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ASTUDY ON TOPOLOGICAL INDICES OF GRAPHS

ABSTRACT

In this era of rapid technological development, chemical and pharmaceutical
techniques in recent years a large number of new nano materials, crystalline
materials, and drugs emerge every year. To determine the chemical properties of such
a large number of new compounds and new drugs requires a large amount of

chemical experiments.

The topological indices correlate certain physicochemical properties such as
boiling point, stability of chemical compounds. The significance of topological
indices is usually associated with quantitative structures property relationship
(QSPR) and quantitative structure activity relationship (QSAR).

Here we have introduced 21 new indices namely the first and second Zagreb
polynomials, Augmented Zagreb index, Harmonic Eccentric index, first and second
K-Eccentric indices, first and second K Hyper - Eccentric indices, Multiplicative first
and second K-Eccentric indices, the Multiplicative first and second K-Hyper -
Eccentric indices, the edge versions of the Randic Index, Sum connectivity index, F-
index, the Multiplicative edge versions of the Randic Index, Sum connectivity index,
SK, SK1 and SK2 Indices and Nano-Zagreb, Sum Nano-Zagreb indices, Square
Reverse Index, F-Reverse index, Reduced Second and hyper Zagreb index and

general Reduced second Zagreb index.

By using those new indices we calculated the above topological indices for
some special graphs and also for six chemical structures namely (i) The
Circumcoronene homologous Series of Benzenoid Hk (k > 1) with edges (ii) The
general representation of line graph of Circumcoronene Series of Benzenoid Hk (k >
1) (iii) 2D-sheet of boron triangular nanotube BT[p, q] (iv) 2D-sheet of boron-a
nanotube BA[p, q] (v) Perfect binary tree (m = 2) (vi) D1i[n] and Dz[n] nanostar

dendrimer.



PREFACE

“Graph Theory” is an important branch of Mathematics. It has grown rapidly

in recent times with a lot of research activities.

The blossoming of a new branch of study in the field of Chemistry, “Chemical
graph theory” is yet another proof of the importance and role of graph theory. In
physics, graph theory is applied in continuum statistical mechanics and discrete

statistical mechanics. The role of graph theory in Computer science is everywhere.

In this era of rapid technological development, chemical and pharmaceutical
techniques in recent years have been rapidly evolved, and thus a large number of new
nano materials, crystalline materials, and drugs emerge every year. To determine the
chemical properties of such a large number of new compounds and new drugs
requires a large amount of chemical experiments, thereby greatly increasing the
workload of the chemical and pharmaceutical researchers. Fortunately, the chemical
based experiments found that there was strong connection between topology
molecular structures and their physical behaviors, chemical characteristics, and

biological features, such as melting point, boiling point, and toxicity of drugs.

The concept of “topological index” was first proposed by Hosoya for
characterizing the topological nature of a graph. Topological indices are the
mathematical measures which correspond to the structures of any simple finite graph.
The topological indices correlate certain physicochemical properties such as boiling
point, stability of chemical compounds. They are invariant under the graph
isomorphism. The significance of topological indices is usually associated with
quantitative structures property relationship (QSPR) and quantitative structure

activity relationship (QSAR).



Chapter 1 contains review of literature, and basic definitions which are

required for the subsequent chapters.

In Chapter 2, we calculate the K-eccentric, K-hyper eccentric, Modified
eccentric, Some Connectivity eccentric and K-eccentric types of Polynomial indices
of circumcoronene series of Benzenoid Hk system. Also, determined the

multiplicative eccentric indices of circumcoronene series Benzenoid Hi system.

In Chapter 3, we introduced the five new indices named the edge version of
First, Second and hyper zagreb eccentric indices and modified first and second
eccentric indices. Also, we determine the multiplicative first, second and hyper
zagreb eccentric indices and modified multiplicative first and second eccentric

indices of Circumcronone series Benzenoid graph L(G).

In Chapter 4, we introduced the six new indices named the Milan Randic
eccentric boron triangular nanotubes index, inverse Randic eccentric boron triangular
nanotubes index, reciprocal Randic eccentric boron triangular nanotubes index,
Reduced reciprocal Randic eccentric boron triangular nanotubes index, reduced
second Zagreb eccentric boron triangular nanotubes index and Forgotten eccentric
boron triangular nanotubes we calculate the Harmonic eccentric index, Zagreb
eccentric index and Eccentric connectivity index of structures namely molecular

graphs of eccentricity of boron triangular nanotubes by EBTN[m, n] respectively.

In Chapter 5, we introduced the five new indices the Milan Randic eccentric
boron-o. nanotubes index, inverse Randic eccentric boron-a nanotubes index,
reciprocal Randic eccentric boron-a nanotubes index, Reduced reciprocal Randic
eccentric boron-o nanotubes index, reduced second Zagreb eccentric boron-o
nanotubes index and Forgotten eccentric boron-a nanotubes we calculate the

Harmonic eccentric index, Zagreb eccentric index and Eccentric connectivity index



of structures namely molecular graphs of eccentricity of boron-o nanotubes by

EBAN[m, n] respectively.

In Chapter 6, we introduced the five new indices the sum, product
connectivity status indices, Fi-status index, first and second status Gourava indices,
Gourava (a, b)-status indices were investigated. Also, we calculated reciprocal
connectivity status indices, ABC, AGS, GAS and ASI status indices, Sum
connectivity index, SK, SK1 and SK2 status indices and Nano-Zagreb, Sum Nano-
Zagreb status indices, Square Reverse status index, F-Reverse status index, Reduced
Second and hyper Zagreb status index and general Reduced second Zagreb status

index of perfect binary tree graphs.

In Chapter 7, we introduced four new the distance based topological index
the first, second and hyper cutting number-eccentricity indices of nanostar dendrimer
D1[n]. Also, introduced the the first, second and hyper cutting number-eccentricity

indices of nanostar dendrimer D2[n].



CHAPTER 1

INTRODUCTION

In this chapter we give basic definitions and ideas regarding the thesis.

1.1 Introduction and Preliminaries

The field of mathematics plays vital role in various fields. One of the
important areas in mathematics is graph theory which is used in structural models.
The field graph theory started its journey from the problem of Konigsberg Bridge in
1735. Graphs are used in the field of chemistry to model chemical compounds. The

following are the basic definitions of graphs.

A graph G = (V, E) [13, 55] consists of a set V of vertices (also called nodes)
and a set E of edges. If an edge connects to a vertex we say the edge is incident to
the vertex and say the vertex is an endpoint of the edge. If an edge has only one end
vertex then it is called a loop edge. And an edge with distinct end vertices is called
as link. If two or more edges have the same end vertices then they are called multiple
or parallel edges. Two vertices that are joined by an edge are called adjacent
vertices. A graph H is a sub graph of a graph G if all vertices and edges in H are
also in G. A graph is finite if both its end vertex set and edge set are finite. A graph

with just one vertex is called as trivial and all other graphs are nontrivial.

A walk in a graph G is a sequence of alternating vertices and edges vieivze:
... Vn€nVnt+1 With n > 0. The vertices viand vn41 are called the origin and terminus
respectively andvy, vz, vs..... Vn+1. If vi= vn+1then the walk is closed otherwise it is

open. The length of the walk is the number of edges in the walk. A walk of length



zerois a trivial walk. A trail is a walk with no repeated edges. A path is a walk with
no repeated vertices. A circuit is a closed trail and a trivial circuit has a single vertex
and no edges. A trail or circuit is Eulerian if it uses every edge in the graph. A graph
is called Eulerian if it contains an Eulerian circuit. A path that contains every vertex
of G is called a Hamilton path of G; similarly a Hamilton cycle of G is a cycle that

contains every vertex of G. A graph is Hamilton if it contains Hamilton cycle.

Simple graph is a graph with no loop edges or multiple edges. Edges in a
simple graph may be specified by a set {v;, v;} of the two vertices that the edge makes
adjacent. A graph with more than one edge between a pair of vertices is called a
multigraph. The degree of a vertex is the number of edges incident to the vertex
and is denoted by deg (v) or (v), each loop counting as two edges. (G) and A(G) are

denoted as the minimum and maximum degrees of G respectively.

A directed graph is a graph in which the edges may only be traversed in one
direction. Edges in a simple directed graph may be specified by an ordered pair (v;,
vj) of the two vertices that the edge connects. We say that v;is adjacent to v;. In a
directed graph, the in-degree of a vertex is the number of edges incident to the vertex

and the out-degree of a vertex is the number of edges incident from the vertex.

Simple graphs G and H are called isomorphic if there is a bijection from the
nodes of G to the nodes of H such that {v, w} is an edge in G if and only if {(v), (W)}
Is an edge of H. The function f is called an isomorphism. A graph is connected if
there is a walk between every pair of distinct vertices in the graph. A connected
component of G is a connected sub-graph H of G such that no other connected sub

graph of G contains H.



The complete graph on n vertices, denoted Ku, is the simple graph with
vertices {1,2,3 ... n} and an edge between every pair of distinct vertices. A graph is
called bipartite if its set of vertices can be partitioned into two disjoint sets S1and S»
so that every edge in the graph has one end vertex in S1and one end vertex in S;. The
complete bipartite graph on n, m vertices, denoted Ky, m is the simple bipartite graph
with nodes S1 = {a1, az, as... an} and Sz = {b1, bz, b3 ... bm} and with edges connecting

each vertex in S1to every node in S.

A weighted graph is a graph G = (V, E) along with a function w: E — R that
associates a numerical weight to each edge. If G is a weighted graph, then T is a
minimal spanning tree of G if it is a spanning tree and no other spanning tree of G

has smaller total weight.

A tree is a connected, simple graph that has no cycles with n-1 edges. Vertices
of degree 1 in a tree are called the leaves of the tree. Let G be a simple, connected
graph. The sub graph T is a spanning tree of G if T is a tree and every vertex in G
Is a vertex in T. A forest is collection of trees. A tree is called a rooted tree if one
vertex has been designated the root, in which case the edges have a natural
orientation, towards or away from the root. The tree-order is the partial ordering on
the vertices of a tree with u <v if and only if the unique path from the root to v passes

through.

A rooted tree which is a sub graph of some graph G is a normal tree if the
ends of every edge in G are comparable in this tree-order whenever those ends are
vertices of the tree. In a rooted tree, the parent of a vertex is the vertex connected to

it on the path to the root; every vertex except the root has a unique parent. A child of

3



a vertex v is a vertex of which v is the parent. In a rooted tree and all vertices have at
most one parent. A binary tree is said to be perfect if all the internal nodes have
strictly two children, and every external or leaf node is at the same level or same
depth within a tree. A perfect m-aray tree with height h, the upper bound for the
maximum number of leaves is m". The status, denoted by o(u) of a vertex u in G is

the sum of distances of all other vertices from u in G.

A graph is said to be embeddable in the plane, or planar, if it can be drawn
in the plane so that its edges intersect only at their ends. Such a drawing of a planar

graph G is called as a planar embedding of G.

Let G = (V, E) be a graph with V = S1U 52U S3... U S:U T where each S;is as
set of vertices having atleast two vertices and having the same degree and T=V—US..
The degree splitting graph of G is denoted by Ds(G) is obtained from G by adding

vertices wiwz, ws ... weand joining w;to each vertex of Si(1 <i<t).

Let G be a loop less graph. We construct a graph L(G) in the following way:
The vertex set of L (G) is in 1-1 correspondence with the edge set of G and two
vertices of L(G) are joined by an edge if and only if the corresponding edges of G
are adjacent in G. The graph L(G) (which is always a simple graph) is called the line

graph or the edge graph of G.

The middle graph M(G) of a graph G is defined as follows: The vertex set of
M (G) is V(G) , the edge set E(G). Two vertices X, y in the vertex set of M(G) are
adjacent in M(G) if either (i) x, y are in E(G) and X, y are adjacent in G or (ii) X is in

V(G), yis in E(G) and x, y are incident in G. In other words, M (G) is obtained by



subdividing each edge of G exactly once and joining all these newly added middle

vertices of adjacent edges of G.

The graph distance between two vertices and of a finite graph is the
minimum length of the paths connecting them. The length of a graph geodesic, too.
A geodesic is a shortest path between two graph vertices of a graph. The diameter
diam(G) is the largest distance d(u, v) between any two vertices of a
connected graph. The eccentricity of a graph vertex in a connected graph is the
maximum graph distance between v and any other vertex u of G. For a disconnected
graph, all vertices are defined to have infinite eccentricity. A vertex v of a graph G
is called a cutvertex of G if its removal increases the number of components. The
vertex connectivity or simply connectivity x(G) of a graph G is the minimum
number of vertices whose removal from G results in a disconnected or trivial graph.
A graph G is n-connected, n > 1 if k(G) > n. A graph G is 2-connected if and only if
G is nontrivial, connected and contains no cut vertices. A cutting number c(v) of a
vertex v €V(G) in a connected graph G is the number of pairs of vertices {v, w}
such that v and w are in different components of G — v. A perfect m-ary tree is a
full m-ary tree in which all leaf nodes are at the same depth. This tree is a perfect
binary tree as all internal nodes has exactly two children and all leaf nodes are on the

same level.

1.2 Chemical graph theory [77, 82]
A molecular graph is a simple graph such that its vertices correspond to the
atoms and the edges to the bonds. Chemical graph theory is a branch of mathematical

chemistry which has an important effect on the development of the chemical



sciences. In chemical science, the physico-chemical properties of chemical
compounds are often modeled by means of a molecular graph based structure
descriptors, which are referred to as topological indices. The concept of “topological
index” was first proposed by Hosoya for characterizing the topological nature of a

graph.

Topological indices [77] are the mathematical measures which correspond to
the structures of any simple finite graph. The topological indices correlate certain
physicochemical properties such as boiling point, stability of chemical compounds.
They are invariant under the graph isomorphism. The significance of topological
indices is usually associated with quantitative structures property relationship
(QSPR) and quantitative structure activity relationship (QSAR). They are therefore
useful descriptors in QSARs and QSPRs that are used for predictive purposes, such
as prediction of the toxicity of a chemical or the potency of a drug for future release

in the market.

Topological indices are also being used in other fields such as proteomics and
DNA sequencing and molecular similarity. The latter has potential for database
characterization (Cummins et al. 1996) and combinatorial library design (Zheng et
al. 1998). It therefore seems that the future of topological indices and their
application to chemistry, biochemistry, biology and medicine are assured for the
foreseeable future. Let G be a simple graph, with vertex set V(G) and edge set E(G).
The degree du of a vertex u is the number of edges that are incident to it. The Wiener
index is the first topological index introduced by chemist Wiener in 1947 [37], and

it is defined as



W(G) = Z{u,V}CV(G)d(u, V) (11)

A large number of such indices depend only on vertex degree of the molecular graph.
One of the oldest and well known topological indices is the first and second Zagreb

indices, was first introduced by Gutman et al. in 1972 [33], and it is defined as
Ml(G) :ZquE(G) dg (v) ? :ZquE(G) [dG (u) + dg (17)] (12)

and  M2(G) =Xuvero)[ds W) xdg (v)] (1.3)
The connectivity index introduced in 1975 by Milan Randi’c [61], is defined as

: 1
R(G) = Xuver ) N0 (1.4)

Recently, a closely related variant of the Randi”c connectivity index called the
sum-connectivity index was introduced by Zhou and Trinajsti’c [80] in 2008. For a

connected graph G, its sum-connectivity index X(G) is defined as

1

X(G) = Xuver ) de(rda®) (1.5)

In 2014, Jianxi Li and Chee Shiu introduced another variant of the Randi’c
index named the Harmonic index which first appeared in [40]. For a graph G, the

harmonic index H(G)is defined as

_ 2
H(G) = Yuver ) Toe0dem (1.6)

Followed by the first and second Zagreb indices, in 2015 Furtula and Gutman
[27] introduced forgotten topological index (also called F-index) which was defined

as



F(G) =Xuvere)[ds (W] 1.7

The fourth Atom bond connectivity index, ABC4(G) index was introduced by

Ghorbaniet al. [21] in 2011. It is defined as

S, +S,-2

ABC,(G) = ZuveE(G) (1.8)

S, S

u \

The fifth Geometric-arithmetic index, GAs(G) was introduced by Graovac et

al. [31] in 2011 which is defined as

u v

GA, (G) = ZuveE(G) T

utSy -2

2SS, S

(1.9)

In 2004, Milicevi, Nikoli, Trinajstic [65], introduced the modified first and

second Zagreb indices are respectively defined as

1
li(G) = ZuveE(G) dg(u)2 ) (110)

1

mMZ(G) = ZuveE(G) (111)

dgwdg®)

In 2013, Shirdel et al. [74] introduced the first hyper-Zagreb index of a graph

G, which is defined as

HM1(G) =X uver(o) do (W) + dg (W)]? (1.12)

HM2(G) =Euver (o)l ds (Wde (W)]° (1.13)



In 1998, Estrada et al. [18] introduced the atom-bond connectivity (ABC)

index, defined as

ABC(G) = Tuvercy oo 2 (1.14)

de(wdeg(v)

In 2009, Vukicevic and Furtula. [80] introduced the Geometric-arithmetic

index, GA(G) index defined as

24/ dg(w)dg(v) (1 15)

GA = ZuveE(G) dg(uw) +dg(v)

Inspired by work on the ABC index, Furtula et al. in 2010 [28] proposed the
following modified version of the ABC index and called it as augmented Zagreb

index (AZI)

AZI(G) =Euves(o) (T oae ) 3 (1.16)

dg(u) + dg(v)-2

In 2017, Farahani, Pradeep Kumar, and Rajesh Kanna introduced the first and

second Zagreb polynomial [20] is defined as

M1(G, x) = ZuveE(G) Xdu+dv (1.17)
MZ(G; X) = ZuUEE(G) XdUde (118)
The properties of M1(G, x), M2(G, x) polynomials for some chemical

structures can be seen in the work of Gutman [34]. G.H. Fath-Tabar et al. [25]. They

defined the third Zagreb index
Ms(G) = Zuves(e) (du—dy ) (119)

The polynomial M3(G, X) = Xpee@)x ™ (1.20)



In the year 2016 [34], following Zagreb type polynomials were defined as

Ma(G, X) = Xuver) x e (1.21)
Ms(G, X) = Xuvee) x e (1.22)
Ma, b(G, X) = Xuverc) x (1.23)
Ma (G, X) = Yuvercyx (1.24)

Ranjini et al. [12] redefined first, second and third Zagreb indices of graph G as

dy+dy

ReZG1(G) = Luvery —— (1.25)
dyxdy
dyxdy

REZGz(G) = ZquE(G) — (126)
d,+dy

ReZGs3(G) = Xuver(e)(dyxdy)(dy +dy) (1.27)

B.Furtula et al. [27] defined forgotten (topological) index as

F(G) =Xe=uwver(o)lds (0)* +d(v)°] (1.28)

Kulli [56] introduced the first and second Gourava indices of a graph G is defined as
GO1(G) =Xuver(e)((de(w) + dg(v)) + dg(w)ds(v)) (1.29)

GO2(G) =Xuver(6)(ds () + dg (V) (dg(W)dg (v)) (1.30)

Kulli [54] introduced the first and second hyper - Gourava indices of a

molecular graph G

HGO1(G) =Xuw (o) [(de (W) + de (V) + de(W)d ()] (1.31)

HGO2(G) =Xuver(e)[(de (W) + dg (1)) (de(Wd(v)]* (1.32)

10



In [10], Bhanumathi and Easu Julia Rani introduced the first K-Eccentric

index B1E(G) and the second K- Eccentric index B2E(G) of a graph G as
BiE(G) = Zue[eG(u) + eL(G)(e)] (1.33)

and BZE(G) = Zue[eG (u)eL(G) (6)] (134)

Similarly In [10], Bhanumathi and Easu Julia Rani defined the first K- Hyper
eccentric index HB1E(G) and the second K- Hyper eccentric index HB2E(G) of a

graph G as
HBLE(G) = Yye[ec (@) + e16)(e)]” (1.35)

2
and  HBE(G) = Sue[ec ey (e)] (1.36)
where in all the cases ue means that the vertex u and edge e are incident in G and

e.(c (e) is the eccentricity of e in the line graph L(G) of G.

In [73] V.S. shegehalli and R. kanabur introduced new degree based

topological indices (SK indices) as follows

dg(u)+dg(v)
SK(G) = Tuverey o (1.37)
dg(w)dg(v)
SKi(G) = Twer) — 5 (1.38)
dg(Wdg(M))?
SK2(G) = Yuver(s) (—G u2 e ) (1.39)

Recently Furtula et al. in [27] proposed the reduced second Zagreb index, defined as
RM2(G) = Xuvery (dg(w) —1) (dg(v) — 1) (1.40)
In [27], kulli introduced the reduced second hyper-Zagreb index, defined as

RHM2(G) = Yuvere) [(de(w) —1) (dg(v) — 1)J? (1.41)

11



In [32], Sombor index of a graph G is defined as

SO(G) = Zuver(e) Vde(W? + dg(v)? (1.42)

In [51], the first and second (a,b)-KA index of a graph was introduced and
defined as
KA'b(G) = Zuver [de@®+ de(n)?]° (1.43)

KA%ap (G) = Xuver) [de(Wde(v)*1° (1.44)

The reduced Sombor index was defined as [51]

RSO(G) = Zuver(e) v (de(w) — 1) 2+ (dg(v) — 1) (1.45)

The reduced modified Sombor index of a graph G, and it is defined as

_ 1
RSO(G) =2wer© Jammmiracar o (1.46)

The first, second status connectivity indices of a graph G are introduced by
Ramane et al.in [69], defined as
§,(6) = Luver@lo(w) + o], (1.47)
S, (G) = Luverlo(w) a(v)] (1.48)
[42] Kulli introduced the first and second hyper status indices of a graph G, defined

as
HS, (G) = ZuveE(G)[G(u) +o()]?, (1.49)

HSz (G) = ZuveE(G)[G(u) U(U)] ? : (1.50)

Also, [58] Kulli introduced the connectivity status indices as follows:

12



The sum connectivity status index of graph G is defined as

SS(6) (1.51)

1
= ZuveE(G)m '

The product connectivity status index of graph G is defined as

1
PS(G) = Yuver(o) Ok (1.52)

The reciprocal product connectivity status index of a graph G is defined as

RPS(G) = ZuveE(G) Y o(u) o(v) . (1.53)

The general first and second status indices of a graph G are defined as
§,°(6) = ZquE(G)[U(u) +o()]®, (1.54)
S, (6) = Ywerlow) a(@)]° (1.55)

where a is a real number.

