A(X)>A(mx)=u (gt xg) forallx €G

= 4(X) = (g xg)and
Ax)>Axn) = u(@txg) VXEG, mMEM,andnEN,
= 1(X) = (g'xg)
Also g (x) > u(mx) = u (exe)
p() =u(gtaxats)
= Aaxa™)
Therefore 1 (x) = A(gxg™)

Similarly we can prove that p: (x) > w(xn) = ¢ (gxg ™)
To prove that, 1 is an M — N anti fuzzy soft subgroup of a group G.
Since 4 be an M — N anti fuzzy soft subgroup of a group G,
Now u (xy) > w (mxyn) = i (emxeyne)
u(mxyn) =u(g'emxg’gyng™)
=i(gmxgtgyng™)
=max{A(gmxg"), A(ayng™)} since x(xm) = p (X)
u(mxyn) =max{A(gxg"), A(aya")}

p(xy) =max{u(x)uly)}
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Also i (mx™n) =4 (gmxy gtgnyg™
=max{A(gmxgrgya") A@yng’)}.
= max {max{A(gmx g™) A(ay™" ¢")} A (ayn g ™)}, since u (xm) = u (x)
= max {max{ 4 (gxg™) A @y ¢ )} ilays™)}.
=max{{A(gxa™),A(ays™) }since u (y) = p (v
=max {4 (gxa™), Ay ¢")}
= A(gxg”)
w(mxin)= i (gxa™)
Hence 1 is an M — N anti fuzzy soft subgroup of a group G.
4. M-N Anti Fuzzy Soft Middle Coset

Definition 4.1

Let 4 be an M- N anti fuzzy soft subgroup of a group G. then for any a, b £ G the M—
N anti fuzzy soft middle coset aib of the G is defined by (a2 b)(mxn) = A(a*xb™) for
all xeG.

Theorem 4.2

If isan M — N anti fuzzy soft subgroup of a group G, then for any a £G, the
M — N anti fuzzy soft middle coset ata™ of the group G is also a M — N anti fuzzy soft
subgroup of the group G.

Proof:
Let 4 be an M — N anti fuzzy soft subgroup of a group G and a £G
Letx,y=G, meMandn £ N, then
(@aia™) (mxy'n) =2 (ma*xy ‘an)
=1 (ma’ xaay "an)

=i (m(atxa) @'y ta)n)
< max {A(m(a'xa), A(a'y!a)n)},since A(mx) < A(x), A(yn) < A(y)
<max {A((a'xa), A(a'y'a))},

Since 4 is an M — N anti fuzzy soft subgroup of a group G
Therefore (a1 a™) (m xy™n) < max {1((a"xa), A(a'y'a))}
Hence aza™ isan M — N anti fuzzy soft subgroup of the group G

Theorem 4.3

Let A be any M — N anti fuzzy soft subgroup of a group G and aia™’be an M — N anti
fuzzy soft middle coset of G, then o(a a™) = o(1) for any a £ G.

Proof:

Let A be an M — N anti fuzzy soft subgroup of a group G and a £G
By the above theorem (that is theorem 4.2), ala™ isan M — N anti fuzzy soft subgroup of
the group. Thus (a2 a") (m xn) = 4 (ma™ x an), for all x€G, m &M and n £ N.
Therefore A and ata™ are conjugate of M — N anti fuzzy soft subgroup of G. We know
that, if A and u are conjugate of M —N anti fuzzy soft subgroup of the group G, then
0 (1) =o (1)

Hence o (aza™) =o (1) for any a £G.
Definition 4.4
Let A and u be an M — N anti fuzzy soft subgroup of the group G, and f be a

positive fuzzy set, then for a=G we define the M — N anti positive double fuzzy soft coset
(2aw)" by (1aw)’ = min{@)", @w)'}
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Theorem 4.5
The M — N anti positive double fuzzy soft coset (1 a x)"is M — N anti fuzzy soft
subgroup of the group G, when 4, i are M — N anti fuzzy soft subgroup of G

Proof:

Letx,yEG,meMandn&N
Now (1a )" (mxy™n) = max {(a 2)" (mxy™n), (a z)" (mxy™n)}

= max {f(a)A(mxy™n), f(a) w(mxy™n) }
< f(a) max{max{ 4 (mx), 1 (y"n)}, max{ p(mx), u(y "n)}}
Since A (mx) < A (X), A (x ™) =24 (x), (xn) < u(X), m(x ) =p(x)
f(a) max{max{ 4 (x), 4 ()}, max{ u(x), u(y )3}
< f(a) max{max{ A(X), #(X)}, max{ A (y), u(y)}}
= max { f(a) max{A(x), (X}, f(a) max {i(y), u(y)}}
=max {(1a ) (x), (Aaw) ()}
Therefore (1a )" (mxy™n) < max {(1a )" (X), (1aw) (y)}
Hence (1 a x)"is M — N anti fuzzy soft subgroup of the group G.