[43] Kulli introduced the connectivity status indices as follows:

The Fi-status index of a graph defined as

F,S(6) = Yuverlo@)® + o(v)?] (1.56)

First and second status Gourava indices, (a, b)-status index of a graph and also
symmetric division status index defined as

560, (G) = Yyverlow) + o(v) + o(u) o(v)] and (1.57)

SGO,(6) = Yuvere oW c(W)[ow) + ()] (1.58)

The (a, b)-status index of a graph G is defined as

Sa,b (G) = ZquE(G)[U(u) ) 0'(17) "+ O-(u) ° O'(U) a]- (159)

13



The symmetric division status index of a graph G is defined as

o(u) o(v)
o) + o) I

SDS(G) = Yuwer)l

[57] Kulli introduced the connectivity status indices as follows:

The atom bond connectivity status index of a graph G is defined as

W+ () -2
ABCS(G) = Z‘U_UEE(G) %'

The arithmetic-geometric status index of a graph G is defined as

o(w)+o(v)
2. Jcw)o()’

AGS(G) = ZuveE(G)

The geometric arithmetic status index of a connected graph G defined as

GAS(6) = Tuver(o) o5 oo

ow) +o)

The augmented status index of a graph G is defined as

ASI(6) = Tuwer(@) (cmm) 2,

o(w)+o(v)-2

2

The harmonic status index defined as HS(G) = X yvek(q) T

1.3  Structures used:

(1.60)

(1.61)

(1.62)

(1.63)

(1.64)

(1.65)

Mathematical chemistry is a branch of theoretical chemistry for discussion

and prediction of the molecular structure using mathematical methods without

necessarily referring to quantum mechanics [15, 78]. Chemical graph theory is a

branch of mathematical chemistry which applies graph theory to mathematical

modeling of chemical aspects [79]. A chemical structure determination includes a

chemist's specifying the molecular geometry. Theories of chemical structure were
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first developed by August Kekule, Archibald Scott Couper, and Aleksandr Butlerov,
among others, from about 1858. These theories were first to state that chemical
compounds are not a random cluster of atoms and functional groups, but rather had
a definite order defined by the valence of the atoms composing the molecule, giving
the molecules a three dimensional structure that could be determined or solved. The
following are the chemical structures we used. In mathematical chemistry, numbers
encoding certain structural features of organic molecules and derived from the
corresponding molecular graph, are called graph invariants or more commonly

topological indices.

(1)  Circumcoronene series of benzenoid system:

Benzenoid system form one of the most important classes of chemical graphs.
The benzenoid system is composed of a hexagonal mesh. Many studies have been
conducted on benzenoid systems. Several topological indices are calculated for the

family of benzenoid system [83, 84].

The circumcoronene series of benzenoid is family of molecular graph, which
consist several copy of benzene Cs on circumference. The first terms of this series
are Hi = benzene, H2 = coronene, Hs = circumcoronene Hs = circumcircum coronene.
Consider the circumcoronene series of benzenoid Hk for all integer number k > 1. In
the following Figurel.3.2, all edges belong to E4, Es and Es marked by red, green and
black colors, respectively. From the structure of Hk (Fig 1.3.2) one can see that the
number of vertices / atoms in this benzenoid molecular graph is equal to | Vi | = 6k?

and the number of edges/bonds is equal to | Ey | = 9k?— 3k for the structure of Hy.
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oo HRgER

H: = Benzene H, = Coronene Hs = Circumcoronene

Fig.1.3.1 The graphs Hi Hz and Hs from the Circumcoronene Series

é’g@ = 8
Qo°

Fig.1.3.2 The Circumcoronene homologous Series of
Benzenoid Hk (k > 1) with edges

(2)  Line graph of circumcoronene series of benzenoid system:

For any positive integer number k, let L(G) = L(H«x) be the general form of
line graph of circumcoronene series of benzenoid system and no of vertices in L(Hx)
= number of edges in Hx = 9k? — 3k and number of edges in L(Hk) = sum of degrees

of the edges of Hyx = 18k? —12k.

e )

Fig 1.3.3: The general representation of line graph of
circumcoronene series of Benzenoid Hx (k > 1)
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(3) Boron nanotubes:

Recently Jia-Bao, HaniShakerandetal [30] worked on topological aspects of
boron nanotubes. Motivated from these works, we compute the third Zagreb index,
harmonic index, forgotten index, inverse sum index, modified Zagreb index and
symmetric division deign by applying sub division and semi total point graph for

boron triangular and boron-a nanotubes.

In last 20 years, various type of boron containing nanomaterials. Boron
nanomaterials have been considered as excellent material for enhancing the
characteristics of optoelectronic nanodevices because of their broad elastic modulus,

high melting point, excessive conductivity.

AVAVAVAVAVA
AVAVAVAVAVAV
\VAVAVAVAVAVA

(b)

Figl.3.4 : (a) The edge partitions of BT[7, 4] nanotube.
(b) The edge partitions of BA(X) [8, 6] nanotube.

cy Cp C3 C4---- Cq 1Cq Cq c, G C3 C4---- Cq-1Cq

<
Ry '—Q—Q—Q 9 Q—Q—K—'—c B AR RF A" K 1K
\ / VAT 5 N e 7 L T B, A, N i OO 0. 7 A T ¢

*H« d x—
\ ."‘l

Fig.1.3.5 (a) 2D-sheet of boron triangular nanotube BT[p, q],
(b) 2D-sheet of boron-a nanotube BA[p, q].
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These materials can carry excessive emission current, which recommends that
they may have great prospective applications in ficlde emission area [59]. Boron nano
materials some best properties such as excessive resist an cetooxidation at high
temperatures, great chemical stability and are stable broad band-gap semi conductor
[6, 63]. Moreover, the extensive range of boron nanomaterials themselves could be
the building blocks for combining with other existing nanomaterial to designe and
create materials with new properties. The boron triangular nanotube was created in
2004 [59] and obtained from a carbon hexagonal nanotube by adding an extra atom

to the centre of each hexagon.

Also, a special boron nanotube was fabricated from a carbon hexagonal
nanotube in 2008, by adding an extra atom to the centre of certain hexagons [60, 75].
This nanotube is designed by generating a mixture of hexagons and triangles called
boron-a nanotube. These nanotubes are important materials for optical, electronic,
bio and chemical sensing applications. The comparison study about some
computational aspects of boron triangular and boron-a nanotubes has been
investigated in [86]. The 3D perceptions of boron triangular and boron-a nanotube

are presented in the Fig.1.3.6

Fig.1.3.6 (a) 3D-perception of boron triangular nanotube,
(b) 3D-perception of boron-a nanotube.
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The molecular graphs of boron triangular and boron-a nanotubes by
BT[m, n] and BA[m, n] respectively, where m is the number of rows and n is the

number of columns in a 2D sheet of BT[m, n] or BA[m, n] as shown in

Molecular graph Order Size
BT[m, n] 3mn/2 3n(3m - 2)/2
BA(X)[m, n] n(4m + 1)/3 n(7m - 2)/2
BA(Y)[m, n] 4mn/3 n(7m - 4)/2
Table 1.1.1

Fig. 1.3.5. We categorize the boron-o nanotubes into two classes with respect
to m. We denote these classes as BA(X)[m, n], and BA(Y)[m, n]for m = 2 mod 3
and m = 0 mod 3, respectively. The order and size of BA(X)[m, n], and BA(Y)[m,

n] are given in Table 1.1.1.

(4)  Perfect binary tree:
Perfect binary trees and complete binary trees. We will see that a perfect
binary tree of height h has 2" ** — 1 nodes, the height is ®(In(n)), and the number of

leaf nodes is 2" or (n + 1)/2.

A perfect binary tree of height h is a binary tree where:
) All leaf nodes have the same depth, h, and

. All other nodes are full nodes.

A recursive definition of a perfect binary tree is a single node with no children
is a perfect binary tree of height h = 0, A perfect binary tree with height h > 0 is a

node where both sub-trees are non-overlapping perfect binary trees of height h— 1.
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Figure 1.3.8: The general representation of Perfect binary tree graphs

The result of a perfect binary tree of height h has 2" * 1 — 1 nodes and perfect

binary tree with n nodes has height Ig(n + 1) — 1 = ®(In(n)).

(5)  Di[n] Nanostar Dendrimer

A vertex v of a graph G is called a cutvertex of G if its removal increases the
number of components. The vertex connectivity or simply connectivity k(G) of a
graph G is the minimum number of vertices whose removal from G results in a
disconnected or trivial graph. A cutting number c(v) of a vertex v eV(G) in a
connected graph G is the number of pairs of vertices { v, w} such that v and w are

in different components of G — v.
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The cutting number based on topological indices of graphs is introduced in this
paper. For two - connected graphs, cutting number of each vertex is zero. So, we

define these indices, for graphs with cutvertices only.

The first type of nanostar dendrimers is D1[n] shown in Fig. 1.3.9. The order

and size of D1[n] nanostar dendrimers are 24+36(n-1) and 27+42(n-1), respectively.

n=2

Figure 1.3.9: D1[n] with n=1 and 2

The second type of nanostar dendrimers is D2[n] and is shown in Fig. 1.3.10.
The order and size of D2[n] are 120 x 2"- 108 and 140 x 2"- 127 nanostar

dendrimers are respectively.

Figure 1.3.10: D2[n] with n=1 and 2
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1.4 Overview of the thesis

In chapter 1 gives the preliminaries and basic definitions.

In chapter 2, we calculate the K-eccentric, K-hyper eccentric, Modified
eccentric, Some Connectivity eccentric and K-eccentric types of Polynomial indices
of circumcoronene series Benzenoid Hk system. Also, determined the multiplicative

eccentric indices of circumcoronene series Benzenoid Hi system.

We introduce the eccentricity based on six indices namely

The connectivity eccentric index, defined as

1
EG) =Y, —2*
XE(G) = Due lecw) e1 (@)

The sum and product connectivity eccentric index, defined as

XE(G) =Y ! and y,E(G) = [y, ———
e /ec(u)+€L(G)(€) p e /ec(u) erc)(e)

The multiplicative sum connectivity eccentric index, defined as

1
X, E(G) = [lye
/ea(u) + e (e)

The sum and product line connectivity eccentric index, defined as

_ eL(G)(e) _ L)(e)
SLCEN =Xue o 5oy AN PLCEN =Ty [-—o2=

The forgotten (topological) eccentric index, defined as

FE(G) :Ze=uv€E(G) [ec (w) 2+ e (v) 2] -



The K-eccentric types of polynomials, defined as
BiE(G,X) = Xye[x =@ @],

BEG.X) = Syelx «We®,

BAEG, X) = Tyex ™,
BiE(G,X) =Xy x ©WEWme®),
BsE(G, X) = X, x @@C@ee®
BabE(G, X) = X0 x 2 WPCoE gng

B. bE(G X) - Z x(ee(u)+a)+(eL(G)(e)+b)
) 1 ue .

The redefine first, second and third K-eccentric indices, defined as

ReBGE(G) = ¥, 220t L@

ec(u) . er)(e)

REBGE(G) = Yy, SE L)

ec(Wter ) (e)

ReBG3E(G) = Xe(eq (W) + ey (e)) (e (w) . eygy(e))

where in all the cases ue means that the vertex u and edge e are incident in G and

er(c (e) is the eccentricity of e in the line graph L(G) of G.

In this chapter 3, we calculate the edge version of First, Second and hyper
zagreb eccentric indices and modified first and second eccentric indices. Also, we
determine the edge version of multiplicative first, second and hyper zagreb eccentric
indices and edge version of modified multiplicative first and second eccentric indices

of Circumcronone series Benzenoid graph L(G).
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We calculate the edge version of first, second and hyper zagreb indices as
MyE(L(G)) = Xefcrwionlerie) (@) + ey (D)),
M>E(L(G)) = Eef cruen|erior(@) ¥ eue ()] and
HMLE(L(G)) = Yo crwanlen (@) + vy (H)]?,

HM,E(L(G)) = Yo crwionlen (@) xevy(N]* -

Also, we calculate the edge version of multiplicative first, second and hyper

zagreb indices as
MIT E(L(G)) = Tlefceuier) e (@) + evy(f)]
M1 E(L(®) = lefer(riy)lene) (&) x ey (f)] and
HM 1, E(L(®)) = Tlef ce(riey)erie) (&) + eny ()]
HM 12 E(L(G)) = [lefcr(uion)ler (@) xeriy (F]° -

We define the edge version of modified eccentric indices as

1
eLe)(@+erc) ()’

"MiE(L(G)) = Xererwe))

1
erc (exeLic)(f)

"M2E(L(G)) = Xercrwie)

and the edge version of harmonic eccentric index as

2
eLe)(@+er)(f)

HoE(L(G)) = Xercrwie)

Also, we define the edge version of modified multiplicative eccentric indices as

1
erg)(@+eri ()’

"MUIE(L(G)) = [Tefcr o)

1
"MLITE(L(G)) = and
2 ( ( )) HefeE(L(G)) e (@xer)(f)
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the edge version of multiplicative harmonic eccentric index as

2

HbHE(L(G)) = HefeE(L(G)) erey@+ery )

Where in all the cases ef means that the edges in L(G), we have e, (e) is the

eccentricity of e in the line graph L(G) of G.

If Gisa (p, q) graph whose vertices have degrees d;, then L(G) has q vertices

and q. edges, where q.= — q + %Z d;?.

In chapter 4, we calculate the Milan Randic eccentric, inverse Randic
eccentric, Reduced reciprocal Randic eccentric boron triangular nanotubes index,
reduced second Zagreb eccentric, sum line connectivity eccentric boron triangular

nanotubes index Eccentric indices of Boron Triangular Nanotubes.

We introduced the Milan Randic eccentric boron triangular nanotubes index,
defined as

1

/e(G) W+ e (v).

For general detains about R-12(G) and its generalized Randic eccentric boron

R 12 (EBTN[m,n]) = Zue)

triangular nanotubes index, defined as

1

R« (EBTN[m, n]) = Y6

(eey(W+ egy(») ?

We introduced the inverse Randic eccentric boron triangular nanotubes index,
defined as

RRa (EBTN[m, n]) = Xye(ey(w) + e(¥)*.
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We introduced the reciprocal Randic eccentric boron triangular nanotubes

index, defined as

RR(EBTN[m, n]) = ZquE(G)\/e(G)(u)Xe(G)(v)'

We introduced the Reduced reciprocal Randic eccentric boron triangular

nanotubes index is defined as

RRR(EBTN[m, n]) = Sver(c) J (oo (W) — 1) (e, (V) — 1)

Also, we introduced two indices, defined as

Ms(EBTN[m, n]) =Sye(ee) (W) + () ()® and

M2(G) = Zue(e(G)(u)Xe(G) ().

We introduced the reduced second Zagreb eccentric boron triangular

nanotubes index, defined as

RM, (EBTN[m, n]) = Yyverg)(ec) (W) — (e () — 1).

We introduced the Forgotten eccentric boron triangular nanotubes index, defined as

F(EBTN[m,n]) = ¥,pere)(e @)’ + (e () ?).

We introduced the first & second modified Zagreb eccentric boron triangular

nanotubes index, defined as

1

—and
ec)(W+ e ()

MB1(EBTN[m, n]) = ¥,

1

m = ey (W) xe(qy ()
Bz(EBTN[mJ n]) Zue e(G)(u)Xe(G)(v)

26



We introduced the harmonic eccentric boron triangular nanotubes index defined as

2

HEBTN[m, n]) = Yuvere) ;e

We introduced inverse sum eccentric boron triangular nanotubes index,

defined as

I(EBTN [ml n]) - Zue e(G)(u)"' e(G)(U)

We introduced the augmented zagreb eccentric boron triangular nanotubes

index, defined as

_ eG) (U)Xe(G) )
A(EBTN [m; n]) - Zue{ ec)(W+ e(g) (V)_Z}.

We introduced the Randic connectivity eccentric index called the geometric-

arithmetic eccentric boron triangular nanotubes index, defined as

2 (o) @ e @)
(e(xyW+eg) ()

GA(EBTN[m, n]) = X,
We introduced the eccentricity based connectivity eccentric boron triangular
nanotubes index, defined as

1

/eG(U) er)(e) .

We introduced the sum connectivity eccentric boron triangular nanotubes

yE(EBTN[m,n]) = ¥,

index, defined as

1

e +ergy @)

XE(EBTN[m,n]) = Y.
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We introduced the sum line connectivity eccentric boron triangular nanotubes

index, defined as  SLCEII (EBTN[m, n]) =X, \/—%
G G

In chapter 5, we calculate the Milan Randic eccentric boron-a nanotubes
index, inverse Randic eccentric boron-o nanotubes index, Reduced reciprocal Randic
eccentric boron-o. nanotubes index, reduced second Zagreb eccentric boron-o
nanotubes index and sum line connectivity eccentric boron-o. nanotubes indices of

boron-a. Nanotubes.

We introduced the Milan Randic eccentric boron-o nanotubes index, defined

as
1
R71/2 (EBAN[mr n]) = Zue) .
fe(c)(U)+ e
We introduced the reciprocal Randic eccentric boron-o. nanotubes index,
defined as

RR(EBAN[m, n]) = Xuver() \/ e (W) xe(g) (v).

We introduced the Reduced reciprocal Randic eccentric boron-a nanotubes

index is defined as

RRR(EBAN[m, n]) = Yowek) \/ (eey(W) — V(e (v) — 1)

Also, we introduced two indices, defined as
M1(EBAN[m, n]) =X,.(ec)(w) + ec)(v))* and

M2(EBAN[m, n])) = Yye(e(s) (W) x e (v))*.
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We introduced the reduced second Zagreb eccentric boron-a nanotubes

index, defined as

RM, (EBAN[m, n]) = Yper(s) (e (W) — D (e (v) — 1).

We introduced the Forgotten eccentric boron-a nanotubes index, defined as

F(EBAN[m, n]) = ¥uer6)(eqy(w)’ + (e (v))*?).

We introduced the first & second modified Zagreb eccentric boron-a

nanotubes index, defined as

1

) _e 1
Bi(EBAN[M, n]) = Juwe - —5o oty @

1
- _ -
Bz(EBAN [ml n]) - Zue e(G) (U)Xe(G) (17)

We introduced the harmonic eccentric boron-a nanotubes index defined as

2

HEBAN[m, n]) = Yuvere) ;o)

In chapter 6, we calculate the first, second and hyper status indices, also the
sum, product connectivity status indices, Fl-status index, first and second status
Gourava indices, Gourava (a, b)-status indices. Also, calculate sum and product
connectivity status indices, reciprocal connectivity status indices, ABC, AGS, GAS

and ASI status indices of perfect binary tree graphs.

The first, second status connectivity indices of a graph G are introduced by

Ramane et al.in [69], defined as
Sl (G) = ZquE(G)[U(u) + 0'(17)] ’

Sz (G) = ZquE(G)[O-(u) O-(U)]
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[69] Kulli introduced the first and second hyper status indices of a graph G,

defined as
HS  (G) = Yuverlow) + a()] %,
HS,(G) = Yuver)lo@) ()]

Also, [69] Kulli introduced the connectivity status indices as follows:

The sum connectivity status index of graph G is defined as

1
$8(6) = Lwes©) Franrer

The product connectivity status index of graph G is defined as
1
PS(G) = ZuveE(G)\/W'
The reciprocal product connectivity status index of a graph G is defined as

RPS(G) = ZuveE(G)V o(u) a(v) .

The general first and second status indices of a graph G are defined as
5.%°(6) = ZquE(G)[U(u) +o(w)]®,

S,° (@) = ZuveE(G) [o(w) o(v)]°

where a is a real number.

[43] Kulli introduced the connectivity status indices as follows:

The F-status index of a graph defined as

F,S(G) = Ywerlo@)* +a(v)?]
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first and second status Gourava indices, (a, b)-status index of a graph and also
symmetric division status index defined as

560, (G) = Yyverlo) + (@) + o(u) a(v)] and

560, (G) = Yuveryo(w) o()[o(w) + a(v)] .

The (a, b)-status index of a graph G is defined as

Sap (G) = Zuver)lo@ o(@)” + o(W) o (v)°].

The symmetric division status index of a graph G is defined as

SDS(G) = Spener| 22 + 221,

o) o)
[57] Kulli introduced the connectivity status indices as follows:

The atom bond connectivity status index of a graph G is defined as

W+o) -2
ABCS(G) = ZuveE(G) %'

The arithmetic-geometric status index of a graph G is defined as

ag(u)+o(v)
2 JoWo(®)’

AGS(G) = ZuveE(G)

The geometric arithmetic status index of a connected graph G defined as

2 /o(u)
GAS(G) = Yy e (g) LW 7W

ow) +o) '
The augmented status index of a graph G is defined as

)
ASI(6) = Zuvere) (=) °.

o(uw)+o(v)-2
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2

The harmonic status index defined as HS(G) = Y,ek(6) ey

In chapter 7, we introduced the distance based topological index of a graph
G is the first, second and hyper cutting number-eccentricity indices CE(G) of

nanostar dendrimer D1[n] is defined as

C*E(G) = ZuEV(G) [C(u) + E(u)]’
C7E(C) = Xuev(elc(e(w)] and
HC *E(G) = ZuEV(G) [C(U)2 + S(u)z]’

HC**S(G) = ZuEV(G) [C (u) ’ 8(1,1) : ]

Also, introduced the distance based topological index of a graph G is the
multiplicative first, second and hyper cutting number-eccentricity indices CE(G) of

nanostar dendrimer D:[n] and D2[n] is defined as
CEMM1(Q) ) = uevelcw + eW)]
CTEll; (G) ) = [Nuev(e[ce)]
HCET11(G) ) = [Nuev([cW)* + e(w) *]

HC™E[L,(G) ) = Huev(G)[C(u)2 e(w)’]
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CHAPTER -2

K-ECCENTRIC, K- HYPER ECCENTRIC,
MODIFIED ECCENTRIC AND CONNECTIVITY
ECCENTRIC INDICES OF CIRCUMCORONENE

SERIES OF BENZENOID Hk SYSTEM

In this chapter, we calculate the K-eccentric, K-hyper eccentric, Modified
eccentric, Some Connectivity eccentric and K-eccentric Polynomial indices of
Circumcoronene series Benzenoid Hk system. Also, determined the multiplicative
eccentric indices of Circumcoronene series Benzenoid Hk system. We introduce the

eccentricity based on seven indices namely

The connectivity eccentric index, defined as

1
XE(G) = Yy 7——— (2.1)
¢ Jeaaw evey@
The sum and product connectivity eccentric indices, defined as
1
XE(G) = Xue (2.2)
/ec(u) +epiG(e)
and  x,E(G) = [y —m— (2.3)
p e /eG(u) erLc)(e)
The multiplicative sum connectivity eccentric indices, defined as
(2.4)

1
X, E(G) = [lye
/ea(u) + e (e)

The sum and product line connectivity eccentric index, defined as

e (e)
SLCE“(G):Zue ’#ﬁea(ﬂ (25)
e (e)
and  PLCEN(G) = [y, /% (2.6)
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The forgotten (topological) eccentric index, defined as

FE(G) :Ze=quE(G)[eG (u) ? + € (v) ? ] (27)

The K-eccentric indices of types of polynomials, defined as

BiE(G, X) = Y e[x W@ @], (2.8)
B2E(G, X) = Xye[x *ee®, (2.9)
BAE(G, X) = Nyox ™ 4 (2.10)
4 ’ X) = ue X G G L(G) , .
B.E(G Z e (u)(es (U)+eL () (&) 211
BSE(G, X) — Zue xeL(G)(e)((eG(U)+eL(G)(e)) ’ (212)
Ba, bE(G, X) = X0 x 2000 @) (2.13)
and  Ba bE(G, X) = X, x ©O €@ (2.14)

The Redefine first, second and third K-eccentric indices, defined as

ec(Wterg)(e)
ec(u) . er)(e)

ReBG1E(G) = Y. (2.15)

REBGE(G) = 3yp S L) (2.16)

ec(W+erg)(e)

ReBG3E(G) = X, (eg(w) + eL(G)(e))(eG (u). eL(G)(e)) (2.17)
where in all the cases ue means that the vertex u and edge e are incident in G and
er(c (e) is the eccentricity of e in the line graph L(G) of G.

2.1  K-eccentric, K- hyper eccentric and Multiplicative K-eccentric, K-hyper
eccentric indices of Circumcoronene series of Benzenoid Hk system:

In this section, we calculate the first, second K-eccentric and hyper K-

eccentric indices and multiplicative first, second K-eccentric and K-hyper eccentric

34



indices of Circumcoronene series of Benzenoid Hk system. The chemical structure

of Circumcoronene series of Benzenoid Hx system, are as shown in Fig 1.3.2.

Now, we shall calculate the K-eccentric and K- hyper eccentric indices of
Benzenoid Hk system. We obtain a closed formula of this index for a famous
molecular graph that is circumcoronene series of Benzenoid Hk. The circumcoronene
homologous series of Benzenoid is family of molecular graph, which consist several
copy of benzene Cs on circumference. The first term of this series are Hy = benzene,
H> = coronene, Hiz = circumcoronene and Hs = circumcircumcoronene, see fig 1.3.1

and 1.3.2, where they are shown.

Let G be a graph with vertex set V(G) and edge set E(G). The eccentricities
of u, ve V(G) are denoted by ey, ev. For e = uv € E(G), denote the eccentricities of
the end vertices of e by (eu, ev). Shown in the figure 1.3.2 red color indicates
eccentricities of the end vertices in G and black color indicates eccentricities of the
vertices in L(G). The eccentricities of u, v € V(G) are denoted by e(u), e(v)
respectively and for e = uv € E(G), denote the eccentricities of the end vertices of

the edge e by (e(u), e(v)).

Lemma 2.1.1: Let the first terms of this series are H1 = benzene graph respectively,
then
(1) B1E(H1) = 72, (ii) B2E(H1) = 108, (iii) HB1E(H1) = 432 and

(iv) HB2E(Hy) =972.

Proof: Consider the first terms of this series are H1 = benzene graph.

Let I; be the vertex set and E; be the edge set in Hi1 = Benzene, then
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|V1| == 6and|E1| = 6.

Also the number of edges with eccentricities of end vertices of Hi and L(H1)

are given as follows:

Fig.2.1.1 H1 = Benzene

Edge  No. of Eccentricity of Eccentricity

set edges end vertices of ein L(H,),
e=vu (e(u), e(v)) eL,)(e)
E: 6 (3, 3) 3
Table 2.1.1

LetE = {e EEG)/e=uv, u,v €V(G), ey, (u) =3,ey,(v) = 3} for

eckE ,eL(Hl)(e) =3.
Hence we have

(i) BiE(H,) = Zue[eHl (w) + eL(Hl)(e)]
= Ze=uveE(H1)[eH1 (uw) + eL(Hl)(e) + ey, (v) + eL(Hl)(e)]
=6[(3+3) + (3+3)] =72

(i)  B,E(Hy) = Yyelen, W) X ey, (e)]

= Ze:quE(Hl)[eHl (Wepmy(e) + ey, (Veyw,) (e)]

= 6[(3x3) + (3x3)] = 108
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(i) HBE(H) = Yyelew, ) + ey (@]
= Yeuverap|[em, (W) + ey (@] +ew, () + ey, (e)]?]

= B[(3+3)? + (3+3)2] = 432

(V)  HBE(H) = uelen, W) x ey,)(@)]’
= Ze:quE(Hl)[[eHl (w) X eyu,)(e)] ? +[en, (v) X ey (e)] 2]

= 6[(3x3)? + (3x3)?] =972

Lemma 2.1.2: Let the second term of this series are H> = Coronene graph
respectively, then
Q) BiE(H ) = 714, (ii) B2E(H 2) = 2154, (iii) HB1E(H ) = 8634

(i) and HB:E(H) = 82182.

Proof: Consider the Hz - Coronene graph.
Let I, be the vertex set and E, be the edge set in H. = Coronene, then

IV,| = 24 and|E,| = 30.

Fig.2.1.2 H2= Coronene

Also the number of edges with eccentricities of end vertices of H» and

L(H-2) are given as follows:
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Edge set No. of edges Eccentricity of end  Eccentricity of e

e=uv vertices in L(H,),
(e(u), e(v)) eLH,)(€)
El 6 (51 5) 5
EZ 6 (51 6) 5
Table 2.1.2

Hence we have

(i) B,E(H;) = Zue[eHz (u) + eL(Hz)(e)]
=Y euver, )| (€x, W) + €1,y (€)) + (en, (W) + ey (@) +...+

ZezquE4(H2)[(eH2 () + eL(HZ)(e)) + (eHz (v) + eL(HZ)(e))]

= 6[(5+5) + (5+5)] +......+ 6[(7+7) + (7+7)] = 714

(ii) BZE(HZ) = Zue[eHz (u) x eL(HZ)(e)]
= Ze=uveE1(H2)[(eHz (u)eL(Hz)(e)) + (eHz (v) eL(HZ)(e))]+...+

Ze:uv€E4(H2)[(eH2 (u)eL(HZ)(e)) + (e, (v)eL(Hz)(e))]

= 6[(5%5) + (5X5)] +......+ 6[(7TX7) + (7X7)] = 2154

(i) HB,E(H;) = Zuelen, W) + ey, (@)]’
:ZezuveEl(Hz)[[eHz (W) + ey, (@] +lew, @) + ey, (e)]? ]+---+
Ze=quE4(H2)[[eH2 (w) + eL(Hz)(e)] ’ +[9H2 (v) + eL(HZ)(e)] 2]

= B[(5+5)? + (5+5)2] +......+ 6[(7+7)2 + (7+7)?] = 8634.
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(iv) HB,E(H,) = Zue[eHz(u) X eL(Hz)(e)]z
=Y ecuver ()| €1, (W) X €104 (€)]2 +[ep, (V) X €1, (€)]7 [+..+
Ze:quE4(H2)[[eH2 (w) X ey, (e)] ? +[en, (V) X ey, (e)] 2]

= B[(5%5)2 + (5X5)2] +......+ 6[(7X7)? + (7x7)2] = 82182

Lemma 2.1.3: Let the third term of this series are Hz = Circumcoronene graph
respectively, then
(i) BiE(H 3) = 2646, (i) B2E(H 3) = 12366,

(iii) HBLE(H 3) = 49770 and (iv) HB2E(H 3) = 1134150

Proof: Consider the H 3- Circumecoronene graph.
Let /5 be the vertex set and E5 be the edge set in Hz = Circumcoronene, then

|V5| = 54 and|E5| = 72

Fig.2.1.3 Hz = Circumcoronene

Also the number of edges with eccentricities of end vertices of Hz and L(Hs)

are given as follows:
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Edge set  No. of edges Eccentricity of end  Eccentricity of e

e=uv vertices in L(Hs),

(e(u), e(v)) eL(H,)(e)
E1 6 (7, 7) 7
E, 6 (7, 8) 7
Es 12 (8,9) 8
E4 6 (9,9) 9
Es 12 (9, 10) 9
Es 24 (10, 11) 10
E; 6 (11, 11) 11

Table 2.1.3

Hence we have
(i) B1E(H3) = Zue[eHg (u) + eL(H3)(e)]
= Ze=uveE1(H3)[eH3 (u) + eL(H3)(e) + ey, (v) + €L(H3)(€)]+....+

Ze:quE7(H3)[eH3 (w) + eL(Hg)(e) + ey, (v) + eL(H3)(e)]

= 6[(7+7) + (T+T)]+....+ 6[(11+11) + (11+11)] = 2646

(ii) B,E(H3) = Zue[eyg (u) x eL(Hg)(e)]
= Ze=uveE1(H3)[eH3 (u)eL(HS) (e) + €H, (v)eL(Hg) (6)]+. Lt

Ze=uv€E7(H3)[eH3 (U)BL(Hg)(e) + ey, (U)eL(H3)(€)]

= 6[(7X7) + (TX7)]+....+ 6[(11x11) + (11x11)] = 12366

(i) HB,E(H3) = Selen, (1) + ey (@)]°
:26=uv€E1(H3)[[eH3 (u) + €L (H3) (e)]? +[en, (v) + eL(H3)(e)] ‘ ]+---+
Ze:quE7(H3)[[eH3 (W) + ey (@)]” +[en, (V) + ey, ()] 2]

= B[(7+7)2 + (7+7)2]+....+ 6[(11+11)2 + (11+11)2] = 49770
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(iv) HB,E(H;) = Sye[en, (u) X e, ()]
= Ze:quEl(H3)[[eH3 (u) X ey, (e)] ? +[en, (v) X ey, (e)] 2]JF---Jr
Ze=quE7(H3)[[eH3 (u) x eL(H3)(e)] ? +[en, (v) x eL(H3)(e)] 2]

= B[(7X7)2 + (7TX7)2 J+....+ 6[(11x11)2 + (11x11)2] = 1134150

Lemma 2.1.4: Let the fourth term of this series are H4 = Circumcircumcoronene
graph respectively, then
(i) B1E(H4) = 6588, (ii) B2E(H4) = 41868, (iii) HB1E(H4) = 167580

and (iv) HB,E(H.) = 7105236

Proof: Consider the Hs-Circumcircumcoronene graph.

Let V, be the vertex set and E, be the edge set in Ha= Circumcircumcoronene,

15 15 13

Fig.1.3.4 Hs = Circumcircumcoronene

Also the number of edges with eccentricities of end vertices of Hs and L(H4)

are given as follows:
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We have

Edgeset  No. of edges Eccentricity of end  Eccentricity of e

e =uv vertices in L(Hy),

(e(u), e(v)) eLH,)(e)
E1 6 9,9) 9
E2 6 (9, 10) 9
Es 12 (10, 12) 10
E4 6 (11, 11) 11
Es 12 (11, 12) 11
Es 24 (12, 13) 12
E7 6 (13, 13) 13
Es 18 (13, 14) 13
= 36 (14. 15) 14
E1o 6 (15, 15) 15

Table 2.1.4

(i) ByE(H,) = Zue[eH4 (u) + eL(H4)(e)]
= Ze=uv€E1(H4)[eH4 (u) + €L(H,) (e) + €y, (v) + €L(H,) (e)]+....+

Ze=uveE10(H4)[eH4 (W) + ey, (e) + ey, (V) + ey, (e)]

= 6[(9+9) + (9+9)]+......+6[(15+15) + (15+15)] = 6588

(ii) B,E(H,) = Zue[eH4 (u) x €L(Hy) (e)]
= Ze=uveE1(H4)[eH4 (u)eL(H4) (e) + €x, (v)eL(H4) (e)]+. Lot

Ze:quElo(H4)[eH4 (u) €L(Hy) (e) + eq, (v) €L(Hy) (e)]

= 6[(9%9) + (9%X9)]+......+6[(15x15) + (15x15)] = 41868
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(iii) HBLE(H,) = Yuelen, (W) + ey ()]

= Ze=UUEE1(H4)[[61‘14 (u) + €L(H,) (e)] 2+ [eH4 (17) + €L (Hy) (e)] ? ]+- cee

Yemuveromollen, W + ey (@17 + [en, @) + ey, (@)]?]

= 6[(9+9)2 + (9+9)2 ]+......+6[(15+15)2 + (15+15)2] = 167580

(iv) HB,E(Hy) = Tuelen, W) X ey (@]
= Yeuver, (| [en, @ewu,y (€)1 + [en, eyw, (@] ]+...+
Y omuversop[en, Wer,) (017 + [en, WeLw,) (@)]°]
=6[(9%9)2 + (9%x9)2]+...... +6[(15%15)? + (15%15)2]
=7105236.

Theorem 2.1.5: Let Hx be the general form of circumcoronene series of benzenoid
system respectively, then

(i) BLE(Hy) =T72k3-27k*+51k-24

(i) B,E(H,) =216k*-234k3+351k2-141k— 84

(iii) HB,E(Hy) = 816k* — 1112k3 + 789k2- 205k + 144

(iv) HB,E(H,) = 246k5-192k*+296k3+490k2-128k+260

Proof: Consider the general form of Hk - Circumcoronene series of Benzenoid

system.

Let V, be the vertex set of Hkand E, be the edge set in Hi, then |V} | = 6k?

and | E;, | = 9k - 3k for the structure of H.

First, we shall determine the number of edges e = uv with the eccentricity of

the end vertices e(u), e(v) and eccentricity of the edge e in L(H).
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Also the number of edges with eccentricities of end vertices of Hx and L(Hk)

are given as follows:

Edge set No. of edges Eccentricity of end Eccentricity
e=uv vertices of e in L(G),
(e(u), e(v)) e (€)
E: 6 (2k+1, 2k+1) 2k+1
= 6 (2k+1, 2k+2) 2k+1
Es 12 (2k+2, 2k+3) 2k+2
E4 6 (2k+3, 2k+3) 2k+3
Es 12 (2k+3, 2k+4) 2k+3
Es 24 (2k+4, 2k+5) 2k+4
E, 6 (2k+5, 2k+5) 2k+5
Es 18 (2k+5, 2k+6) 2k+5
Eo 36 (2k+6, 2k+7) 2k+6
Esk-2)-2 6 (2k+2(k-2) -1, 2k+2(k-2) —1) 2k+2(k-2) -1
Es2)-1 6(k-2) (2k+2(k-2) -1, 2k+2(k-2)) 2k+2(k-2) -1
Esk-2) 12(k-2) (2k+2(k-2), 2k+2(k-1) —-1) 2k+2(k-2)
Esk-1)2 6 (2k+2(k-1) -1, 2k+2(k-1) -1)  2k+2(k-1) -1
Esgc1)-1 6(k-1) (2k+2(k-1) —1, 2k+2(k-1)) 2k+2(k-1) -1
Eak-1) 12(k-1) (2k+2(k-1), 2k+2(k-1)+1) 2k+2(k-1)
E3(k-1)+1 6 (2k+2(k—1)+1, 2k+2(k_]_)+1) 2k+2(k—1)+1
Table 2.1.5

We give these values in the above Table 2.1.5.

Hence we have

(1) BLE(Hy) = Zue[er(u) + eL(Hk)(e)]
= Ze=quE1(Hk)[er(u) + €L (Hy) (e) + er(U) + €L (Hy) (e)]+....+

Ze=uv€E3(k_1)+1(Hk)[er(u) + ey (@) + ey, (V) + ey (e)]
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Therefore
=6YF [8k+4Qi— 1] +6Yki[8k +4(2i — 1) + 1]+

12 Y51 i[8k + 4(2i) + 1]

After simplification, we get

B,E(H,) =72k3-2Tk%*+51k—24

(i) B2E(Hy) = Tuelen, W) ey ()]
= Y ocuver, (o | € WeLmy () + ey (Wepwy (@] +....+
YemuveEs ey olem WeLg (€) + en (Veyuy (€)]
Therefore
=6X5,[(2 2k +2i—1)*]+
6 YK Li[(2k + 2i — 1)2+Q2k + 20)(2k + 2i — 1)] +

1251 i[(2k + 20) *+(2k + 20) (2k + 2i — 1)]

After simplification, we get

B,E(H,) = 216k*—234k3+351k2141k— 84

(iii) HB E(H) = Yye[en, (W) + esany(e)]”

= Ze:quEl(Hk)[[er(u) + €L (Hy) (e)] 2+ [er(U) + eL(Hk)(e)] 2]+ Lt

Ze:quEg(k_l)_H(Hk)[[er (u) + €L(Hy) (e)] 2 + [er(U) + ermy) (e)] 2]

Therefore

=6X [2Qk+2i—1))+(2Qk+2i—1))%]+

6 YKL i[(2(2k + 2i — 1))+ ((2k + 20) + (2k + 2i — 1))2] +

123 1[2Qk + 20))2+((2k + 2i + 1) + 2k + 20))?]
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After simplification, we get

HB,E(Hy) = 816k* - 1112k3 + 789k?- 205k + 144

(iv) HBE(H) = Zyelen, (1) X ey, ()]’
:Ze=quE1(Hk)[[er(u) X ey (@)]® + [ey, (v) X eL(Hk)(e)]2]+ Wt

Ze:quE3(k_1)+1(Hk)[[er (W) + ey (@]* + [en, (V) + ey (e)] 2]

Therefore
=60 [(Qk+2i— 1)+ (Qk+2i—1)*)*] +
6 Y Li[((Qk+2i—1)*)% + ((2k + 20)(2k + 2i — 1))*] +

123 Li[((2k + 20)2) 2+ ((2k + 2i + 1)(2k + 2i))?]

After simplification, we get

HB,E(H,) = 986 k®-246k>+192k*-296k3+490k?>-348k+260

Theorem 2.1.6: For any positive integer number k, let Hx be the general form of

circumcoronene series of benzenoid system, then
() BITLE(Hy) = 6 [T5.,[4(2k + 2i — 1)?] x
611 i[2QQk +2i — 1)(4k +4i + 1) x

121 i[2(2k + 20) (4k + 4i + 1]

(i) BIL,E(H,) =6 H{-‘zl[(Zk + 2i — 1)4] X
6 [1°-1i[(2k +2i —1)° (2k + 2i) x

12115 i[(2k + 20)° 2k +2i + 1)
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(iti) HBT1, E(Hy) = 6T11.,[16 2k + 2i — 1)*] x
6 [Tt i[(42k + 2i — 1)) ?] x [((4k + 4i-1)*]x

121 i[4(2k + 2) 2] +[((4k + 4i + 1))

(iv)HBTI, E(Hy) =611k [16 2k +2i — 1)®] x
6 [T i[((2k + 2i — 1)) ® x(2k + 20)] x

12118 (2K + 20) ° (2k + 2i + D]

Proof: Consider the General form of Hk - circumcoronene series of Benzenoid

system, we obtain the following

() B[, E(Hy) = Hue[er(u) + ermy (9)]
= HquEl(Hk) [(er(u) t ermy (e))x (en, (v) + eL(Hy) (e)]x ...... X

[luver [(er(u) + ermy (@) x (ey, (V) + ey (3))]

UVEE3 (1) 41 (H)
=6[1%,[4k +2i — 1)?] x
6 [1°1i[2(2k + 2i — 1) (4k + 4i + 1)]x

12 [T i[2(2k + 2i) (4k + 4i + 1)]

(i) BII, E(Hy) = Hue[er (U)XeL(Hk) (3)]
= HuveEl(Hk) [(er (u)xeL(Hk) (e))x (en, (U)XeL(Hk) (e))]x ------ X

[Tuver [(er (w) XL (Hy) (e))x (en, (v)xeL(Hk) (e))]

UVEE3(k_1)+1(Hk)
= 6 [T, [(2k + 2i — 1)*] x6 [TE2L i[(2k + 2i — 1)° (2k + 20) x

1215 i[ 2k + 20) ° 2k + 2i + 1)]
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(iit) HBIT; E(Hi) = Tuelen, (W) + epuy(e)] 2
:HuUEE1(Hk) [[er(u) + ermy (e)]* x| er(U) + ermy (e)] FIx.x

HquE

UVEE;(k_1)+1(Hk)
=6[1%,[16 2k +2i — 1)*]
6 [Tt i[(4k + 2i — 1) ?] x [((4k + 4i-1)]x

12 [Tt i[4(2k + 2i)2]+[((4k + 4i + 1))]

(iv) HBIT, E(Hi) = [Tue[en, (w)xeypy(e)] 2
= [Muver, o [[er (Wxep (@] <[ ey, (V)xey @y, (@] |x...x

Muver [[en, (WxeLwy (@) x [en, WxeL ) (€)]?]

UVEE3 (1) 41 (Hy)
= 6[1K,[16 (2k + 2i — 1)®] x
6 [T5tif((2k +2i — 1)) ° (2k + 20)]x

12118 i[(2k + 20) ° 2k + 2i + D]

Using MATLAB programme, we have calculated these indices for H1, H2 and

Hs. Those values are given below corollaries.

Corollary 2.1.7: Hi be the first terms of this Benzene in circumcoronene series of
Benzenoid Hk system, then

(i) BT, E(H1) =2176782336, (ii)B [1, E(H1) = 2.824295365x10"

(iii) HB [1; E(H1) = 4.738381338x10*® and

(iv) HB ], E(H1) = 7.976644308x1022
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Corollary 2.1.8: H be the second terms of this Coronene in circumcoronene series
of Benzenoid Hk system, then
() BI1; E(H2) = 2.086352657x10%4, (ii) B[], E(H2) = 2.901497086x10%,

(iii) HB [T, E(H2) = 3.1023¢**0and (iv) HB [], E(H.) = 8.4187¢*18

Corollary 2.1.9: Hz be the third terms of this Circumcoronene in circumcoronene
series of Benzenoid Hk system, then
(i) BIT; E(Hs) = 1.3789e*%% (ii) B[], E(Hs) = 7.3558e*128x 1.0328¢+23
(iii) HB[1; E(Hs3) = 1.9013¢*® and
(iv) HB 1, E(Hs) = 5.4107*%57x 5.7517e*151x 6.7910e*%5!x 2.7308¢*064
2.2  Modified eccentric indices, multiplicative modified eccentric indices and

connectivity eccentric indices of Circumcoronene series of Benzenoid Hg
system:

In this section, we calculate the modified eccentric indices, multiplicative
modified eccentric indices and connectivity eccentric indices of Circumcoronene

series of Benzenoid Hk system.