IA

A

4. Conclusion

The main results of this manuscript, a conjugate of M —N anti fuzzy soft subgroup
based on [6 and 12]. We have also defined the M-N anti fuzzy soft middle coset and its
some elementary properties are discussed.
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Abstract. In this paper, we have discussed the concept of a conjugate of M-N fuzzy soft
subgroup of a group and define the M-N fuzzy soft middle co-sets. Also its some elementary
properties are discussed. The aim of the paper is to investigate conjugate of M —N fuzzy soft
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1. Introduction

There are various types of uncertainties in the real world, but few classical mathematical tools may
not be suitable to model these uncertainties. Many intricate problems in economics, social science,
engineering, medical science and many other fields involve undefined data. These problems which
one comes face to face with in life cannot be solved using classical mathematic methods. In classical
mathematics, a mathematical model of an object is devised and the concept of the exact solution of
this model is not yet determined. Since, the classical mathematical model is too complex, the exact
solution cannot be found. There are several well-renowned theories available to describe uncertainty.
For instance, Rosenfeld [10] introduced the concept of fuzzy subgroup in 1971 and the theory of
fuzzy sets was inspired by Zadeh [14] in addition to this, Molodtsov [7] have introduced the concept
of soft sets in 1999. Furthermore, Majiet. al., [6] as well introduction the concept of fuzzy soft sets in
2001 and Jacobson [3] introduced the concept of M-group M-subgroup.

Sarala and Suganya [11] unravelled some properties of fuzzy soft groups in 2014. In addition,
Vasantha Kandasamy and Smarandache [13] have introduced the Fuzzy Algebra during 2003. An
introduction to the new definition of Soft sets and soft groups depending on inclusion relation and
intersection of sets were exposed by Akta and Cagman [1]. In 1981, Das [2] studied the Fuzzy groups
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and level subgroups. Moreover, Maij, Biswas and Ray [6] were introduced the fuzzy soft set in 2001.
In [9] the notion of a conjugate fuzzy subgroup of a fuzzy group was introduced and studied.
ShobhaShukla [12] studied the conjugate fuzzy subgroup in 2013. Mourad Ogla Massa’deh [9]
studied M- fuzzy co-sets, M —conjugate of M —fuzzy subgroups.

In the present manuscript, we have discussed the concept of conjugate of M-N fuzzy soft group
based on the concept of M - N fuzzy soft group [5 and 9]. In section 2, we presented the basic
definition, notations on conjugate of M-N fuzzy soft group and required results on fuzzy soft group.
In section 3, we define the conjugate of M-N fuzzy soft subgroups, define the M-N fuzzy soft middle
co-sets and related results are discussed.

2. Preliminaries
In this section, some basic definitions and results needed are given. For the sake of convenience we
set out the former concepts which will be used in this paper.

Definition 2.1
Let G be any non-empty set. A mapping i : G - [0, 1] is called fuzzy set in G.

Definition 2.2
Let x be a non-empty set. A fuzzy subset u of X is a function u: X - [0, 1]

Definition 2.3
Let G be a group. A fuzzy subset u of G is called a fuzzy subgroup if for x,y € G
(1) p(xy) = min {u (x), p(y)}
(2) p(x™) =p(x)

Definition 2.4
Let u be an M- N fuzzy subgroup of a set G. For t € [0, 1], the level subset of u is the set
u={xXeG/u(mx=t, uxn)>t,me M,ne N} Thisis called a M — N level subset of u.

Definition 2.5
A pair (u, A) is called a soft set over U, where u is a mapping given by u: A - P(U)

Definition 2.6
Let (i, A) be a soft set over G. Then (u, A) is called a soft group over G if u (a) is a group G
forallae A.

Definition 2.7
A pair (u, A) is called a fuzzy soft set over U, where u: A — 1Y is a mapping | = [0, 1], u (a)
is a fuzzy subset of U for all a€ A.

Definition 2.8 [5]
Let (u, A) be a fuzzy soft set over G. Then (u, A) is a called a fuzzy soft group if u (a) is a
fuzzy subgroup G for all ag A.

Definition 2.9 [4]
Let (u, A) and (4, B) be two fuzzy soft set over U. Then (u, A) is called a fuzzy soft subset of
(4, B) denoted by (u, A) = (4, B) if
(1)AcB
(2) u () is a fuzzy subset of A (a) for each a€ A.