Theorem 2.2.1: For any positive integer number k, let Hk be the general form of

circumcoronene series of Benzenoid system, then

) 6 96k2 -162k+66 = 192k% -276k+84
(i)  M™Bi(Hk) = +
(4k-1) 64k?% -88k+30 64k2 -56k+12

12 48k3-96k? -60k-12 + 144k3-264k%+144k-24
T
32k*-56k3+36k2-10k+1

(i)  ™B2(Hk) =

(4k—1)° (4k2 —4k+1)°

12 192k?* -324Kk+132 + 384k2-552k+168
(4k—-1)  (64kZ% -88k+30) 64k2%-56k+12

(iii) Ho(H) =
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Proof: Consider the general form of Hk - Circumcoronene graph. We obtain the

following

1
er (u)+ eL(Hk) (e)

() ™Bu(Hd) = Luverqupl

1 1
e, (Wepy, (@) e, (Mteyy, )

= ZquE1 (Hk)[

1 1
3(k-1)+1(Hg) " ey, (W+ eL(Hk)(e) eq, (V)+ eL(Hk)(e)

ZquE

Therefore

:62’;=1[;]+6Z’;;%[ L4 T ]+

2k+2(r—-1)+1 4k+4r—-2  4k+4r-1

125521 | i + )

4k+4r 4k+4r+1

After simplification, we get

6 96k? -162k+66 |, 192k? -276k+84
"B1(Hk) = +
(4k-1) 64k2-88k+30 64k2 -56k+12

- n HI( —_ z:uVEE ‘ik EHI u E]. ”k
1

er(u)xeL(Hk)(e) er(V)xeL(Hk)(e)

:ZuVEEl (Hy) [

1 1

er(u)xeL(Hk)(e) er(V)xeL(Hk)(e)

Zu‘UEEg (k—=1)+1 (Hy) [

Therefore
=6 Zﬁ:l l - 2] +
(2k+2(r-1)+1)
6 k:l r r +
2r=1 [(2k+2(r—1)+1)2 + (2k+2r)(2k+2(r-1)+1)

122':;11[ T ]

(2k+27) 2 (2k+2r+1)(2k+27)
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After simplification, we get

12 48k3-96k? -60k-12 = 144k3-264k*+144k-24
' 4_ceK3 2_
(4k—1) > (4k2 -4k+1) 2 32k*-56k3+36k2-10k+1

™B1(Hk) =

2
er (u)+ eL(Hk) (e)

(iil)  Ho(Hi) = Yuverapl

2 2
en,(Wtepy ye)  en, (V+eyy, (e

= ZquEl(Hk)[

2 2
e, (Wtepg, (@) em(Mteyy, (e

Zuv€E3(k_1)+1(Hk)[

Therefore

=23k, | vz gt ]+

2k+2(r—-1)+1 4k+4r—-2 4k+4r—1

24 vkt [ ]

4k+4r 4k+4r+1

After simplification, we get

_ 12 L192k2—324k+132+384k2—552k+168
(4k—1)  (64k? -88k+30) 64k2-56k+12

Ho(Hx)

For example,
If k=1 then "B1(H1) =2, "B2(H1) =1.3333, Hy(H1) =4.
If k =2 then "By(H2) =5.1257, ™B2(H2) = 1.7839, Hy(H2) = 10.2513.

If k = 3 then "By(H3) =7.9948, ™B2(H3) = 1.8156, Hp(H3) = 15.9896 and so on.

Theorem 2.2.2: For any positive integer number k, let Hx be the general form of

circumcoronene series of Benzenoid system, then

1 1

(i)  MBull(Hd) = 6]IT-4[ S x 6 IIF=t r? [———] %
4(2k+2r-1) (4k+4r—-1)

1 1
X
(4k+4-T)2 4k+4r+1

121521 r°

]

o1



(i) MBall(Hy) = 6 [Tk, [——] x
(2k+2r-1)

6 [15ct r? [—— :

(2k+21"—1) 2 % (2k+27‘)(2k+21"—1)] %

1 1
(2k+27) 2 X(2k+(2r+1))(2k+2r)]

12 121 2

1 1

1 x 121kt 2 [—]

4(2k+2r-1)° (4k+4r-1)°

24152t 2 ]

(i)  Holl(Hk) = 1215 ,[

1 1

X
2(2k+271) 2 4k+4r+1

Proof: Consider the general form of Hk - Circumcoronene graph. We obtain the

following

1
er, (W+eLy)(e)

(i) MB1lI(Hk) = HuveE(Hk)[

1 1
+
er(u)eL(Hk)(e) eH}, (V)eL(Hk)(e)

= HquEl(Hk)[

1 1
+
er(u)eL(Hk)(e) er(V)eL(Hk)(e)

Huv€E3(k_1)+1(Hk)[

1 1

1 x 61zt r* [———] x

4(2k+2r-1) 2 (4k+4r—1)°

]

= 6H’rc:1[

1 1
> X

12[1;21

1

e, (Wxey ) (e)

(”) mBZH(Hk) = HquE(Hk)[

1 1
e (Wep ()@ ey (Wey(y (@)

= HuveEl(Hk)[

1 1
et (e (g 1(©) - ey Wey (@)

Huv€E3(k_1)+1(Hk)[

= 615 [——]

(2k+2r-1)"

6 [152t r? [—— -

X ] x
(2k+2r-1)%  @k+2r)(2k+2r-1)

]

1 % 1
(2k+(2r+1))(2k+21)

121521 r°

(2k+27)°

52



2

en, (W xerm,)(e)

(IV) HbH(Hk) = HquE(Hk)[

2 2
+
er(u)eL(Hk)(e) er(V)eL(Hk)(e)

= HquE1 (Hy) [

2 2

er(u)eL(Hk)(e) er(V)eL(Hk)(e)

IIuVEE3ﬂGJJ+1(Hk)[

1 x 12 [Tk r? [;] X

4(2k+2r-1)° (4k+4r—-1)°

1

= 12[TF_[

1 1
+ ]
4k+4r+1

24 TIkZL 2

2(2k+21)°

For example,
If k =1 then "B1I1(Hy) = 0.1667, ™B.II(H:) = 0.0741 and

HplI(H1) = 0.3333.

If k=2 then MBull(Hz) = 7.7066e %%, MB,I1(H2) = 1.5232¢ % and

HpIT(Hz) = 1.2331e7%%,

If  k=3then ™Bill(Hs) = 1.7761e™*", MBoll(Hs) = 1.9153¢ %% and

HolI(Hs) = 2.2734e7°%° so on.

Theorem 2.2.3: Let G be a Circumcoronene Series of Benzenoid Hy (k > 1). The

connectivity eccentric index of G is given by

_ ] 12 ((6k—6)V16k2 -20k+6 ) +4k? -7k+3
XE(H = [4k—1]+ [ (4k—3)V16k2 —20k+6 ]+

((12k-12)V16kZ -12k+2 )+4k? —-6k+2
(4k-2)V16k2 -12k+2

Proof: Let G be a Circumcoronene Series of Benzenoid Hk, By using the definition

of connectivity eccentric index,
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Hence we have,

1
EH)=Y — 2t
HE(Hie) = Due lecer g ()

= ZuveE(Hk) [\/

1 1

er ey [er ey (@)

1 1

_|_
er ey () (@) [em ey () (@)

= ZquEl(Hk) [\/

1 1

+
er ey (@) [em ey (s, (@)

Zuv€E3(k_1)+1(Hk) [\/

= [6(4k2+14k+1 t m) + 6(\/4k2-|1-4k+1 T x/4k241-6k+2)+"'Jr
6( \/(4k—11)(4k—1) + v (4k—11)(4k—1))]
Therefore
= 62’;:1 [2k+zr—1] +6 ]TC;% [2k+;r'—1 + J(2k+2r):2k+2T—1)
12351 [Zk:y + \/(2k+2r+r1)(2k+2‘r')]

After simplification, we get

E(H,) = [ 12 ]+ ((6k—6)V16kZ —20k+6 ) +4k? —7k+3 +
XEUS = 3 (4k—3)V16kZ —20k+6

((12k-12)V16kZ —-12k+2 )+4k? —-6k+2
(4k-2)V16k2 -12k+2

Corollary 2.2.4: Eccentric based connectivity index of Hi, H> and Hs are given by

wE(H1) = 4, yE(H2) = 10.2614 and yE(Hs) = 15.998 .

Theorem 2.2.5: Let G be a Circumcoronene Series of Benzenoid Hk (k > 1). The

product connectivity eccentric index of G is given by

54



r

— k 1 2 k-1 r
XPE(Hk)_6[ T=1[(2k+1)] xIlr=1 [(4k+4r—1) XJ(2k+2r)(2k+2r—1)]X

r r

k-1
12]r= [(2k+2r) X ,/(2k+2r+1)2] ]

Proof: Let G be a Circumcoronene Series of Benzenoid Hk, By using the definition

of multiplicative product connectivity eccentric index,

Hence we have,

1

XpE(Hk) = [Tue

Jer(u) eL(y) (@)

1 1
= HquE(Hk)[\/ ol

et ey, (©) [er P)ey () (@)

1 1
X Xevounn X

er(u)eL(Hk)(e) Jer(”)eL(Hk)(e)

= HquEl(Hk) [\/

1 1
X

er(u)eL(Hk)(e) Jer(V)eL(Hk)(e)

HuUEE3(k_1)+1(Hk) [\/

_ k 1 12 k-1 r r
o 6[Hr=1[(2k+1)] *ITr=1 [(4k+4r—1) X\/(2k+2r)(2k+2r—1)

| x

k-1 r r
12 [Tr=s [(2k+2r) X./(2k+2r+1)2] ]
Corollary 2.2.6: Eccentric based connectivity index of Hi, H> and Hs are given by

x,E(H1) = 0.6667, x,E(Hz) = 0.0020 and y, E(Hs) = 2.9289¢0.

Theorem 2.2.7: Let G be a Circumcoronene Series of Benzenoid Hy (k > 1). The

sum connectivity eccentric index of G is given by

_ k I k-1 r r
XE(Hy) =6 Xr=1 [zm)] +6 2 [\/4k+4r—2 T \/4k+4r—1]+

12352

1[ r r ]
1|Vag+ar ' Vak+ar+1
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Proof: Let G be a Circumcoronene Series of Benzenoid Hk, By using the definition

of sum connectivity eccentric index,

Hence we have,

1

XE(H) =Y
ue Jer(u) + eL(Hk)(e)
1 1
=y +
uveE; (Hy) [\/er(u)"'eL(Hk)(e) \/er(v)"’eL(Hk)(e)

1 1

5 +
UvEEs 1) +1 (Hk) [\/ eny (Wtepy, (e \/ eny (W)+ey ()€

Therefore

k-1 r r
+6 Xy [\/4k+4r—2 \/4k+4r—1]

1
XE(H) =6Xf [Z(Zk—JT—l)]

12352

1[ r r ]
1Vak+ar ~ Vak+4ar+1

Corollary 2.2.8: Eccentric based connectivity index of Hi, H> and Hs are given by

XE(H1) = 4.8990, XE (H2) = 17.5006 and XE (Hs) = 30.1729.

Theorem 2.2.9: Let G be a Circumcoronene Series of Benzenoid Hy (k > 1). The

sum connectivity eccentric index of G is given by

r r

_ k 2 k-1
XpE(H) =6 [Hr=1[(2k+2r—1)]>< [lr=1 [(2k+2r—1) + J@k+2r)(2k+2r—1)

]x

r r

k-1
2 [Tr=1 [(2k+2r) * Jm”

Proof: Let G be a Circumcoronene Series of Benzenoid Hk By using the definition

of multiplicative sum connectivity eccentric index, we have,

1

XpE(Hk) = Hue

\/er(u) +er)(e)
1 1
=1 X
uveE (Hy) [Jer(u)+eL(Hk)(e) \/er(V)"'eL(Hk)(e)
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1 1

- v X X
quEl(Hk)[\/er(u>+eL(Hk>(e) Jer(”>+eL(Hk)(e)]

1 1
X

er e ()€ e W)reL ()

l_[1117(553(k—1)+1(Hk) [\/

Therefore

k-1 r r
] XHT=1 [(2k+27'—1) + \/(2k+27')(2k+27'—1)]

6[[Iraalo—

(2k+2r 1)

x 2 Hr [(2k+2r) 1/(2k+2r+1)2] ]

Corollary 2.2.10: Eccentric based multiplicative sum connectivity index of Hi, H>

and Hzare given by X , E(H1) = 4, X , E(H2) = 36. 3753 and X , E(Hs) = 146.8437.

Theorem 2.2.11: Let G be a Circumcoronene Series of Benzenoid Hk (k > 1). The

sum line connectivity eccentric index of G is given by

2k+2r-1 2k 2
SLCEN(Hy) = 6 3k, [2] +6 Tkot [,/4;4: 1] 12375 [4k+:rrll

Proof: Let G be a Circumcoronene Series of Benzenoid H, By using the definition

of sum line connectivity eccentric index, we have,

_ eLH,)(€)
SLCEN(H\) = Xuver () /m

:6\/ (2k+1) +6\/ @kt L6 [
4k2+4k+1 4k2+4k+1 (4k-1)

Therefore

_ k— 2k+2T 1

= 6= [\[]4_62 [4k+4r1]+
k—1 2k+2r

12)r=r [\l 4k+4r—1]
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Corollary 2.2.12: Eccentric based connectivity index of Hi, H> and Hz are given by

SLCEII(H1) = 4.2426, SLCEII(Hz) = 20.6829 and SLCEII(Hs) = 49.8749 .

Theorem 2.2.13: Let G be a Circumcoronene Series of Benzenoid Hk (k > 1). The

product line connectivity eccentric index of G is given by

puee = sl | [l xemictr| B o it | (22

4k+4r—1 4k+4r—1

Proof: Let G be a Circumcoronene Series of Benzenoid Hy, By using the definition
of product line connectivity eccentric index, we have,

er(Hy)(e)
en, (W) + eq, (v)

PLCEN(H)= [Tuver

(2k+1)
(4k+2) (4k+3) (4k—1)

Corollary 2.2.14: Eccentric based connectivity index of Hi, H> and Hz are given by
PLCEII(H1) = 4.2426, PLCEII(Hz) = 593.6051and PLCEII(H3) = 3.5245¢*00°
2.3 K-eccentric types of Polynomial, Redefine eccentric indices and

Multiplicative of K-eccentric types of polynomial indices of Benzenoid Hk
system:

In this section, we calculate the eccentricity based on forgotten (topological)
eccentric index, K-eccentric types of polynomials and redefine first, second and third
K-eccentric indices and multiplicative K-eccentric polynomials indices of

Circumcoronene series of Benzenoid Hi system.
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Theorem 2.3.1: For any positive integer number k, let Hx be the general form of

circumcoronene series of Benzenoid system of G, then

(i) BlE(Hk, X) 62 1x8k va@i-n 4 62 5 Bk+4(2i-D4] 4 19 Zk 1 ilBk+4(2i)41]

(”) BzE(Hk, X) 621_ x2(2k+2i—1)2 + 6Zéf;llxi[(2k+2i—1)2+(2k+2i)(2k+2i—1)] +

12 Zécz—ll x 1(2k+20) +(2k+2i)(2k+2i-1)]

(III)HBlE(Hk X)_ 621_ x2(2k+2i—1)2+(2(2k+2i—1))2 +

6 k—lxi[(2(2k+2i—1)2+((2k+2i)+(2k+2i—1))2] +
i=1

12 Z{_cz—ll X i[(2(2k+2i))2+((2k+2i+1)+(2k+2i))?]

Y © 122
(iV)HBzE(Hk,X): 6Z£¢=1x(2k+2|—1) ) +((2k+2i-2)7) +
62;‘;11xi[(2(2k+2i—1)2)2+((2k+2i)+(2k+2i—1))2] +

12 Z{_cz—ll x i[((2k+2i)2)2 +((2k +2i +1)(2k +2i)) ? ]

Proof: Consider the General form of Hx - Circumcoronene series of Benzenoid
system.

Hence we have

(I) BlE(Hk, X) = Zuex ey (U)+eg () ()

[en, (W+eLny ) (@)1+ [ey, (V)+e (ny)(e)]

= ZuveE(Hk) x

- 62 1X8k + 4(2i - 1) + 62 h x|[8k+4(2| 1)+l]+ 12 Zk 1 |[8k+4(2|)+l]
i=

(i) BoE(Hi, X) = Fyox 7m0

[en, (U)+e () (@)% [en, (V)+eL(ny ) (e)]

= ZquE(Hk) x
— 62 1x2(2k+2| -1)2 + 6 x.[(2k+2| —1)%+(2k+2i)(2k+2i-1)] +

12 Z{':f x 1(2k+20) +(2k+2i)(2k+2i-1)]
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(e, (U)+eL(Hk)(e)]2

(i) HB1iE(Hk, X) = Y, x
(e, (W)€ (€ + [ew, (V)+eLqy (@)
— Z x
— LuveE(Hy)

=6 Zf:l x2(2k+2i—1)2+(2(2k+2i—1))2 + 6 Zé{z—ll xi[(2(2k+2i—1)2+((2k+2i)+(2k+2i—1))2] +

k-1
12 E X i[(2(2k+2i))2+((2k+2i+1)+(2k+2i))?]

i=1

(iv) HB2E(Hk, X) = Yoo X [en, (U)XeL(Hk)(e)]z
! ue

_ Z x[er (U)erL(Hk)(e)]ZX en, (V)+9L(Hk)(e)]2
— LuveE(Hg)

o2 .
:6Zf_1x(2k+2|_l) )2 +(2k+2i-2)%)° _|_6Zi_(_—llxi[(2(2k+2i—l)2)2+((2k+2i)+(2k+2i—1))2] +

12 Zifz—ll x i[((2k+2i)2)2 +((2k +2i +1)(2k +2i)) 2]

Corollary 2.3.2: H; be the first terms of this Benzene in circumcoronene series of
Benzenoid Hk system, then

(i) BiE(H1, x) = 6x*2,

(ii) B2E(H1, x) = 6x%,

(iii) HB1E(H1, X) = 6x"2 and

(iv) HB2E(H1, X) = 6x12%

Corollary 2.3.3: Hz be the second terms of this Coronene in circumcoronene series
of Benzenoid Hx system, then (i) BiE(H2, x) = 6x59+12x?°
(i) B2E(H2, x) = 6x%%+12x1  (iii) HBiE(H 2, x) = 6x83+12x%® and

(iv) HB2E(H 2) = 6x50516+1 224336
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Corollary 2.3.4: Hz be the third terms of this Circumcoronene in circumcoronene

series of Benzenoid Hk system, then

(i) B1E(H 3) = 6x137+12x70+24x*, (ii) B2E(H 3) = 6x1214+12x5144+24x420,
(I“) HBlE(Ha) = 6X2429+12X1231+24X841 and

(IV) HBZE(H 3) — 6X421748+12X190948+24X176400

Theorem 2.3.5: For any positive integer number k, let Hk be the general form of
circumcoronene series of Benzenoid system, then
(i)  BsE(Hkx) =18i
(ii) B3E(Hk, X) — x0—6i+24i
(i)  B4E(Hk, x) = 621 (XKD 46 l » 1 il(2k2(-D(ak+ai-D]
12 Zz 1 1 5 il(2k2i)(4k+4i+D)]

(iv) BsE(Hk, X) =63k  x2@kr20-0e0® 4 g Skl ilekezhi2@i2i-na

12 Zl ] xl[(2k+2i+1)(2(2k+2r)]
(V) BabE(Hk, X) = 6 XK | o2k -2 btk di=2) 4 gSik—1 0 fla(thedi-2sb(akedi Dl 4

12 Zl 1 1 - ila(ak + 4i) + b(4k + 4i + 1))

(Vl) Ba,bE(Hk, X) - 6 Z?:l X[(4k +4i-2)+al+[(4k +4i - 2) + b]+

62 x i[(4k+4i-2)+al+[(4k+4i-1)+b] 12 Z x i[(4k + 4i) + a) + (4K + 4i + 1) + b)]
i=1 i=1

61



Proof: Consider the General form of circumcoronene series of Benzenoid Hk system.

(i)

(ii)

(iii)

(iv)

(v)

(vi)

B3E(Hk, X) = Xuelen, (W) —epw,(e)]
= Yuveraol (@, W—eyay (€)) — (e, (W)-eyy (€))]
= Yuver, il (€, WLy (€)) —((en, (W) —eLy ()]+...+
VuveEsgeryer (| (€ W11, (€)) — (e (V) —erqu (€))]

=18i

()L ()

BsE(Hi, X) = X0 ¥ o

0—-6i+24i

B4E(Hk’ X) = Zue x S (W W)req) (@)
= 62?21 2@k +2(-D+D? 4 621 Lx i[(2k+2(i-1)(4k+4i-1)] +

i[(2k+2i)(4k+4i+1)]
12¥k1x

BSE(Hk, X) — Zue xeL(G)(e)((eG(u)+eL(G)(e))
- 62{-;1 2(2k +2(i —1) +1) 2 + 621 Lx |[(2k+2i)[2(2k+2(i71)+1]+

i[(2k+2i+1)(2(2k+2r)]
12¥k1x

Ba bE(Hk X) — Z xa(ee (U)+ep(c) (e))+b(eg (U)+e (g (e))
i 1 ue
a(4k + 4i —2) + b(4k + 4i -2 i[a(4k+4i-2)+b(4k+4i-1
_6lex(+ )+ b(4k + )+6lex[(+ )+b(4k+ )]+

i[a(4k + 4i) + b(4k + 4i +1)]
12¥k1x

Ba bE(Hk X) — Z x(eG (u)+e(c) (e)+a)+(eg (V) +e (g (e)+b)
) ' ue

— 6zig=1x[(4k+4i—2)+a]+[(4k+4i-2)+b] +
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6 Zé{z—ll x i[(4k+4i—2)+a]+[(4k+4i—l)+b]+

12 Zé{=—11 xi[(4k + 4i) + a) + (4K + 4i + 1) + b)]

Theorem 2.3.6: For any positive integer number k, let Hx be the general form of

circumcoronene series of Benzenoid system graph G, then

) 36k2+4+108k-36 4k3+27k%-31k 76k3-78k%+2k
(i) ReBGiE(Hx) = + +
1 k 3 2 3 2 3 2
4k3+24Kk%-4Kk+3 4k3+2k2-16k+3 8k3+2k2+2k

.. 4k3+24k%-4k+3 4k3+2k2-16k+3 8k3+2k%+2k
(i)  ReBGE(HY = | E |+ ]
36k2+108k-36 4k3+27k%2-31k 76k3-78k2+2k

(iii)  ReBGsE(Hk) =1808k7-3188k® + 324k5 + 2362k*-936k>- 134k?- 28k-12
Proof: Consider the General form of circumcoronene series of Benzenoid Hk system.
Hence we have

er(u)+eL(Hk)(e)

(i)  ReBGiE(Hk) = Xyl

en, (W. eLH,)(e)

(4k+1)
(4k%2+4k+1)

(4k+1)
(4k%2+4k+1)

= 6[ 1+ 6] ..+

[(2k+2(k—1)+1)+(2k+2(k—1)+1)]
(2k+2(k-1)+1).(2k+2(k-1)+1)

Therefore

:621'(—1[ (4k+4i-2) 2]+6 écz_ll i[ (4k+4i-2) 2]+
Qk+2(i-1)+1) (k+2(i-1)+1)

12361 [ (‘“‘*‘”)2]
(2k+2i)

After simplification, we get

ReBGIE(HY) = |

36k2+108k—36] [ 4k3+27k2—31k] [76k3—78k2+2k]
4k3+24k%2-4k+3 4k3+2k%2-16k+3 8k3+2k2+2k
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en, (W. ercm,,)(e)

(i) ReBGE(Hk) = Xuel

er(u)+eL(Hk) (e)
_ (2k+1).(2k+1) (2k+1).(2k+1)
B [(2k+1)+(2k+1)]+ [(2k+1)+(2k+1)]+' -

(2k+2(k-1)+1).2k+2(k—-1)+1
Qk+2(k-1)+1D)+(2k+2(k—1)+1

[

]

Therefore

ok |@r2i-n+1)? k1 - |@k+2(i-D+1)°
_6Zi=1[ (4k+4i—2) ]+6Zi=1 l[ (4k+4i—2) ]+

N 2
123k i[(2k+21) ]

(4k+41)

After simplification, we get

ReBG2E(H) = |

4k3+24k2—4k+3] +[4k3+2k2—16k+3] + [ 8k3+2k%+2k ]
36k2+108k-36 4k3+27k%2-31k 76k3-78k2+2k

(iii)  ReBGsE(Hk) = Xye(en, (W) + ep,y (@) (en, (). ey, (e))
= 6[((2k+1)+(2k+1)) ((2k+1).(2k+1)]+6[((2k+1)+(2k+1))
(k+1).2kH 1) ]+.... + 6[(2k+2(k=1)+1)+(2k+2(k=1)+1))
((2k+2(k-1)+1).(2k+2(k-1)+1)]

Therefore
=6YF [(4k +4i—2)Qk+2(—1) +1)*]+
6 K i[(4k +4i—2)2k +2(i— 1)+ 1)°]+
12 YhoLi[(4k + 40)(2k + 20)?]

After simplification, we get
ReBGsE(Hk) = 1808k7-3188k® + 324k> + 2362k*-936k?

—134k?*-28k-12
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Theorem 2.3.7: For any positive integer number k, let Hx be the general form of

circumcoronene series of Benzenoid system graph G, then
(I) BlHE(Hk, X) =6 Hi'{=1 x4(2k+2i—1)2 x6 {,C=—11 xi[(2(2k+2i—l)(4k+4i—l)] x

12 k-1 X i[(2(2k+2i)(4k+4i+1)]
i=1

(i) Bz[[E(Hk, X)

2k+2i-1)* — i[(2k+2i-1)° (2k+2i - i[(2k+2i)% (2k+2i+1
:61_[?:1)6( +2i )X6H£<:11x1[( +2i-1)° (2k+2i)] Xlzl—ﬁc:llxl[( +2i)%(2k+2i+1)]

(III) HBlHE(Hk, X) - 6 Hf:1 x4(2k+2i—l)2 x 6 l—[l;cz—ll xi[(4(2k+2i—1)2><((2k+2i)+(2k+2i—l))2] %

12 1—[{.(:—11 x i[(4(2k+2i)2)+((2k+2i+1)+(2k+2i))?]

(IV) HBZHE(Hk, X) =6 Hif=1x(2k+2i—1)8 x 6 H{'c=_11x i[(2k+2i—1)® (2k+2i)] x

12 Hi_c:—ll X i[(2k+2i)® (2k+2i+1)]

Proof: Consider the General form of circumcoronene series of Benzenoid Hi system.

Using Table 2.1.5, we obtain the following:

(i) BlHE(Hk, X) = Hue erk (U)+ep gy ()

[en, (U)+eL (hy ) (@)1 [en, (V)+eL(ny ) (e)]

= HUVEE(Hk) x
=6 H{le x 42k+2i)’ 0 H§€=—11 o [(2(2k+2i-D(4k+4i-1)]

12 1-[{;;11 5 il(2(2ks2i)(ak+4i1)]

(i) BalTE(Hi, X) = [Ty x @

[en, (U)xe () (@)1= [en, (VIxe () (e)]

= HuveE(Hk) x

o 1 o ) 1 - )
-6 H{_czl x (2k2i)' s 6 Hi_czll A il(@k+2i-0°(2k+20)] 5 1 D Hi_czll A il(2k+20)° (2Kk+2i+D))
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(iii)

(iv)

[en, (U)+9L(Hk)(e)]2

HB1[[E(Hk, X) = []ye x

_ H x[er(u)"'eL(Hk)(e)]zX [en, (V)+EL(HK)(9)]2
— lle=uveE(Hg)

— 6 Héczl x4(2k+2i—1)2 x 6 H{_cz—ll xi[4(2k+2i—1)2><((2k+2i)+(2k+2i—1))2] X

12 l—uc:—ll xi[4(2k+2i)2)+((2k+2i+1)+(2k+2i))2]

(e, (U)xeL(hy) (e

HB2[[E(Hk, X) = [luex

-0 x[er(u)xeL(Hk)(e)Fx [en, (V)< i ) (@)
— 1luveE(Hy)

o _ . e )
=6 1‘[{.(:1 x (2k+2i)° 5o 0 l‘[l;c:11 x 1(2k+2i-1)° (2k+20)] ¢

12 l—ﬁcz—ll X i[(2k+2i)® (2k+2i+1)]

Corollary 2.3.8: H: be the first terms of this Benzene in circumcoronene series of

Benzenoid Hk system, then (i) BiJJE(Hi, x) = 6x%, (ii) B2[JE(H1, X) = 6x8,

(iii) HB1[JE(Hz, X) = 6x'2%¢ and (iv) HBZ[JE(H1, X) = 6x561

Corollary 2.3.9: H> be the second terms of this Coronene in circumcoronene series

of Benzenoid Hk system, then

M Bi[[E(Hz, X) = 63x4065 12156
(i) B2[]E(Hg, x) = 63x%776x12x1512,
(iii)  HB1[TE(Hz, X) = 63x80516x12x24336 gnq

(iv)  Ba[[E(Hz, X) = 63x0717926, 1 9x2286144

Corollary 2.3.10: Hz be the third terms of this Circumcoronene in circumcoronene

series of Benzenoid Hk system, then
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() BuJE(Hs X) = 6412412501 24541
(i)  B2[JE(Hs, X) = 64x26347x 12211898, 411000
(i)  HBJJE(Hs, X) = 6*x3819735122x190948,, 94176400 g

(lV) H BZHE(HS, X) — 64X270699939X122X74377764X24X121000000 )

Theorem 2.3.11: For any positive integer number Kk, let Hx be the general form of

circumcoronene series of Benzenoid system, then
(i)  Bs[]E(Hk, X) = 18i
(i)  Bs[[E(Hk, x) = x°°"*

(iii) B4HE(H|<, ) — 61_[1— x2(2k+2(i—l)+l) X6Hl Lx I[(2k+2(i—1)(4k+4i—1)]><

12 l‘[ xl[(2k+2|)(4k+4|+1)]
i=1

(iV) BSHE(Hk, X) =6 Hl— x 22k + 2( - 1) +D 7 6 Hl ] xI[(2k+2i)[2(2k+2(i—1)+1]><

12 H 1 e il(2k+2i41)[2(2k+20)]
i=1

(V) Ba bHE(Hk X) 6 H 1 x a4k + 4i — 2) + b(4k + 4i - 2) x 6 H |[a(4k+4| 2)+b(4k+4i 1)]
1=

12 H xl[a(4k + 4i) + b(4k + 4i +1)]
=1

(Vl) Ba,bHE(Hk, X) - 6 1‘[{_{=1 x[(4k +4i — 2) + a] + [(4k + 4i — 2) + b] %

6 1—[1 ] x|[(4k+4i—2)+a]+[(4k+4i—1)+b]x

121—[ xl[(4k+4i)+a)+(4k+4i+l)+b)]
i=1

Proof: Consider the General form of Hk - circumcoronene series of Benzenoid

system.

67



(i) Bs[[E(Hx, X) = Hue[er (u) - €L(Hy) (e)]
= HquE(Hk_)[er (u)- €L(Hy) (e)] —[er (v)- €L(Hy) (e)]
= HquEl(Hk)[(er(u)_eL(Hk) (e)) —( €y, (V)—eL(Hk) (3))] XX

HquE3(k_1)+1(Hk)[(er (u) — €L(Hy) (e)) — (er (v) — €L(Hy) (3))]

= 18i

(iii)  Bs[JE(Hk, X) =[l,e x‘er(u)+eL(Hk)(e)‘ = x 0-6i+24i

(I”) B4HE(H|(, X) = Hue xeG(U)(eG(U)+eL(G)(e))
= 6 1_[1,2 x2@K+20-D+n° g l‘[{fz—ll x [[@kr2(-D(4k+4i-0] o

12 H 1 o il(2k+20)(4k+4i4D)
i=1

(iv)  Bs[JE(Hk, X) =1 5 e (s e ) ()

=6 H;C=1 x 22Kk + 26 - 1) +D 2y 6 l 1 x|[(2k+2|)[2(2k+2(|—1)+1] x

12 1—[ x i[(2k+2i+1)(2(2k+2i)]
i=1

(V) Ba bHE(Hk X) — Hue X a(eg (u)+e (g) () +b(eg (U)+ep(g) (8))
) )
_61_[ 1xa(4k+4i—2)+b(4k+4i—2)><
i=

6 Hl h xl[a(4k+4| 2)+b(4k+4i-1)] % 12 H ] xl[a(4k + 4i) + b(4k + 4i +1)]
i=

(Vi) Ba bHE(Hk, X) = Hue x(ee (u)+ep e (e)+a)+(eg (V) +e (g) () +D)

- 6 H x[(4k +4i —2) +al +[(4k + 4i — 2) + b] x 6 l 1 x i[(4k+4i-2)+a]+[(4k+4i-1)+b] x

121—[ xl[(4k+4i)+a)+(4k+4i+l)+b)]
i=1
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Theorem 2.3.12: For any positive integer number Kk, let Hk be the general form of

circumcoronene series of Benzenoid system graph G, then

Q) ReBG1[[E(Hk) =6 H{.‘zl [M] % 6]_[{-:111' [wlx

(2k+2i-1)° (2k+2i-1)°

12 Hf;lll [ (4Kk+41) ]

(2k+20) 2

, 2 . 2
(ii) ReBGzl_[E(Hk) -6 Hf=1 [(2k+2(1—1)+1) ]x 61_[;‘:_111' [(2k+2(1—1)+1) ‘x

(4k+4i-2) (4k+4i-2)

ket . | @Kk+20)?
12Tz 8 [ (4k+40) ]

(iii) ReBGs[[E(Hk) = 6 [TE,[(4k + 4i — 2)(2k + 2i-1)?]x
6I1° 1 i[(4k + 4i — 2)(2k + 2i-1)?]x
1215 i[(4k + 4D (2k + 20)?]

Proof: Consider the General form of Hk - circumcoronene series of Benzenoid

system,.

er(u)+eL(Hk)(e)

(i) ReBGa]E(H«) = [Tuel

er(u)- eL(Hk) (6)

er(u)+eL(Hk)(e)+ er(v)+eL(Hk)(e)

= HquEl(Hk) er(u)_ eL(Hk)(e)Xer(U). eL(Hk)(e)

er(u)+eL(Hk)(e)+ er(v)+eL(Hk)(e)

[uvesesyating ery, (W eL () (€)% ery, (V). ep iy (e)

(4k+2) (4k+2) (8k-2)
=6[ ] x [—+] X... xX6[————]

(4k2+4Kk+1) (4k2+4k+1) (16k2—-8k+1)

Therefore

R L) e L ] oo

2k+2(i-1)+1) 2 (k+2(i-1)+1) 2

1215 i [—(‘”‘*4")2 ]
(2k+2i)

69



er(u) . eL(Hk)(e)

(i)  ReBGz[[E(Hk) = [Tl

]

en, (W+ eLuy)(e)

er (u)'eL(Hk) (e)'er (v)'eL(Hk) (e)

= HquE1 (Hg) [

e, W+ eL(Hk)(e)+ en, (V)+ epHy)(e)

eH,, (u).eL(Hk) (e).eny, (v)-eL(Hk) ()

HU‘UEE3(k—1)+1(Hk) er(u)+ eL(Hk)(e)+er(v)+ eL(Hk)(e)

Therefore

(4k2+4k+1)] < 6

(4k2+4k+1)] o
(4k+2) '

(16k2—8k+1)]
(4k+2)

ReBG2[JE(Hk) = 6[ % 6[ o—2)

[

ok |@r+26-D+1)? k1 - | @k+26-D+1)°
_61_[":1[ (4k+4i—2) ]X 6I1:=s l[ (4k+4i-2) X

k1 . |@Kk+20)°
12flizyt [ (4k+40) ]

(i) ReBGTEHK) = Mue(en, (1) + €11 () (e, (). € (€))
= Muvers ol (€, @ + ey (€) + e, (0) +
€ 110 (€)) (€1, (0)- €411 (€)- €11, (0. €41 (@)1, X
Muvers s actiol (€W + € (@) + ey, (v) +

€L(Hy) (e)) (er (w). €L(Hy) (e). €Hy (v). €L(Hy) (e))]

Therefore
ReBG3[[E(Hk) =6[1F,[(4k +4i —2)(2Qk +2(i — 1) + 1)?] x
6I1° 1 i[(4k +4i —2)(2k + 2(i — 1) + 1)?] x

12 [T i[(4k + 40) (2K + 20)?]
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CHAPTER 3

EDGE VERSION OF FIRST, SECOND AND HYPER
ZAGREB ECCENTRIC, MODIFIED ECCENTRIC
INDICES AND MULTIPLICATIVE ECCENTRIC
INDICES OF GRAPH L(G) = L(Hk)

In this chapter, we calculate the edge version of First, Second and hyper
zagreb eccentric indices and modified first and second eccentric indices. Also, we
determine the multiplicative first, second and hyper zagreb eccentric indices and
modified multiplicative first and second eccentric indices of Circumcronone series

Benzenoid graph L(G).

we calculate the edge version of first, second and hyper zagreb indices as

ME(L(G)) = Zereranlena (@) + ey ()], (3.1)
MyE(L(G)) = Eer cr(uiar)| ey (€) ¥ 1oy (f)] and (3.2)
HM,E(L(G)) = Yefcruionleney (@) + evey(N]* (3.3)
HME(L(®)) = Zercrwienle (@) x e (N - (3.4)

Also, we calculate the edge version of multiplicative first, second and hyper

zagreb indices as

ML EL®)) = [os couanlen (@ + ewe ()] (35)
MILELG) = [lofcrponler @ e (] and  (36)
HM T E(L(6)) = Tlof cnuonlen (@) + euy (D] (3.7)
HMILELG) = [l arpuelee@x el . (38)

71



We define the edge version of modified eccentric indices as

1

liE(L(G)) = ZefEE(L(G)) eL(G)(e)‘l'eL(G)(f), (3.9)
1
"M2E(L(G)) = ZefeE(L(G)) erio @~ erey () (3.10)
and the edge version of harmonic eccentric index as
2
HoE(L(G)) = ZefeE(L(G)) (3.11)

ey (@+eri)(f)

Also, we define the edge version of modified Multiplicative eccentric indices as

1

"MLUIIE(L(G)) = HefEE(L(G)) ero @ tery () (3.12)
1
"MIIE(L(G)) = [lefcrwio)) P and (3.13)
the edge version of multiplicative harmonic eccentric index as
2
HITE(L(G)) = HefeE(L(G)) (3.14)

ere)(@+eLy(f)

Where in all the cases ef means that the edges in L(G), we have e, (e) is

the eccentricity of e in the line graph L(G) of G.

If Gisa(p, q) graph whose vertices have degrees di, then L(G) has q vertices
and q. edges, where qi=—q + %Z d;?.

From the general representation of line graph of circumcoronene series of

Benzenoid L(Hk) (k > 1) with edges marking (Fig. 1.3.3)

Let Vi be the vertex set of L(Hk) and Ex be the edge set in L(Hx), then

| Vic| = 9k?-3k and | Ex | = 18k?~12k for the structure of L(H).
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We give these values in the follows:

No. of Eccentricity No. of edge (eL)(e), eL)(f))

Vertices Ofein set

nLe) LG (e(u), e(v))

6 2k+1 6x3 (2k+1, 2k+1)

6 2k+1 6X2 (2k+1, 2k+2)

12 2k+2 6x3 (2k+2, 2k+3)

6 2k+3 6 x 4 (2k+3, 2k+3)

12 2k+3 6 x 4 (2k+3, 2k+4)

24 2k+4 6x5 (2k+4, 2k+5)

6 2k+5 6 X6 (2k+5, 2k+5)

18 2k+5 6 X6 (2k+5, 2k+6)

36 2k+6 6X7 (2k+6, 2k+7)

6 2k+2(k-2) -1 6x(2k-4) (2k+2(k-2) -1, 2k+2(k—2) —1)

6(k-2)  2k+2(k-2) -1 6x(2k-4) (2k+2(k-2) -1, 2k+2(k-2))

12(k-2)  2k+2(k-2) 6x(2k-3) (2k+2(k-2), 2k+2(k-1) —1)

6 2k+2(k-1) -1 6x(2k-2) (2k+2(k-1) -1, 2k+2(k—-1) —1)

6(k-1)  2k+2(k-1) -1 6x(2k-2) (2k+2(k-1) 1, 2k+2(k-1))

12(k-1)  ppap(k-1) 6x(2k-3) (2k+2(k=1), 2k+2(k=1)+1)

6 k+2(k—-1)+1 62 (2k+2(k=1)+1, 2k+2(k-1)+1)
Table 3.1.1

3.1  First, Second, Hyper Zagreb eccentric indices and multiplicative First,
Second, Hyper Zagreb eccentric indices of graph L(Hx):

In this section we calculate the edge version of First, Second, hyper zagreb
eccentric indices and edge version of multiplicative first, second eccentric indices of

Circumcronone series Benzenoid graph L(Hk).
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Theorem 3.1.1: For any positive integer number Kk, let L(G) = L(Hx) be the general
form of line graph of circumcoronene series of benzenoid system, then

() MyE(L(G)) = 12k*+32k3+102k?-382k + 524

(i) MyE(L(G)) = 176k* + 56k~ 1060k? + 1126k - 122

(iit) HM,E(L(G)) = 660k* + 725k3- 4665k? + 4787k — 509

(iv) HM,E(L(G))= 544k°+7808k5-31080k*+37360k >~21904k?+6380k-270

Proof: Consider the General form of line graph L(Hk) - Circumcoronene series.

Hence we have
(i) MiE(L(G)) = ZefeE(L(G))[eL(G)(e) + eL(G)(f)]
= ZefeEl(L(G))[eL(G) (e) + €L (f)]+ ------ +

Yef cbsunr@nleL (@ + e ()]

Therefore
=6 x3[4k + 2] + 6x2[4k + 3] +6 x(2i + 1) ¥ 2(4k + 4i)
6 x (20 + 2) XK 2(4k + 4i + 1)+
6 x(2i +2) Y 2(4k + 4i + 3) +

6 x3[(2k — 3)(8k — 4)] + 6x2[(8k — 3)]

After simplification, we get

M,E(L(G)) = 12k*+32k3+102k?-382k + 524

(ii) My,E(L(G)) = ZefeE(L(G))[eL(G)(e)XeL(G)(f)]
= ZefeEl(L(G))[eL(G) (e)xey) (f)]+-----+

Zef 6E3(k_1)+1(L(G))[eL(G) (e)x €L (f)]
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Therefore
=6 x 3[(2k + 1)°] + 6x2[(2k + 1)(2k + 2)] +
6 x(2i+ D) LT 2k + 1)+
6 x (20 +2) Y22k + 20)(2k + 2i + 1)+
6 xQi+2)N 2k +2i+1) 2k +2i+2) +
6x3Q2k — 3)[(2k +2(k —1)?] +

6x2[(2k + 2(k — 1)) (2k + 2(k — 1) + 1)]

After simplification, we get

M,E(L(G)) = 176k* + 56k3- 1060k? + 1126k — 122

(iii) HME(L(G)) = ZefeE(L(G))[eL(G)(e) + eL(G)(f)] ?
= ZefeEl(L(G))[eL(G)(e) + eL(G)(f)] R O +

ZefeE3(k_1)+1(L(G))[eL(G) (e) + eL(G)(f)] ‘

Therefore
= 6x3[4k + 2]* + 6x2[4k + 3]* +
6 x(2i + 1) Y24k + 4i]% +
6 x(2i +2) Y24k + 4i + 1)]* +
6 x(2i +2) Y2 [(4k + 4i + 3)]* +

6 x3(2k — 3)[8k — 4]* + 6x2[(8k — 3)]?

After simplification, we get

HM,E(L(G)) = 660k* + 725k3- 4665k? + 4787k - 509
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(iv) HM,E(L(G)) = ZefeE(L(G))[eL(G) (e)xey) (f)] ?
= ZefeEl(L(G))[eL(G)(e)XeL(G)(f)] 2+ +

ZefeE3(k_1)+1(L(G))[eL(G)(e)xeL(G)(f)] ?

Therefore
=6x3[(2k+1)?]° + 6x2[(2k + 1)(2k + 2)]*+
6 x(2i + 1) XX2[(2k + 20) 2 )%+
6 x(2i + 2) Y22k + 20)(2k + 2i + 1)]*+
6 x (20 + 2) Y222k + 2i + 1) (2k + 2i + 2)]*+
6x3(2k — 3)[(2k + 2(k — 1))2]*+

6x2[(2k + 2(k — 1))(2k + 2(k — 1) + 1)]?

After simplification, we get

HM,E(L(G)) = 544k5+7808k>-31080k*+37360k3-21904k2+6380k-270
For example, let us evaluate these indices for L(H4).

Consider the L(Ha) - line graph of Circumcircumcoronene .
Let V, be the vertex setand E, be the edge setin L(H4) then | V,| = 132 and| E,| =

240.
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Also, the number of vertices of L(G), the eccentricity of e, e, ) (e) inthe line graph

L(G) are given as follows:

Fig. 3.1.1: L(H4)-Circumcircumcoronene

No. of Eccentricity No. of edge (eL)(e),

Vertices ofein set eLe)(f))

In L(G) L(G) (e(u), e(v))
6 9 18 (9, 9)
6 9 12 (9, 10)
12 10 18 (10, 10)
6 10 24 (10, 11)
12 11 24 (11, 12)
24 12 30 (12, 12)
6 12 36 (12, 13)
18 13 36 (13, 14)
36 14 30 (14. 14)
6 14 12 (14, 15)

Table 3.1.2
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Thus we have,

() MiE(L(Hy)) = Eef cruien|enior(@) + evi ()] = 5748

(i) ME(L(HY) = Eefer(uion)lenier () x ey ()] = 35034
(@)HME(L(HY) = Yercrwionlene (@) + e (f)] * = 3945168

(iv) HM,E(L(Hy)) = ZefeE(L(G)) [eL(G)(e)XeL(G)(f)] ? = 157593348

Corollary 3.1.2: L(Hy) be the first terms of the line graph of Circumcoronene series
of Benzenoid L(Hk). Then,
(i) MyE(L(Hy)) =36, (ii) M,E(L(H,)) = 54,

(iii) HM,E(L(H,)) = 216 and (iv) HM,E(L(H,)) = 486.

Corollary 3.1.3: L(H2)be the second terms of the line graph of Circumcoronene
series of Benzenoid L(Hk). Then
(i) M, E(L(H)) = 540, (ii) M,E(L(H,)) = 1530,

(iii) HM,E(L(H,)) = 6144 and (iv) HM,E (L(H,)) = 50994.