Definition 2.10
A fuzzy set u is called a fuzzy soft subgroup of a group G, if forx,y € G
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(1) p (xy) = min{u (x), u (y)}
(2) p(xh)=p(x)

Definition 2.11 [8]
Let M, N be left and right operator sets of group G respectively if (m x) n =m (x n) for all x € G,
m € M, ne N. Then G is said be an M — N group.

Definition 2.12 [4]
Let G be an M — N group and (u, A) be a fuzzy soft subgroup of G if
(1) p{m(xy) n} =min {u (x), u (¥)}
(2) p{(mx1 n} =u (x) hold for any x, y € G, m € M, n€ N, then (u, A) is said be an
M — N fuzzy soft subgroup of G. Here u: A—- P (G)

Definition 2.13 [5]
Let G be an M — N group and (u, A) be a fuzzy soft subgroup of G if
(1) p (Mmx)= p (x)
(2) p (xn) = p (x) hold for any x €G, m €M, and n €N, then (u, A) is said be
an M — N fuzzy soft subgroup of G.

Definition 2.14 [12]
Let 4 and A be two fuzzy subgroup of G, then u and A are said to be conjugate fuzzy
subgroup of G if for some g € G, u (x) = A (g™ xg) for every xeG.

3. Conjugate of M-N fuzzy soft subgroup

In this section, we shall define the conjugate of M-N fuzzy soft subgroup, discussed the Conjugate of
M-N fuzzy soft group based on the concept of fuzzy soft group [5and 9], and give some elementary
properties are discussed.

Definition 3.1
Let 4 and A be two M - N fuzzy soft subgroup of G, then u and A are said to be conjugate of
M - N fuzzy soft subgroup of G if for some g € G,
(1) u (mx)=A(gtxg) foreveryx e G,me M
2)u(xn) =2 (gtxg) foreveryxeG,neN

Definition 3.2
Let G be an M — N group and (u, A) be a conjugate of fuzzy soft subgroup of G if
1) p(Mmx)=p(x)=2(g"xg)
(2 w(yn) = u(y)= A(gtyg) hold forany x,y € G, me M, and n € N, then
(u, A) is said be a conjugate of M — N fuzzy soft subgroup of G.

Theorem 3.3

Let u and A be any M - N fuzzy soft subgroup of the group G, then i and A are conjugate of
M - N fuzzy soft subgroup of G iff u=A.
Proof: Given that u and A are conjugate of M - N fuzzy soft subgroup of the group G. We have to
prove that u = A. Since p and A are conjugate of M - N fuzzy soft subgroup of the group G, by the
definition there exists g € G, such that, 4 (mx) = A (g1 x g) forevery xe G,m € M, u (xn) = A (g*
x g) for every x € G, n € N. Let mx = gmx for allg, x € G, m € M, then:

#(@mx) = A (g™ gx g)

1 (gmx) = A (x g)
K (gx)=4(xg), since p(mx)=p (X).
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And, let xn = gxn for allg, x € G, n € N, then:
u (gxn) = 1 (g gx g)
t (gxn) =1 (x g)
K (gx)=4(xg), since p (xn)= p (X).
Forsome g=e € G,m e M, we have u (mex) = 4 (mxe)
u (mx) = A (mx), since u (xm) > u (X)
px)=1(x),u =4
Similarly we can prove that u (exn) = A (xen) , hence u = A.
Conversely, we have to prove that, © and A are conjugate of M - N fuzzy soft subgroup of G.
Let u =21, pu(mx) =A(mx), u(mx) =u(X)=2(x), since u (xm) > u (X). By the definition,
u (mx) =2 (e txe). Similarly we can prove that u (xn) = A (e 1 xe) . Hence u and A are conjugate of
M - N fuzzy soft subgroup of G.