Corollary 3.1.4: L(Hs)be the third terms of the line graph of Circumcoronene series
of Benzenoid L(H«). Then (i) M;E(L(H3)) = 2196, (ii) M,E(L(H3)) = 9714,

(i) HM,E (L(H,)) = 38928 and (iv) HM,E (L(Hs)) = 798594

Theorem 3.1.5: For any positive integer number k, let L(Hk) be the general form of

line graph of circumcoronene series of benzenoid system, then

() M I, E(L(G))
= 6x3[4k + 2] + 6x2[4k + 3] + 6x(2i + 1) [[E2(4k + 40)

6 x(2i + 2) [[-2(4k + 4i + 3)+
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6 x(2i + 2) [[2(4k +4i + 1) +

6 x3[(2k — 3)(8k — 4)] + 6x2[(8k — 3)]

(i) M I, E(L(G)) = 6x3[(2k + 1) *]x 6x 2[(2k + 1)(2k + 2)]x
6x i+ D22k + 1) x
6 x(2i + 2) 122k + 2) 2k + 2i + 1)) x
6 x(2i + 2) [1-2(2k + 2i + 1) (2k + 2i + 2) x
6 x3(2k — 3)[(2k + 2(k — 1)?]x

6x2[(2k + 2(k — 1))(2k + 2(k — 1) + 1)]

(iii) HM [T, E(L(G)) = 6x 3[4k + 2]* + 6x 2[4k + 3]* +
6 x (2i + DI (4k +40)° +
6 x(2i + 2) 124k + 4i+ 1) +
6 x(2i + 2) [1¥-2(4k + 4i + 3) %+

6 x3[(2k — 3)(8k — 4)]? + 6x2[(8k — 3)]

(iv) HM [, E(L(G)) = 6x3[(2k + 1)?]? x6x 2[(2k + 1)(2k + 2)]? x
6 x(2i + DITE2[(2k + 1)) %
6 x(2i + 2) [TF-2((2k + 20)(2k + 2i + 1)) * x
6 x (20 + 2) [I2[(2k + 2i + 1) 2k + 2i + 2)]* x
6 x3(2k — 3)[(2k +2(k — 1)?]% x

6 x2[(2k +2(k — 1))k + 2(k — 1) + 1)] ?
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Proof: Consider the General form of line graph L(Hk)- Circumcoronene series.

Hence we have

() ML ELG) = Moy cxuiay)lenier (&) + ewioy ()]
= [Les cr, o lero (@ + ev e (D]x.....x
Muversgsyer@ler (@) + eve (]
= 6x3[4k + 2] + 6x2[4k + 3] +
6 x (2i + 1) [[¥-2(4k + 4i)x
6 x (2i + 2) [1F-2(4k + 4i + 3)x
6 x (2i + 2) [1F-2(4k + 4i + 1) x

6x3[(2k — 3)(8k — 4)] + 6x2[(8k — 3)]

(i) M1 E(L(G)) = [ler cewionlens (€ x ev) ()]
= Meree, wenleria (€ x eviey (H]x...x
[ef crsgenyerzonlene (@ x e (]
= 6 x3[(2k + 1) 2] x6x 2[(2k + 1)(2k + 2)] x
6 x(2i + D122k + 1) x
6 x (2i + 2) [TF-2((2k + 20)(2k + 2i + 1)) x
6 x(2i + 2) [1F-2(2k + 2i + 1) x 2k + 2i +2) x
6x3(2k — 3)[(2k + 2(k — 1)?] x

6x2[(2k + 2(k — 1))(2k + 2(k — 1) + 1)]
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(iil) HM T, E(L(G)) = TLef caquionlevio (@) +eue (A]°
= Mereronlero @+ew (D] xox
et ctsenymunler @ +ea (]
=6 x3[4k + 2]% + 6x2[4k + 3]* +
6 x(2i + 1) [1F-2(4k + 40)*+
6 x(2i+2) [k +4i+1)° +
6 x(2i + 2) [[*-2(4k + 4i + 3)*+

6 x 3[(2k — 3)(8k — 4)]> + 6x2[(8k — 3)]?

(V) HM [T, E(L(G)) = Ty cecuion|ercer(@) xesiey (D]

= [es c5, w0 [2c6) (@ xeuey (D] ... x
e ety senlei (€)X (H]

= 6x3[(2k + 1)2]2 x6x2[(2k + 1) (2k + 2)]? x
6 x (2i + D) T2k + 1)%]% x
6 x(2i + 2) [TF-2((2k + 20)(2k + 2i + 1)) * x
6 x (2i + 2) T2k + 2i + 1) 2k + 2i + 2)]* x
6 x3(2k — 3)[(2k + 2(k — 1)?]* x

6 x2[(2k + 2(k — 1))(2k + 2(k = 1) + 1)]

Using MATLAB programme, we have calculated these indices for L(H1),

L(H2) and L(Hs). Those values are given below corollaries.
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Corollary 3.1.6: L(H1)be the first terms of the line graph of Circumcoronene series
of Benzene L(Hx). Then, (i) M1, E(L(H,)) =36, (ii) M1, E(L(H,)) = 54, (iii)

HM T1, E(L(H,)) = 216 and (iv) HM [1, E(L(H,)) = 486.

Corollary 3.1.7: L(H2)be the second terms of the line graph of Circumcoronene
series of Benzene L(Hk). Then

(i) MT1; E(L(H,)) =266872320,(ii) M [1, E(L(H,)) = 1.7636e,

(iii) HM [, E(L(H,)) = 4.5795e*%12and

(iv) HM 1, E(L(H,)) =1.9999¢*16

Corollary 3.1.8: L(Hs)be the third terms of the line graph of Circumcoronene series
of Benzene L(Hx). Then

(i) M1, E(L(H53)) = 2.2049e*17,

(ii) M1, E(L(H;)) = 6.0553e*%2!,

(iii) HM [], E(L(H3)) = 1.0050e%%% and

(iv) HM 1, E(L(Hy)) = 7.5799¢*034.

3.2  Modified first, second eccentric indices and multiplicative modified first,
second eccentric indices of graph L(Hx):

In this section we calculate the edge version of modified first, second zagreb
eccentric indices and multiplicative modified first, second eccentric indices of

Circumcronone series Benzenoid graph L(G).

Theorem 3.2.1: For any positive integer number k, let L(Hk) be the general form of

line graph circumcoronene series of benzenoid system, then

192k6-96k°-60k*+348k3+168k%-66k -36  6k*-18k+18
32k6+40k5-4k*-20k3-6k2 2k2-2k+5

) "ME(L(G)) =
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4608k®-21888k>+43200k*-41184k3+20016k2-4752k+432
864k5+648k*-16416k3+12960k%2-3672k-9072

(i) ™M.E(L(G)) =

960k>+1656k*-7452k3+504k2+5208k—858 +
128k5—-68k*-316k3+185k%2—-89k-33

(i) HoE(L(G)) =

1008k*-2952k344788k2%-3672k+786
64k4-120k3+228k2%2—-152k+30

Proof: Consider the General form of L(Hx)- Circumcoronene graph. Hence we have

1
erc)(@+erc)(f)

() "ME(L(G)) =Xererw

1
erc)(e)+er)(f)

:ZefeEl(L(G))[ ] +..... +

1
erc)(e)tere) ()

Zef EE3(k_1)+1(L(G))[

Therefore
1
=6x3 [2(2k+1)] +6x2 [(4k 3)] +6x(2i+1) L [2(2k+21)]
1
6 x (2 +2) X [ o1+ 6 X Qi+ ) Dl +

1
(4k+4(k—-1)+1)

6 x 3(2k — 3)[ x2[ ]

2(2k+2(k 1))]

After simplification, we get

192k®-96k5-60k*+348k3+168k%2-66k -36 = 6k2-18k+18

m
ME(L(G)) = 32k6+40k5-4k*—20k3-6k2 2k2-2k+5
. 1
(ll) mMZE(L(G)) = ZefeE(L(G)) eLc)(@)xeL)(f)
) ] Rt
ef eE1(L(G)) ergy@xepy(H - T
) [——]
ef Eae-0+1LEDL ¢ o) (e 6y ()
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Therefore

=6x3]

2[————
(2k+1) ] t 6 [(2k+1)(2k+2)]

1

6x(2i+1) T +

(2k+20) 2
1

6x (20 + 2) Zl 1 [(2k+21)(2k+21+1)]+

1
+
(2k+21+1)(2k+21+2)]

6x (20 +2) XF2[

1
2 [(2k+2(k—1))(2k+2(k—1)+1)]

6x3(2k — 3)[

6x

1

k+2(k-1))°

After simplification, we get

m _ 4608k°-21888k°+43200k*-41184k3+20016k2-4752k+432
ME(L(G)) = 5
864k>+648k*-16416k3+12960k2-3672k-9072

- 2
(i)  HoE(L(G)) = Xererwoy) ere)(@)+er ) ()
_ 2
=Seremsaonl s ] T
2
ZefEE3(k—1)+1(L(G))[ er)(@+ericy(f)
Therefore
-6 3[ ]+6 2[—]+6 2i+1) T ——]+
X3\ x(2i+1) Xisy [(2k+21)]
. k—2 2
6x (20 +2) X5 [4k+4l+1] +6x (20 +2) X [4k+4i+3] +

2

6x3(2k — 3)[m] MR brevremryyel

After simplification, we get

960k>+1656k*-7452k3+504k2+5208k—858 = 1008k*-2952k3+4788k2-3672k+786
HoE(L(G)) = +
128k5—-68k*-316k3+185k2—-89k-33 64k*-120k3+228k%2—-152k+30
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Corollary 3.2.2: L(Hq)be the first terms of the line graph of Circumcoronene series
of Benzene L(Hxk).Then

()  ™M:iE(L(H,))=0.1111, (ii) "M2E(L(H,)) = 0.0031 and

(iii) HoE(L(H,)) =0.2222 .

Corollary 3.2.3: L(H2)be the second terms of the line graph of Circumcoronene
series of Coronene L(Hk).Then

(i) ™M1E(L(H,)) =0.1341, (ii) "M2E(L(H,)) = 3.6460e**and

(iii) HoE(L(H,)) = 0.2683 .

Corollary 3.2.4: L(Hs)be the third terms of the line graph of Circumcoronene series
of Circumcoronene L(Hx). Then

(i)  ™MiE(L(H3)) =0.0977, (ii) ™M2E(L(H3)) = 3.7262e%%, and

(i)  HoE(L(H3)) =0.0015.

Theorem 3.2.5: For any positive integer number K, let L(Hx) be the general form of

line graph circumcoronene series of benzenoid system, then

1
2(2k+1)

1
(4k+3)

]+6x(2i+2)l‘[i~‘=‘12[ : ]+

4k+4i+3

(i)  ™MIIIE(L(G)) = 6x 3 [ ] +6x2 [ ] +6x 20+ 1) [ [2(2k1+2i)]+

1
4k+4i+1

6 (20 +2) TI122

1 1
6x3(2k —3) [2(2k+2(k—1))] +6x2 [(4k+4(k—1)+1)]

1

. " _ _r
(i) M2AIE(L(G)) =6 x 3 [(2k+1)zl x6x 2 [(2k+1)(2k+2)] 8

. k-2 L
6x (20 + 2) [[;= [(2k+2i)(2k+2i+1)] X

: k-2 !
6x (2i + 2) [1;= [(2k+2i+1)(2k+2i+2)]><

1 1
6X3(2k - 3) (2k+2(k—1)) 2] x6x2 [(2k+2(k—1))(2k+2(k—1)+1)]

85



(iii)  HIIE(L(G) =6 x 3 | +6x 2i + DT |

1
(2k+1)] +6 [Zk 3 (2k+21)

6 x (2i + 2) [T=2 |+6x (21 + 2) [T

[4k+4 +1 [4k+4l+3]

6x3(2k - 3) [t ] + 652 [

Proof: Consider the General form of L(Hk)- Circumcoronene graph G.

Hence we have

1
erc)(e)+erc)(f)

(i) "MLIE(L(G)) = [leferwieyl ]

1
X
erc)(@+er) (f)]

= [efer, oyl

1
erc)(@)t+eric)(f)

Hef €E3(k_1)+1(L(G))[

= 6x 3[ ]+6><(21+1) 11[

2(2k+1)] x 2 [(4k +3) M]

6x (20 +2) | +6x @i+ ——]+

‘ -1 [4k+4l+1 4k+4i+3

6x3(2k — 3) [Z(ZT(kl))] + 6x2 [m]

1
er6)(e)xere)(f)

(i) "MRIE(L(G)) = [leferwien]

1

_ b, G X
Hef €E1(L(G)) [eL(G)(e)XeL(G)(f)]

1
eL)(e)xerc)(f)

Hef eE3(k_1)+1(L(G))[

=6x3 l(zk+1)2] x6x 2 [(2k+1)(2k+2)] %
1

6x (20 + 2) H [(2k+21)(2k+21+1)

1
[(2k+21+1)(2k+21+2)

6x (20 + 2) [Tk

6x3(2k — 3) [—] X
(2k+2(k—1))

1
6x2 [(2k+2(k—1))(2k+2(k—1)+1)]
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2
eLc)(@+ere)(f)

(iii) HoITE(L(G)) = HefEE(L(G))[ ]

—]
erc)(@+erc)(f)

= HefeEl(L(G))[

2

Hef EE3(k_1)+1(L(G))[

eL@ (@ +er@ ()
:6x3[(2k ]+ 6x2[="—] + 6x(2i + 1) [T& 1[(21(1+21)]+
6 x (21 + 2) T2 6 (2 + 2) T2 ]+

6 x3(2k — 3)[m] +6x2[4k+4(,f—_1)+1]

Using MATLAB programme, we have calculated these indices for L(Ha1),

L(H2) and L(Hs). Those values are given below as corollaries.

Corollary 3.2.6: L(H1)be the first terms of the line graph of Circumcoronene series
of Benzene L(Hx). Then, (i) "M1IIE(L(H,)) = 0.0031,

(i) "MLITE(L(H,)) = 0.0031and (iii) Ho[TE(L(H,)) = 0.0123 .

Corollary 3.2.7: L(H2) be the second terms of the line graph of Circumcoronene

series of Coronene L(Hk).Then,

(i) "M1ITE(L(H,)) = 9.7301e°%, (ii) ™MITE(L(H,)) = 3.6460e 15

and (iii) HpITE(L(H,)) = 1.5568e 9%

Corollary 3.2.8: L(H3) be the third terms of the line graph of Circumcoronene series
of Circumcoronene L(Hx).Then,
(i) "M1IIE(L(H3)) = 7.5276e7%14 | (ii) ™"M2IIE(L(Hs)) = 3.4140e7%3!

and (iii) HpITE(L(Hs3)) = 9.6353e %12,
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3.3  Eccentricity based on Zagreb indices, Redefined Zagreb indices and
Gourava indices and hyper Gourava indices of polynomials for L(Hk):

In this section, we calculate the eccentricity based on Zagreb indices,
Redefined Zagreb indices and Gourava indices and hyper Gourava indices of

polynomials for L(Hx).

Theorem 3.3.1: For any positive integer number k, let L(Hk) be the general form of
line graph of circumcoronene series of benzenoid system, then we calculate the
following indices of

(i) FE(L(G)), (ii) B1E(L(G, x)), (iii) B2E(L(G, X)), (iv) B3E(L(G)),

(v) B3E(L(G, x)),(vi) B4E(L(G, X)), (vii) BsE(L(G, X)), (viii) Ba, bE(L(G, X))

and (ix) Ba, bE(L(G, X)) for the graph (Hx).

Proof: Consider the General form of L(Hk)- Circumcoronene graph G.

Hence we have

(i) FE(L(G)) = Xefeew@enlen (@)’ + e ()]
=6 x3[2QRk+1)*]+6x2[2k+1)* + 2k +2)*] +
6 x (2i + 1) T[22k + 1)) ]+
6 x(2i +2) YX2[(2k + 20)* + 2k + 2i + 1)*]+
6 x(Qi+2)Y 2k +2i+1)* + Rk +2i +2)*]+

6x3[(2k — 3)][2(2k + 2(k — 1))]*+
6 x2[(2k +2(k—1))* + Rk +2(k — 1) + 1?]

(ll) BlE(L(G, X)) = ZefEE(L(G)) x e (c)(@)+e (g) ()
=6 x3 x2(2k+l) +6x2 x4k+3+6 X(Zl + 1) Z{;—lzx 4k+4i +
6 X(Zl + 2)2{_;—12)6 Ak aie1 +6 X(Zl + 2) Zi_c=—12x4k+4i+3 +

6 x3(2k —3)x & +6x2 x¥3
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(i) B2E(L(G, X)) =Xererr(ey x “ "
=6x3 x(2k+1)2 + 6x2 x(2k+1)(2k+2)+
6 X(Zl + 1) {_{=_12x(2k+1)2 n

6 X(Zi + 2) é‘z_lzx@k v2)EK 24D

6 x 3(2k — 3)x(2k+2<k—1)2 +6x 2 x @r2k-DEk+2k-1)+1)
(iv) BsE(L(G)) = Xererwo) e (€) e ()]
=0 +6x2(-1)+0+6x(2i + 2) Y- 2(—1)+
6 x(2Qi+2)YF2(-1) + 0+ 6x2(—1)
= —24+6x(2i + 2) X 2(—1)+6x(2i + 2) ¥ 2(—1)
(V) BiE(L(G, %) = Zereraayx @7
= —24+6x(2i + 2) XK 2x M + 6x(20 +2) ¥ Fx P

(Vi) B4E(L(G, X)) = Yo cr(ey X @ @@
=6 x3 x4 G x 2 oy GHDIRkH)+k+2)]
6 X(Zi + 1) {_(=—12x(2k+2i)(4k+4i) +
6 X(Zi + 2) i'(=_12 x(2k+2i)(4k+4i+1) +
6 X(Zi + 2) i(=_12 x @k+2i+1)(@k+4ie3) 4

6 x3(2k — 3)x @ADL\ D 5 G2k DYEK-3)
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(V”) BSE(L(G' X)) = ZefeE(L(G)) x @ (N (E)reLe) ()

=6 x 3 X2 4 G2 x BkFDUEI] 4
6 X(Zl -I— 1) Z{F;lzx2(2k+2i)2+

6 x(2i+ 2) Zi‘z_lz o @kr2iel)@kordicl) 4

6 x (Zi + 2) Zi‘z_lz o @k+2+2)ak+4i43) 4

6 x3(2k — 3)x 232k’ 46 x D x Cer2D D alk-D)+1)

(V”I) Ba, bE(L(G, X)) = ZefEE(L(G)) X a(e () (&) +b(e ) ()

=6 x3 x[a(2k+1)+b(2k+l)] +6x2 x[a(Zk +1)+b(2k+2)] 4
6 x(2i+1) f:—12 5 [@k+2sb@k2)] 4
6 x(2i +2) éf=—12 5 k2 D@k 2142y

6 X(Zl + 2) 5‘7:_12 x [@k+2i41)+bRk+2i42)]

6 x 3(2k — 3)x A DD 4y 9 g K2 b2k 1)

Ba, bE(L(G, X)) = ZefeE(L(G)) x e @)+ e (T)+b)

=6 x 3 x[(2k+l)+a+(2k+l)+b)] +6x2 x[(2k+1)+a+(2k+2)+b)]+

6 x(2i+1) ic=_12 5 (k202 @k 2)+b]
6 x(2i +2) ?;12 5 [@r2iya) @k2in2) )] o

6 x (Zl + 2) ic=_12 x [(k+2i+1)+a) +(2k+2i+2)+b)] 4

6 x 3(2k — 3)x@c+2ctia@krak-D+o) g

6 x2 x[(2|<+2(k—1+a)+(2k+2(k—1)+l+b)]
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3.3.2 Redefined Zagreb indices for L(Hk)
For any positive integer number k, let L(Hk) be the general form of

circumcoronene series of benzenoid system graph G, then

(i)  ReBGiE(L(G))

4k+2 4k+3 4k+4i
=  6x3 +6x2 +6x (2i + 1) Y k=2
[(2k+1) Al [(2k+1).(2k+2)] ( ) Li=i 2k+20)’
4k+4i+1 4k+4i+3

6x(2i+2)X;2 1[(2k+21)(2k+21+1)] 6x(2+2)82 1[(2k+21+1)(2k+21+2)]+

8k—4 ]+6X 2 8k—-3

6x3(2k — 3)[————
x3( )[(2k+2(k_1))2 [((2k+2(k—1).(2k+2(k—1)+1))

(i) ReBGE(L(G))

(2k+1) (2k+1).(2k+2)

(2k+21)
P A e Takeai

4k+4i

= 6x3[*, —— ]+ 6x (2i + 1) 522 1+
(2k+2i+1).(2k+2i+2)
4k+4i+3

(2k+210).(2k+2i+1)
4k+4i+1

6x(2i+2)XK2[ 1+6x(2i+2) X7 [ 1+

(2k+2(k- 1)) ((2k+2(k-1).2k+2(k-1)+1))

8k-3

6x3(2k — 3)[ ]+6x 2[ ]

Proof: Consider the General form of Hk - Circumcoronene graph G.

Hence we have

erc (e+er(f)
erc (@) -eLic)(f)

(i) ReBG1E(L(G)) = ZefeE(L(G))

-6 x 3[(2k+1)+(2k+1)]+ y [(2k+1)+(2k+2)] +
(2k+1).(2k+1) (2k+1).(2k+2)

(2k+21)+(2k+21)]
(2k+2i).(2k+20)

6x (20 +1) Yk 2

(2k+2D)+(2k+2i+1)
(2k+2i).(2k+2i+1)

6 x (2i+2)XK2

1+

(2k+2i+1)+(2k+2i+2)
(2k+2i+1).(2k+2i+2)

6 x 2i+2) LT 1+
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(2k+2(k-1)+(2k+2(k-1))
((2k+2(k-1).(2k+2(k-1))

6 x 3(2k — 3)[ ]+

(2k+2(k—-1)+(2k+2(k—-1)+1))

6 2[ ((2k+2(k—1).(2k+2(k—1)+1)):I
Therefore
4k+2 4k+3 4k +4i
= +6x 22—+ 2i + 1) Yk=2 +
6><3[(2k+1)2] 6x [(2k+1).(2k+2)] 6x (2i + )Zl—l (2k+2i)2]
4k+4i+1 4k+4i+3

6x(2i+2) X7

]+6x(2i+2)Y k-2

+
(2k+2i).(2k+2i+1) (2k+2i+1). (2k+21+2)]

— STt q46x 2[ 8k-3
k+2(k-1))° ((2k+2(k-1).(2k+2(k-1)+1))

6x3(2k — 3)]

.. e (e).e @)
(i)  ReBG2E(L(G)) = ZefeE(L(G)) ezgg(eﬂeig(f)

Therefore

(2k+1) (2k+1).(2k+2)

=6x 3[ 4k+3 1+

]+6><2[

(2k+21)
4k+4i

(2k+20).2k+2i+1)
4k+4i+1

6 x (2i + 1) X2 ]+ 6 x (2i+2)y K2

1+

(2k+2i+1).(2k+2i+2)
4k+4i+3

(2k+2(k-1)) 2
8k—4

6 x 2i+2)LiZ][ ] +6x3(2k —3)[ ]+

((2k+2(k—1).(2k+2(k—1)+1))]
8k-3

6 x 2[

3.3.3 Gourava indices and Hyper - Gourava indices of L(Hk)
For any positive integer number k, let L(Hk) be the general form of
circumcoronene series of benzenoid system graph G. Here, we determine the

Gourava indices and Hyper-Gourava indices of L(Hx).