Theorem 3.4
Let A be an M - N fuzzy soft subgroup of a group G, and u be a fuzzy soft subset of G. If u
and A are conjugate of M - N fuzzy soft subgroup of the group G, then pis an M - N fuzzy soft
subgroup of a group G.
Proof: Let e be an identity element of the group G. If u and A are conjugate of M - N fuzzy soft
subgroup of the group G, by the definition, since there exists an element g € G, such that:
AX)<A(Mmx)=pu(gtxg) forallxeG
= A (x) = p (g*x g) and
AX)<A(xn)= u(gtxg)forallxeG, meM,andn €N,
= A(X)=pu(g*xg).
Also, u (x) < u(mx) =pu (exe)
p(x) =u(gtgxg'g)
= A(gxg™).
Therefore, wu(X) = 2 (axg™).Similarly we can prove that u (x) < u (xn) = u (gx g %).
We have to prove that, i is an M - N fuzzy soft subgroup of a group G. Since A be an M - N fuzzy soft
subgroup of a group G, now:
p (xy) < p (mxyn) = u (emxeyne)
i (mxyn) =pu(gtgmxgtgyng®)
=Agmxglgyng)
>min { A (g mx g?), A(gyn g?) }, since u (xm)>pu (X)
p (mxyn) >min { 2 (gx ™), A(gy ¢™) }
@ (xy) >min { p (X),u(y) }
Also, pu (mxin) =4 (gmxy*g*gnyg™)
>min { A (g mxg*gy’g?) Agyng™) },
>min {min{ A (g mxg*) 2 (g y*g ")} A(g yn g?) }, since u (xm) > pu (x)
>min {min{ A (gxg*) A (3 y's™")}, A(ays™) },
>min {{ 1 (gxg*), Aays™) }, 1t (¥) =1 (¥
>min {4 (gx g™), A(gy's™) }
= Agxg™),
p (mxin) = A(gx g™t).
Hence p is an M - N fuzzy soft subgroup of a group G.

4. M-N Fuzzy Soft Middle Co-set

Definition 4.1
Let A be an M- N fuzzy soft subgroup of a group G. then forany a, b € Gthe M - N fuzzy
soft middle coset aib of the G is defined by (aAb) (mxn)= A (@*xb?) forall xeG.
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Theorem 4.2
If 1 is an M — N fuzzy soft subgroup of a group G, then for any a €G, the M — N fuzzy soft
middle coset ada™ of the group G is also a M — N fuzzy soft subgroup of the group G.
Proof: Let A be an M — N fuzzy soft subgroup of a group Gand a €G. Letx,yEG, meMand n €
N, then:
(@adal) (mxyn) =21 (malxylan) =1 (matxaaly tan)= 1 (m (a'xa) (aly 2a)n)

> min {A(m(a*xa), A(alyta)n)},since A(mx) > A(x), A(yn) > A(y)

>min {A((axa), A(a'y'a))},
since A is an M — N fuzzy soft subgroup of a group G. Therefore,

(a1 at) (m xy™n) > min {A((a'xa), A(atyra))}.

Hence ada! is an M — N fuzzy soft subgroup of the group G.

Theorem 4.3

Let A be any M — N fuzzy soft subgroup of a group G andata™® be an M — N fuzzy soft middle co-
set of G, then o(al a) = o(A) for any a € G.
Proof: Let A be an M — N fuzzy soft subgroup of a group G and a €G . By the theorem 3.6 ada™ is an
M — N fuzzy soft subgroup of the group G. Thus (a1 a) (m xn) = A (ma! x an), for all x € G,m € M
and n € N. Therefore, A and ala! are conjugate of M - N fuzzy soft subgroup of G.
We know that the theorem if A and u are conjugate of M —N fuzzy soft subgroup of the  group G,
then o (1) =o (u). Hence o (ada™) =o (1) for any a €G.

Definition 4.4
Let A and u be an M — N fuzzy soft subgroup of the group G, and f be a positive fuzzy set, then
for aeG we define the M — N positive double fuzzy soft coset

(Aaw)’ by (Aa ) = min{@@a)", @u)'}.

Theorem 4.5
The M — N positive double fuzzy soft co-set (1 a u)"is M — N fuzzy soft subgroup of the group
G, when A, u are M — N fuzzy soft subgroup of G
Proof: Letx,y € G, m € M and n € N. Now,
(2a w)(mxy*n)= min {(a A)" (mxyn), (a )" (mxy*n)}
= min {f(@A(mxyn), f(a) u(mxy?n)}
> f(a) min{min{ A (mx), A (y"*n), min{ u(mx), u(y *n)}}.
Since, A(mx)>A(x),A(x1)=2(x),(xn)>ux),u(x?)=u(x)
>f(a) min{min{ A (), A (y), min{ u(x), u(y )}}
> f(a) min{min{ A(x), u(x)}, min{ A (y), u(y)}}
= min { f(a) min{A(x), u(x)}, f(@) min{A(y), u(y) }
=min{(2aw)' (x), (Aaw) (¥}
Therefore, (1a p)(mxy'n)> min {(1a p)" (), (Aa w)' (y)}. Hence (1a u)f is M — N fuzzy soft
subgroup of the group G.

4. Conclusion

The main results in the present manuscript are based on the concept conjugate of M —N fuzzy soft
group [5and 12]. We have also defined the M-N fuzzy soft middle co-set and its some elementary
properties are discussed.
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