92



Hence we have

()  GOE(L(G)) =Xererwien(era) (@) + eney () + (er@ () ()
=6x3[3(2k + 1)*]+ 6x2[2k + 1) + 2k +2) + (2k + D2k + 2))| +
6 x(2i + 1) XE2[(3(2k + 20))°1 +

v [k +20))+ Q2k+2i+1) +

6x (20 + 2) X} ((2k + 20)(2k + 2i + 1))]

ez |2k +2i+ 1)+ 2k + 2i + 2)+
=14k + 2i + 1) (2k + 2i + 2)]

6 xQ2i+2)Y
6 x3[(2k — 3)][B(2k + 2(k —1))°] +
6x2[2k +2(k — 1)+ k +2(k — 1) + 1)) +

(Rk+ 2k —1)R2k+2(k—1) +1)]

(ii)  GOE(L(G)) =Xererwier(€ri (@) + ewe) () (e (e)er (f)
= 6x3[2Q2k + 1)°] + 6x2[(4k + 3)(2k + 1) + 2k + 2)]+
6 x(2i + 1) T2[(2(2k + 21)) ° (2k + 20)]+
6 x(Qi+2)Y 2[4k +4i+ DRk +2)) + Rk +2i+ 1)] +
6 x(2i +2) Y2 [(4k + 4i + 3)(Rk + 2i + 1) + 2k + 2i + 2)]+
6x3[(2k — 322k +2(k —1))°] +
6x2[(2k +2(k —1))* (2k + 2(k — 1) + 1)+

Qk+2(k—-1)+ 1)k + 2k —1))]

(i) HGOWE(L(G)) =Zereraonl(euie)(@) + euey () + (euw)(@er (NI
= 6x3[3(2k + 1)°]?
6x2[(2k + 1) + 2k + 2) + ((2k + 1) 2k + 2))]*+
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6 x (2i + 1) T2[(3(2k + 20))°] 7 +
6x(2i+2) Xk +2) + Qk+2i+ 1) +
((2k + 20)(2k + 2i + 1))]°+
6xQi+2)YHQRk+2i+ 1)+ Rk +2i+2)+
(Qk+2i+ 1)k +2i+2)]°+
6x3[(2k — D][B(2k + 2(k —1))°]? +
6x2[2k+2(k -1 + 2k +2(k—1) +1))°+

((2k + 2(k — 1))(2k + 2(k — 1) + 1)]

(ii))  HGOE(L(G)) =Xercrwionl(er (€) + evw () (ers) (€)ews) (]
= 6x3[2QRk+1)°]* + 6x2[(4k +3)(2k + 1) + 2k + 2)]* +
6x(2i + 1) T2[(2(2k + 20)) ° (2k + 20)]*+
6x (20 + 2) X2 (4k + 4i + D)2k + 20) + 2k + 2i + 1)] 2+
6x(2i +2) Y 2[(4k +4i +3)Rk +2i + 1) + 2k + 2i + 2)] *+
6x3[(2k — 3)I[(2(2k + 2(k — 1))°]*+
6x2[(2k + 2(k — 1))* (2k + 2(k — 1) + 1)+

Rk+2(k—1)+1)*(2k + 2(k — 1))]?
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CHAPTER 4

ECCENTRIC INDICES OF BORON
TRIANGULAR NANOTUBES

In this chapter, we calculate the Milan Randic eccentric, inverse Randic
eccentric, Reduced reciprocal Randic eccentric boron triangular nanotubes index,
reduced second Zagreb eccentric, sum line connectivity eccentric boron triangular

nanotubes index Eccentric indices of Boron Triangular Nanotubes.

We introduced the Milan Randic eccentric boron triangular nanotubes index,
defined as

1

[e@(W+ e (V).

For general detains about R-12(G) and its generalized Randic eccentric boron

R4/, (EBTN[m, n]) = X,

(4.1)

triangular nanotubes index, defined as

Ro (EBTN[m, n]) = Yoo !

4.2)
ey + ey )

We introduced the inverse Randic eccentric boron triangular nanotubes index,
defined as

RRa (EBTN[m, n]) = Zue(e(c)(u) + e(G) ('U))a. (43)

We introduced the reciprocal Randic eccentric boron triangular nanotubes

index, defined as

RR(EBTN[m, n]) = Yuvekq) \/ e (u) xe) (v). (4.4)
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We introduced the Reduced reciprocal Randic eccentric boron triangular

nanotubes index is defined as

RRR(EBTN[m, n]) = Yver(q) \/(e((;)(u) —Dle(v) — 1) (4.5)

Also, we introduced two indices, defined as

M1(EBTN[m, n])=Y,(e) (W) + e (¥))¥ and (4.6)

M2(G) :Zue(e(G) (U)Xe(c) (v)*. (4.7)

We introduced the reduced second Zagreb eccentric boron triangular

nanotubes index, defined as
RM, (EBTN[m, n]) = Yyver(e) (e (W) — D (e () — 1). (4.8)

We introduced the Forgotten eccentric boron triangular nanotubes index,

defined as

F(EBTN[m,n]) = ¥per6)(e)())’ + (e (v))?). (4.9)

We introduced the first & second modified Zagreb eccentric boron triangular

nanotubes index, defined as

1

i _ . +r
Bl(EBTN [m; 1’1]) - Zue ec)(W+ e (v) an

(4.10)

1
m o _—
B2(EBTN[m, n]) = Y,¢ P Yoo, (4.11)

We introduced the harmonic eccentric boron triangular nanotubes index

defined as

2

H(EBTN[m, n]) = Zuvemm

(4.12)
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We introduced inverse sum eccentric boron triangular nanotubes index,

defined as

_ e (W) xe(g)(v)
I((EBTN[m, n]) = Y.,e P T (4.13)

We introduced the augmented zagreb eccentric boron triangular nanotubes
index,

defined as  A(EBTN[m, n]) = 3, ,{—@W*@® 4 (4.14)

€G) (wW+ €G) (v)-2

We introduced the Randic connectivity eccentric index called the geometric-

arithmetic eccentric boron triangular nanotubes index, defined as

2 (o) e )

GA(EBTN[m, n]) =
( [m, ) = e <o)

(4.15)

We introduced the eccentricity based connectivity eccentric boron triangular

nanotubes index, defined as

1

/ec(u) erLc)(e) .

We introduced the sum line connectivity eccentric boron triangular nanotubes

YE(EBTN[m,n]) = Y., (4.16)

index, defined as

e (e)
SLCEII (EBTN[m, n]) =X, /W (4.17)

4.1. Some eccentric indices of Boron Triangular Nanotubes:
In this section, we introduced the molecular graphs of eccentricity of boron

triangular nanotubes by EBTN[m, n] respectively, where m is the number of rows
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and n is the number of columns in a EBTN[m, n]as shown in order 3mn/2 and size

3n(3m - 2)/2.
Molecular graph Order Size
EBTN[m, n] 3mn/2 3n(3m - 2)/2
Table 4.1.1

Also the number of edges with eccentricities of end vertices of G and L(G)

are given as follows:

Edge set No. of Eccentricity of end Eccentricity
edges vertices of e in L(G),
e=uv (e(u), e(V)) eLe) (e)

E: 2(m-1) (m-1, m-1) m

E2 4(m-1) (m-1, m-2) m-1

Es 2(m-1) (m-2, m-2) m-1

E4 4(m-1) (m-2, m-3) m-2

Es 2(m-1) (m-3, m-3) m-2

Ee 4(m-1) (m-3, m-4) m-3

E7 2(m-1) (m-4, m-4) m-3

Es 4(m-1) (m-4, m-5) m-4

Eo 2(m-1) (m-5, m-5) m-4

E1o 4(m-1) (m-5, m-6) m-5

Em-s 2(m-1) ((m+5)/2, (m+3)/2)) (m+5)/2

Em-4 4(m-1) ((m+3)/2, (m+3)/2)) (m+5)/2

Em-s 2(m-1) ((m+3)/2, (m+1)/2)) (m+3)/2

Em-2 4(m-1) ((m+1)/2, (m+1)/2)) (m+3)/2

Em-1 2(m-1) ((m+1)/2, (m+1)/2)) (m+1)/2

Em (m-1) ((m+1)/2, (m+1)/2)) (m+1)/2

Table 4.1.2
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Theorem 4.1.1: Let the graph G = EBTN[m, n] be a eccentricity of boron triangular

nanotubes respectively, then
(i)  EBTNBi[m,n] =26 m2+8mn—26m — 8n — 4

(i)  EBTNBz[m,n] =(m — 1)[m (4m—4) —n(n*— 2n2 — p 4 2)]+

(mT—l) [m (4m— 4n2+4n) + n(n°— 2n2 4 p)
(iii) EBTNHBi[m,n]=48m2p —32m? — 48m?n2+12mn* —14mn’+52mn? —
40mn —12n* +24n°* —4n° + 34 m® — 2m*+4m—-8n — 4

(iv) EBTNHB2[m, n] = (m— 1)[4m? 4+ 4mn? — 4m — n*+2n° + n* —2n]*+

(=9)[36m+14n? — 14n — 32]

Proof: Consider the eccentricity of boron triangular nanotube EBTN[m, n] nanotube.

From fig.1.3.5 EBTN [m, n] nanotube
LetV,, , bethe vertex setand E,, , be the edge set in EBTN [m, n], then

3mn 3n(3m — 2)
|Vm’ n| = and|E,| = > :

Also the number of edges with eccentricities of end vertices of G and L(G) are given

()  EBTNB,[m,n] = Xy[ec(w) + ey (e)]

= Ze=quE(G)[eG(u) + eL(G)(e) +ec(v) + eL(G) (3)]
= ZquEl(G)[eG(u) + ey (e) +eg(v) + ey (e)]+ ----- +
ZuveEm(G)[eG(u) + ey (e) +ec(v) + ey (e)]
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Therefore
=2(m-1) [Xt(Am+ (2-4i) ]+

A(m-1) [ X5 (4m — (1 + 40) 1+ 2m (m-1)

After simplification, we get

EBTNB, [m,n] =26 m2+8mn —-26m — 8n -4

(i)  EBTNB,[m,n] = Y,.[ec(w)xe, s (e)]
= Yuver, (o] (ec (W) xe 6y () + (e (W) xe gy (e))] +...... ..

ZquEm(G) [(eq(w) XeL(G) (e)) + (eg(v) XeL(G) (e))]

Therefore
=2(m-1) 2¥tm—i)(m—-1+i)]+
AM-) [ X m—D)*+(m—-(1+i)(m—-i)]+

g (m-1) (m2-1)

After simplification, we get

EBTNB, [m,n] = (m — 1)[m(4m—4) —n(n’—2n? —n 4 2)]+

(_m2—1) [m (4m— 4n2+4n) + n(n°— 2n? 4 )

(i) EBTNHB, [m,n] = Yy.[ecw) + ey (e)]’
ZZquEl(G)[eG (W) + ey (@] + [ec(v) + eL(G)(e)]2]+-----+

Fvern(@ | [66 (0 + e @] + [es(®) + ey (@] ]
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Therefore
=2m-1)Y2(2m — (2i —1))? 1+
4m-1) X H2(m - D)]? + [(2m — (2i + 1)]2 + (m-1) (2m?2)

After simplification, we get

EBTNHB, [m,n] =48m?p — 32m2 — 48m?n2+12mn* —14mn’*+52mn’ —

40mn =12n*+24n®* —4n° + 34 m® — 2m°*+4m—8n — 4

(iv) EBTNHB,[m,n] = Yu[ecw) X e,gy(e)]”
= Ye-wer;(o)[[€6 Wxey gy (@] + [ec(@)xey @] T+... .+

Yeuve, o [[ec@Wxenc (@] + [ec(@)xe gy (@)]’]

Therefore
=2(m-1)Yt2[(m—D(im—1+10)°] +
Am-DE[(m =D+ (m— A+ D)(m—1D)]? +

m? -1
4

(m-1) [2( )*]

After simplification, we get

EBTNHBZ[m,n] = (m— 1)[4m2 4+ 4mn? — 4m — n*+2n® + n? — 2n]2+

(mT_l)[36m+14n2 — 14n — 32]
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Theorem 4.1.2: Let the graph G = EBTN [m, n] be a eccentric indices of boron

triangular nanotubes respectively, then

1

() R/, (EBTN[m,n]) =

Jze m? +8mn -26m — 8n — 4

1

(i)  R«(EBTN[m, n])=

(26 m* +8mn 26m — 8n - 4)°

(iii) RRa (EBTN[m,n]) = (26 m* + 8mn - 26m — 8n — 4)°

(iv) Mi(EBTN[m, n])= (26 m* + 8mn - 26m — 8n — 4)°

(V)  M(EBTN[m, n]) =(m — 1)[m (4m—4) —n(n’—2n2 —n 4 2)]+

(mT—l) [Mm (4m— 4n2+4n) + n(n°— 2n2 4 p)

Proof: Consider the eccentricity of boron triangular nanotubes G = EBTN [m, n].
Hence we have

1

(') R (EBTN [m' 1’1]) = Zue
fe(G)(U)+ e @)

= ZquEl(G) - ot
\/e(;(u)+eL(G)(e)+€G(V)+€L(G)(9)

1

ZuveEm(G) \/

ecWter g (e)teg(w)ter g (e)

1

JZ(m—1)[Z?=‘11(4m+(2—4i)+ 4(m-1) [ X1 (4m—(1+40) ]+ 2m (m-1)

After simplification, we get

1

R EBTN|m, =
e ) st m?2 +8mn -26m — 8n — 4
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1

(i) R, (EBTN[m, n]) = Y. 5
(ecy(W+ egy()

1
:ZquEl(G) 2+.....+
(ecW+tepg(e)+teg(w)terg(e))

1

D UvEE (G
WEEM(S) ) ter (@) rec ) ter (@)

1

- (2(m-1)[ T2 (am+(2-4D)+ 4(m-1)+ [ T (4m—(1+40) |+ 2m (m-1))

After simplification, we get

R, (EBTN[m, n]) = :

(26 m 2 +8mn -26m — 8n — 4) 2

(iii)  RRo (EBTN[m, n]) = $ye(e(ay(W) + ey (1)
= Vuverso)(ec (W) + ey (@) + €6 (1) + ey (@) +..o.t
Suvetm(@) (@6 (1) + €16 (€) + e () + ey6)(€))"
= [2(m-1) [ S 4m + (2 - 4D) ] +

4(m-1) [ X1 (4m — (1 + 4i) ] + 2m (m-1)]*

After simplification, we get

RRa (EBTN[m,n]) = (26 m? + 8mn- 26m — 8n — 4)*

(iv) M, (EBTN[m, n]) = Xye(e) (W) + e (v)*
= Youwer, ) (66 W) + ey (e) + ec(v) + ey (e))* +......+
Yuves,c)(€c (W) + ey (e) + eq(v) + e iy (e))”
=[2(m-1) [ (4m + (2 - 4) ] +
4m-1) [ X4m — (1 + 4i) ]+ 2m (m-1)]“

103



After simplification, we get

M, (EBTN[m,n]) = (26 m* + 8mn- 26m — 8n — 4)°
(v) M, (EBTN[m,n]) =Xe(ec)(Wxe) ()~
= Yuver, (6)(((ec (Wxey iy (€)) + (e (V)xey)(€)))* +......

ZquEm(G) (((eq (u)xeL(G) (e)) + (eg (V)XeL(G) (e)))®

=[2m-) 22X~ m—-Dm -1+ ]+
Am-1) [ m -+ (m—-A+D(m—-0) ]+

> (m-D) (me-1)] ¢

After simplification, we get
M, (EBTN[m,n]) = (m — 1)[m (4m—4) —n(n’—2n? —n + 2)]+
m-1 3
(T) [m (4m—4n2+4n) + n(n°— 2n? 4 p)

Theorem 4.1.3: Let the graph G = EBTN [m, n] be a eccentricity of boron triangular

nanotubes respectively, then

2 2 4 3 2
16m -—-8mn +4n -8n +8mn+4n

(1) MB1(EBTN[m, n]) =4(m _1)[ men’ —n—1 ]+

[ am-2n° +2n-1 ]+(m-1)3
am m

2 2 4 3 2
—-4mn +6mn+2m+n -3n +n +2n
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(i)  ™Bo(EBTN[m,n]) = 2(m - 1)[

4
16mn +16mn+16m+4n —8n +4n +8n]+

2 4 32
(4m —-4mn +4mn+4m+n -2n -n +2)

[ ]
13 (m-l) (4m2 —4mn’® +4mn-2m+n* —2n°+2n° —3n)2 | + 8
|8m3—12m2n2 —4m2 +12m2 n—4mn+6mn4 —16mn3+10mn2 I m+1
—116—3715—6n4+5na—n2 J
2
(iii) Ho(EBTN[m,n]) =2(m - 1)[ 2m-n +n-l ]+
8m —8mn +8mn-— 8m+n —2n +3n —-2n+1

am+2n’ +2n+1

4(m-1)[ ]+(m—1)(%)

am —4mn2 +4mn+2m+n4 —-2n +n

Proof: Consider the boron triangular nanotube G = EBTN[m, n].

Hence we have

1

. m = - =
(l) Bl(EBTN [m’ n]) Zue E(G)(u)+ e(G)(v)

_ 1 1
- ZuUEEl(G)[ ec,(u)+ eL(G) (e) e(;(v)+ eL(G) (e T +
1 1
ZuveEm(G)[ ec(W+epigle) egv)+ eL(G)(e)]
Therefore
= 2(m-1)ypp Dy
((m=-D+(m-1-1))
4m—(4i+1) 2
4(m 1) i= 1 (2m-=-2i)(2m- (21+1))] (m 1)m
After simplification, we get
Zm—nz—n—l
MB1(EBTN[m, n]) = 4(m - 1)[ — 2]+
16m —-8mn +4n -8n +8mn+4n

[ 4m-2n° +2n-1 ]+(m-1)3
4m m

2 2 4 3 2
—-4mn +6mn+2m+n -3n +n +2n
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1

(i) "B2(EBTN[m, n]) = Tuvere) ;e
1 1

_ Font
Zwen; @) somrera@ T set e @)

1 1
eg(Wxepg(e)  eg(WM)xer(e)

ZquEm(G)[

2(m—-i)(m—-i+1) "

=2(m-1)Xi)

((m—i)(m-i+1))°

, . 2
4m-Dpp I 4 (m-1) (7

(m—i) > (m-(1+0))) m? -1

)

After simplification, we get

MBo(EBTN[m, n]) = 2(m -1)

16m? —16mn’ +16mn+16m+4n " —8n° +4n > +8n]+

2 2 4 3 2 2
(4m  —4mn” +4mn+4m+n -2n -n +2)

1

2 2 4 3 2 2
13 (m 1) (4m” —4mn” +4mn-2m+n -2n +2n° —-3n) + 8
4 {Bm3 —12m2 n2 —4m2 +12m2 n—4mn+6mn4 —16mn3 +10mn2‘ m+1
—n®-3n’-6n* +5n°-n?

2
eg(W+ eL(G)(e)

(i) Ho(EBTN[m,n]) = Yuverq)

2 2
ec(W+epigle) egv)+eple)

= ZquEl(G)[

2 2
ec(W+epig(e)  eg(v)+ep(e)

ZuveEm(G)[

8m—(8i—4)

=2(m-1)Xi) +

(m=i)+(m—-1-0)) >

) n—1 (4m—(4i+1)
4(m-1)75 (m—i)(2m—(2i+1))

+(m-1) ()

After simplification, we get

Hp(EBTN[m, n]) = 2(m -1)[

2
2m—n +n-—1
]+

m —8*mn2 +8mn—8m+n 4 —Zn3 +3n2 —-2n+1

4m+2n 2 +2n+1

4(m-1)[ ] +H(m-1)()

2 4
im —-4mn +4mn+2m+n -—-2n +n
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Theorem 4.1.4: Let the graph G = EBTN [m, n] be a eccentricity of boron triangular

nanotubes respectively, then

[(m - 1)[m(4m—4) —n(n3 —-2n 2 -n+2)|+ [m (4m—4n 2 +4n) + n(n3 - 2n2 +n)]

(i)  I(EBTN[m,n])= [

2
26 m +8mn-26m —8n—4 ]

- 1)[m(4m—4) n(n —2n -n+2)|+

2 3 2
[m (4m—4n" +4n)+n(n —2n +n)]

(i)  A(EBTN[m, n] )—{

2
26 m +8mn-26m-38n-—=6 J

m —
Zj(m —1)[m(4m—4) —n(n3 —-2n 2 -n+2)]+ ( ) [m (4m—-4n 2 +4n) + n(n3 —-2n 2 +n)

(i)  GA(EBTN[m,n])=

26m2+8mn—26m—8n—4
Proof: Consider the eccentricity of boron triangular nanotube G = EBTN|[m, n].

Hence we have

. _ e (W) xeg)(v)
I I(EBT = —O O
( ) ( N[m’ n]) Zue e(G)(u)+ e(G)(v)

( E(G) (u)xeL(G) (e))+(e(G) (v)xeL(G) (e))
(ey(W+ergy(e))+(eq)(W)+erg)(e))

:ZquEl(G)[

(e(q)(WxepG)(€))+(eg)(M)xerc)(e))
(eey(W+ep ) (@) +(eg)(W)+erg(e))

ZquEm @) [

2(m-1)[2 Z?l(m (m—-1+i) ]+ 4(m— 1)[2 (m l) +(m—(1+i)(m— l)]+% (m-1) (m -1)

l 2(m—1) [ 212 (4m+(2—40) |+ 4(m—1) [ 21 (4m—(1+40) | + 2m (m—-1) J
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After simplification, we get

(m - 1)[m(4m—4) —n(n3 —2n’ -n+2)]+ (m _l) [m (4m— 4n 2 +4n) + n(n3 —2n? +n)

26 m° +8mn - 26m — 8n — 4

.. _ e(c)(w)xeg)(v)
(”) A(EBTN [ml n]) - Zue{ e(G)(u)+ e(G)(v)—Z}

(eey(Wxer(g)(e))+(eg)(W)xerLg)(e))
(e +erg)(e))—2)+(eg)(W+er)(e))—2)

=S el [+

(e (Wxerg)(e))+(eq)W)xerg)(e))
(e (W +er ) (€))—2)+(eq) (W) +erg)(e))-2)

YuveEy )l

2(m-1) [2 X m—i)(m—1+0) ]+ 4(m—1) [ L1251 (m—0) * +(m—(1+0)(m—i) ]+ % (m-1) (m” —1)

m-1)[ X @m+(2-40) |+ 4(m-1D)[ X7 (@m—(1+40) |+ 2m (m-1))-2

After simplification, we get

m-1

(m - 1)[m(4m-4) —n(n 3_2n? -n+2)]+ ( ) [m (4m— 4n 2 +4n) + n(n3 —2n? +n)

26m2+8mn—26m—8n—6

2 J (e(ey (W ey (@)
(e(ey(W+eg)()

(i) GA(EBTN[m,n]) = Y.

zJ( eg)(Wxeg(e)+(eq) W) x e)le)
= ZuveEl(G) *
((e()(W+ ey () +((e(q) WM +er ) (e))

2\/( ee)(Wxe(e))+(e) W) x ele)
ZquEm(G) ((e(G)(u)+ e(G)(e))+((e(G)(v)+eL(G)(€))
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2\/2(m 1) [22 (m D(m—1+i) [+ 4(m— 1)[2 (m L) +(m—(1+i)(m— l)]+% (m-1) (m -1)

2(m-1) [ X7 (4m+(2 40) ]+ 4(m-1) [ X7 (4m (1+4i) ]+ 2m (m-1)

After simplification, we get

2\/(m — 1)[m(4m—-4) —n(n’ - 2n° —n+2)]+

26 m> +8mn - 26m — 8n — 4

Theorem 4.1.5: Let the graph G = EBTN[m, n] be a eccentricity of boron triangular

nanotubes respectively, then

(i) xE(EBTN[m,n])

2 3 2
[m (4m—4n +4n)+n(n —-2n +n)

\/(m — 1)[m(4m—4) -n(n° - 2n° —n+2)]+

1

(i) XE(EBTN[m,n]) =

\/26m2+8mn—26m—8n—4

(iiii) SLCEIN(EBTN[m, n]

\/(m_l)IZm n +n+2] n Z(m—l)[ 2m-n +n] [m+1]

2m—n +n 2m—n +n+1

Proof: Consider the eccentricity of boron triangular nanotube G = EBTN[m, n].

Hence we have

1

(i) XE(EBTN [m: n]) = Zue T
/ec(u)eL(G)(e)
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1
—_— ZquEl (G) + ...... +
J (e (e gy (€)+(ecWerg)(e))

1
J (e (e (g (€)+(egWercy(e))

ZquEm(G)

1

\/Z(m—l) [2 YR (m—i)(m—1+i) ]+ 4(n—1) [ Z1(m—0) * +(m—(1+0)(m—i) ]+ % (m-1) (m° -1)

After simplification, we get

XE(EBTN[m, n])

1

m _1) [m (4m— 4n’ +4n) + n(n3 —2n? +n)

j(m - 1)[m(4m—4) —n(n3 —2n’ -n+2)|+ (

1

[ec(u) +eLe)(e)

(it) X(EBTN[m, n]) = X,

1
= ZuveEl(G) Toon +
\/ (ecW)ter e+ (ecw+er g (e)

1

ZuveEm(G)
Jeatrtes g @)+ ect+erg(e)

1

Jz(m—l) [ TP (am+(2-40) ]+ 4(m-1) [ X151 (4m—(1+4i) ] + 2m (m-1)

After simplification, we get

XE(EBTN[m,n]) = L

\/26m2+8mn—26m—8n—4
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_ / L@©
(i) SLCEIl (EBTN[m, n]) = 3 |57
3 er)(e) _e@E
= ZquEl(G) —eG(u) T ea(®) +... ...+ZuUEEm(G) ec(w) +eg(v)

\/Z(m—l)znlml+1)+4(m_1)z m—i m+1

+
2m-2 =1 2m—(2i+1) 2

After simplification, we get

SLCEII (EBTN[m, n]) j(m—l) lul + 2(m—1)l Zm-n+u l + [

2m-n  +n 2m-n’ +n+1
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CHAPTER 5

ECCENTRIC INDICES OF BORON-a
NANOTUBES EBAN[M, N]

In this chapter, we calculate the Milan Randic eccentric, inverse Randic
eccentric, Reduced reciprocal Randic eccentric boron-a. nanotubes index, reduced
second Zagreb eccentric, sum line connectivity eccentric boron-o. nanotubes index

Eccentric indices of boron-a Nanotubes

We introduced the Milan Randic eccentric boron-o nanotubes index, defined

as
1
R_12 (EBAN[m, n]) = X, : (5.1)
fe(c)(U)+ e
We introduced the reciprocal Randic eccentric boron-o. nanotubes index,
defined as

RR(EBAN[m, n]) = Yyver(e) \[e(G)(u) xeg) (V). (5.2)

We introduced the Reduced reciprocal Randic eccentric boron-a nanotubes

index is defined as

RRR(EBAN[m, n]) = Yopeke) \[(e(a) (W) — D(ee(v) —1) (5.3)

Also, we introduced two indices, defined as
M1(EBAN[m, n]) =X,.(ec)(w) + ec)(v))* and (5.4)

M2(EBAN[m, n])) = Xye(esy () x ey (v))*. (5.5)

112



We introduced the reduced second Zagreb eccentric boron-o nanotubes index,

defined as

RM, (EBAN[m, n]) = Y peps) (e (W) — D (e (v) —1). (5.6)

We introduced the Forgotten eccentric boron-a nanotubes index, defined as

F(EBAN[m, n]) = Yuvere)(ecy(W)® + (e () ). (5.7)

We introduced the first & second modified Zagreb eccentric boron-a

nanotubes index, defined as

1

m J—

B1(EBAN[m, n]) = X,.¢ PR T (5.8)

1

m —_

B2(EBAN[m, n]) = X,.e —e(G) W™ (5.9)

We introduced the harmonic eccentric boron-a nanotubes index defined as
2

H(EBAN[m, n]) = Yuvere) P vwR—Y (5.10)

5.1 Eccentricity of Boron-a Nanotubes EBAN[mM,n]
In this section, we introduced the molecular graphs of eccentricity of boron-a
nanotubes by EBAN[m, n],respectively, where m is the number of rows and n is the

number of columns in a EBAN[m, n]as shown in Fig. 1.3.5

Molecular graph Order Size

EBAN(X)[m, n] n(4m + 1)/3 n(7m - 2)/2

EBAN(Y)[m, n] 4mn/3 n(7m - 4)/2
Table 5.1.1
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We categorize the boron-a nanotubes into two classes with respect to m.

We denote these classes as EBAN(X)[m, n] and EBAN(Y)[m, n] for m = 2

mod 3 and m =0 mod 3, respectively.

In the following theorem, we compute the some indices for EBAN[m, n] .

Consider the eccentricity of boron-a nanotube EBAN(X) [m, n] nanotube.

LetV,, , bethevertexsetand E,, , be the edge setin EBAN(X) [m, n], then

|Vm, n| =

n(dm+1)

and|Em’ n| =

n(7m - 2)
2

Also the number of edges with eccentricities of end vertices of G and L(G)

are given as follows:

Edge set No. of edges Eccentricity of end Eccentricity

e=uv vertices of e in L(G),
(e(u), e(v)) eLe) (€)

E1 18 (m-1, m-1) m

E> 36 (m-1, m-2) m-1

Es 18 (m-2, m-2) m-1

E4 24 (m-2, m-3) m-2

Es 6 (m-3, m-3) m-2

Es 24 (m-3, m-4) m-3

E7 18 (m-4, m-4) m-3

Ems 18(m-2) ((m+4)/2, (m+4)/2)) (m+8)/2

Em-a 24(m-2) ((m+4)/2, (m+2)/2)) (m+4)/2

Em-3 6 ((m+2)/2, (m+2)/2)) (m+4)/2

Em-2 24(m-1) ((m+2)/2, m/2) (m+2)/2

Em1 18(m-1) (m/2, m/2) (m+2)/2

Em 18m (m/2, m/2) m/2

Table 5.1.2
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5.2  Some eccentric indices of boron-a nanotubes EBAN[m, n]

In this section we calculate the K-eccentric and K- hyper eccentric indices

of boron-a nanotubes.

Theorem 5.2.1: Consider the graph G = EBAN(X) [m, n] be a eccentricity of boron-

o nanotubes respectively, then
(i) EB;AN(X)[m, n] = 320m — 256n° + 256n + 266

(ii) EB,AN(X) [m,n] = 288m* — 600mn* + 600mn + 312m + 393n*

—768n° —288n° + 672n+ 576

(iii) HEB;AN(X)[m, n] = 744m? — 1344mn?* + 1344mn + 772m +
840n* — 1680n° — 576n* + 1416n + 1296
(iv) HEB,AN(X) [m,n] =
9(4m? —4mn® + 4mn+4m+n* —2n° —n? +2n)°+
Z[(4m® —12mn® + 12mn + 16m + 9n* —18n° — 1507+
24n 4+ 16) + (4m? — 12mn? + 12mn + 12m + 9n* — 18n° —9n’ +
18n +8)7] +12—5[(4m2 —4mn® +4mn—-8m+n* —2n® —5n° —
an+4)(4m® —4mn® +4mn—12m+n* —=2n°* +7n* —6n+8)’ ] +
3(4m? — 12mn? + 12mn+ 4m+9n* — 18n° +3n® + 6n)°+

%(m4 +4m® +4m?) +z(m4)
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Proof: Consider the eccentricity of boron-o nanotube EBAN(X) [m, n] nanotube.

Let V,, be the vertex set of EBAN(X) [m, n]and E;, be the edge set in

n4m+1)

EBAN(X) [m, n], then [V;,, | = ==

and|E,, ,| = @ for the structure

of EBAN(X) [m, n].
Also the number of edges with eccentricities of end vertices of G and L(G).

We give these values in the above Table 5.1.2

() EBANX) [mn] = Tyc[eq(w) + ey (e)]
= Vemuver, (o) €c (W) + ey (€) + e (v) + eygy()]+.... +
Ye—uvein(@) [€6 (W) + €16y (€) + e (v) + e,y (e)]
=18y Mam — 2] + 36X [(4m — 12i + 7] +
24 Y 4m — 4i — 5]+ 6 Y [4m — 120 — 2]+

18(2m+2)+18(2m)

After simplification, we get

= 320m — 256n° + 256n + 266

(i)  EB:AN(X) [m,n] = Xyelec (W xeyq)(e)]
=Y e=uver (6)] (66 (W) xery(€))+ (eg (W) x ey (D) |+ +
Yemuverm(@)| (€ (W) ey (€)) + (e (W) x ey (€))]
=183 2[(m — Dx(m—i+ D]+

36y (m—3i+2)2+((m—3i+ 1)x(m—3i+2)]+
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24y Hm—i—1)* +(m—i—2)x(m—i— D]+
6 X 12[(m—3)x(m—3i+ D]+

m(m+2)

2
After simplification, we get

= 288m? — 600mn? + 600mn + 312m + 393n* — 768n°

—288n* +672n + 576

(i)  HEB,AN(X) [mn] = Yye[ec() + e (e)]”
= Ye-wer; o) [ec @) + ey (0)]7 + [ec(v) + ey (@] ]+...+
Ye—uvebm(e) [6c (@) + eygy(@)]* + [e(v) + ey (e)]°]
=18y 2[(2m —2i+ 1) |+
Y (2m—6i+4)° + 2m— 60+ 3)*]+
2437 (2m —2i —2)2 + (2m—2i—3)’] +

6 X 2[(2m — 60+ 1)?] +18 (2(m+1)2) +18 (2m2)

After simplification, we get
= 744m? — 1344mn? + 1344mn + 772m + 840n* — 1680n°

—576n° + 1416n + 1296

(iv) HEB,AN(X) [m,n] = Yye[ec(w) X ey (@]’
:Ze=uv€E1(G)[[eG(u) X ey (e)]” + [ec(v) X e ()] 2]+----+

Ze:quEm(G)[[eG(u) X eL(G)(e)] P+ [er(U) X €L(Hy) (e)]z]
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=18¥ 1 2[(m — Dx(m—i+ 1)]*+
6y H(m—3i+2)2 + ((m—3i+ 1)x(m—3i+2))°*]+
243 Nm—-i—-1D)*+(m—i—-2)x(m—i—1))?]

(m(m+2))°

——)+18 (=)

631 2[(m —3i)x(m—3i+1)]? + 18(

After simplification, we get
= 9(4m?* —4mn® + dmn+4m+n* —2n° —n? +2n)*+

%[(élm2 —12mn? + 12mn+ 16m+9n* —18n* — 15n%+

24n 4+ 16) + (4m? — 12mn? + 12mn + 12m + 9n* — 18n° —9n’ +
15
18n+8)2]+7[(4m2 —4mn® +4mn—8m+n’* —2n°® —5n% —

4n + 4)(4m?* —4mn’® +dmn—12m+n* —2n° +7n°> —6n+8)*] +
3(4m? — 12mn’® + 12mn + 4m +9n* — 18n° + 3n® + 6n)°+

%(m4 +4m® +4m?) +Z(m4)

Lemma 5.2.1: Let the edge partitions of G = EBAN(X)[8, 6] nanotube graph

respectively, then (i) EB;AN(X)[8, 6] = 3732, (ii) EB,AN(X)[8, 6] = 11124,
(iii) HEB,;AN(X)[8, 6] = 44700 and (iv) HEB,AN(X)[8, 6] = 438060

Proof: Consider the edge partitions of EBAN [8, 6] nanotube graph.
Let VV be the vertex set and E be the edge set in EBAN [8, 6], then |V| =

66 and|E| = 162.

Also the number of edges with eccentricities of end vertices of G and L(G)
are given as follows
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Edge No. of edges Eccentricity Eccentricity

set e=uv of end vertices of e in L(G),
(e(u), e(v)) eLe) (€)
E1 18 (7,7) 8
E2 36 (7, 6) 7
Es 18 (6, 6) 7
E4 24 (6, 5) 6
Es 6 (5.5) 6
Es 24 (5, 4) 5
= 18 4, 4) 5
Es 18 (4, 4) 4
Table 5.2.1

(i) EBANB,[8, 6] = Yyo[ec (W) + e ) (e)] = 3732

(ii) EBANB,[8,6] = Y..[ec(u) X ey (e)] =11124
(ii)) EBANHB, [8, 6] = ¥e[ec (u) + e, ()] = 44700
(iv)EBANHB,[8, 6] = ye[ec (W) X e, (e)] = 438060

Theorem 5.2.5: Let the graph G = EBAN [m, n] be a eccentricity of boron-a

nanotubes respectively, then

1

(i) R/ (EBAN[m, n]) =

\/320m—256n2 +256n+266
(i)  Mi(EBAN[m, n]) = (320m — 256n2 + 256n + 266)"

(iii) M(EBAN[m, n]) = (288m? — 600mn? + 600mn + 312m + 393n*
—768n° —288n° + 672n+ 576) “

(iv)  RR(EBAN[m,n]) =

J288m2 —600mn? + 600mn + 312m + 393n* — 768n° — 288n? + 672n + 576
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Proof: Consider the eccentricity of boron-a nanotubes G = EBAN [m, n]. Hence we

have

1

(i) R _1/2 (EBAN[m, n]) = ¥y RV
e (w)+ e(G) v)

1

J18 Yo Mam—2]436 X1 [(4m—12i+7]+ 24 X1 [4m—4i—5]+ 6 X1 [4m—12i—2]+ 18(2m+2)+18(2m)

After simplification, we get

1

R_3/2 (EBAN[m, n]) =
\/320m—256n 2 4256n+266

(i) My(EBAN[m, n]) =X,e(e(s) (W) + e (v))”
Therefore
= [18Y " [4m — 2x 37| #3657 [(4m — 12i + 7]+

24y am — 4i — 5]+ 6 Y1 4m — 120 — 2] +  18(2m+2)+18(2m) ]

After simplification, we get

M1(EBAN[m, n]) = (320m — 25612 + 256n + 266)°

(i)  M2(EBAN[m, n]) =Xy (e (Wxeg) (v))*
Therefore
= 1857 2[(m — D) x (m — i + 1)]
36X (m—3i+2)° +((m—3i+1)x(m—3i+2)]+
2431 (m— i —1D* + ((m—i—Dx(m—i— 1D+

6 271 2[(m — 3i) x (m — 3i + 1]+

2
18 (2 418 (2]
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After simplification, we get

M2(EBAN[m, n]) = (288m? — 600mn* + 600mn + 312m + 393n*
—768n° — 288n° + 672n + 576) *

(IV) RR(EBAN [m, Il]) = ZquE(G) \/e(G) (u)xe(G) (17)

Therefore

:\/182?;112[(m —Dxm—i+1]+36X% 1 (m—3i+2)° + (m—3i+Dx(m—3i+2)] +

24y m—i—1)° +((m—i—2)x(m—i— D]+ 63X+ 2[(m—3)x(m—3i+ 1] +

18 (m("zl”))+ 18 (g)

After simplification, we get

= J288m2 — 600mn® + 600mn + 312m + 393n* — 768n° — 288n® + 672n + 576
Theorem 5.2.6: Let the graph G = EBAN [m, n] be a eccentric indices of boron-a
nanotubes respectively, then

1

. m = .
(I) Bl(EBAN [m; n]) Zue e(G)(u)+ e(G)(v)

Therefore

= 4(m-1)l . Zmon_-n-1 ] +

16m —8mn2 +4n4 —8n3+4n2 +8mn

am-2n? +2n-1
4

| o

2 2 4 3 2
m —-4mn +6mn+Z2m+n -3n +n +2n
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(i)  ™B2(EBAN[m,n]) = Y, !

ecy(Wxe )
Therefore
[ 2 2 4 3 2
— (m-l) 1é6m -—-16mn +16émn+lém+4n -8n +4n +8n +
| (4m2 —4mn? +amn+am+n’ —2n° -n? +2n) 2
13(m 1) (4m 2 _4mn? +amn-2m+n” —2n°-2n2 -2n) 2 " 8
4 _8m3 —-12m 2 n 2 —4m2 +12m2 n—4mn+6mn4 —16mn3 +10mn2 —n-3n m+1

2

(iiiy  Ho(EBAN[m, n]) =Zuvega>m

Therefore

152

2 2 4 3 2 2
(4m~ —-4mn  +4mn+4m+n -2n -n  +2n)

| |

(1872m % —5184mn° +5184mn+5760m+3888n ' —7776n° —4752n° +8640n+4608) >

<4m2 —12mn? +12mn+16m+on” —18n° —15n 2 +24n+16)

l (4m? —12mn ? +12mn+12mn+12m+9n* —18n° -9n? +18n+8) J

1536m > —1536mn > +1536mn—3840m+384n " —768n° +2304n > —1872n+2304

2 2 4 3 2

(4m —-4mn +4mn—-8m+n -2n +5n —4n+4>
2 2 4 3 2

L (4m~ —4mn  +4mn-12m+n -2n +7n° —6n+8)

24 ] N [576m2 +576m]

2 2 4 3 2 4 3
| (4m "~ —12mn "~ —12Zmn+4m+9n  -18n +3n"~ +6n) m +2n

Theorem 5.2.7:Let the graph G = EBAN [m, n] be a eccentricity of boron-a

nanotubes respectively, then
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. _ e (w) xeg(v)
i IEBAN = R G Naebd O UL
(i) [m,n]) = Y. P

Therefore

24 Y [(m=i—1)° +((m=i—-2) x (m=i—1)]+6 X7 2[(m—3i) x (m—3i+1)]+

2
18 (2D 118 (M

18 X0 2[(m—i) x (m—i+1)]+36 X1 [((m—3i+2) > +((m—3i+1) x (m—3i+2)]+

_ |288m? —~600mn” +600mn+312m+393n " —~768n° —288n° +672n+576

320m—256n°> +256n+266

E(G) (u) X e(G) (v)
e (wW+ eG) (v)-2

(i) ACEBAN[m,n]) = X[

Therefore

1831 2[(m—i) x (m—i+1)]+36 X1 [(m—3i+2) > +((m—3i+1) x (m=3i+2)]+

243 (m—i—1) " +((m—i-2) x (M—i—1)]+6 L1 2[(m—30) x (m—-3i+1)]+

2
18 (M2 118 (M)

18 Y1 (4m—2)+36 X1 [(4m—12i+7]+ 24 Y [4m—4i-5]+6 X [4m—12i-2]

=

288m 2 —600mn > +600mn+312m+393n " —768n° —288n° +672n+576

320m—256n°> +256n+264

2 [(ee) e ®)
Zue (eey(W+eiy (@)

(iii)  GA(EBAN[m,n]) =

Therefore

18 X1 2[(m—i) x (m—i+1)]+36 L [(m—-3i+2) * +((m—3i+1)x (m—3i+2)]+

2| 243 (m-i-1)° +((m—i-2)x (M—i-1)]+6 X1 2[(m—30) x (m—3i+1)]+
2
R 18 (M2 118 (M

" 18 Yt (am-2)+36 X1 [(4m—12i+7]+ 24 X1 am—4i-5]+6 X1 [4m—12i-2]
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_ 2\/288m2 —600mn 2 +600mn+312m+393n* —768n° —288n 2 +672n+576

320m—256n°> +256n+264

Theorem 5.2.8: Let the graph G = EBAN[m, n] be a eccentricity of boron triangular

nanotubes respectively, then

1

()  xE(EBAN[m,n]) =}, ——
lecWerg)(e)

[ 1

]

i 12[(m D x(m—i+1)]+36 X1 [(m-3i+2) +((m 3i+1)x (m—3i+2)|+

243 (m—i- 1) 2 +((m=i-2)x (m—i— D]+6 X1 2[(m=-30) x (m—-3i+1)]+

|
I

2
\J 18(m(m+2))+18(mz )

1

J288m2 —-600mn % +600mn+312m+393n* —-768n°

1

/ea(u) +epc(e)

(i) XE(EBAN[m,n]) = X,

_ 1
\/182 Ham—-2]+36 T [(4m—12i+7]+ 24 T am—4i-5]+6 X1 [am—12i— 2]]

_ ) ]
_\/320m—256n2 +256n+266

_ eL)(e)
(iif)  SLCEII(EBAN[m,n]) = Y. ’—ea(u)+ea(v).
m—i+1 m—3i+2 m—i—1 m-—3i+1 m+2
- 18\, om—2i 6\/2m siva | \/Zm 2i-3 \/Zm—éi +18\/ 2m +18f
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CHAPTER 6

STATUS INDICES OF PERFECT BINARY
TREE GRAPHS

In this chapter, we calculate the first, second and hyper status indices, Sum
and Product reciprocal connectivity status indices, Fi-status index, Gourava indices,
(a, b)-status index, ABC, AG and Augmented status indices of perfect binary tree

graphs.

6.1 Results for status of perfect binary tree graphs

In this section, some status of vertices of perfect binary tree graphs was
analyzed. A binary tree is said to be perfect if all the internal nodes have strictly two
children, and every external or leaf node is at the same level or same depth within a
tree. A perfect m-array tree with height h, the upper bound for the maximum number
of leaves is m". If there is a zero-index level, the number of nodes on the h level is

exactly 2",

Level 0: 2° nodes, Level 1: 2 nodes, Level 2: 22 nodes, Level 3: 22 nodes and
S0 on.
So total number of node in a perfect binary tree with height h is

n=20+21+22 423 + 214 2h =211,

The status, denoted by o(u) of a vertex u in G the sum of distance of all other

vertices from u to all other vertices in G.
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Let G be a binary tree with height h.

Let uydenote the central vertex, u, denotes a vertex on level 1, u, denotes a

vertex on level 2,.....uy ganotes a vertex on level h.

Fig. 6.1.1 Perfect binary tree with status

Now, the status values of vertices of a binary tree are given in table 6.1.1. and

SO on.
Height o(u,) o,) o(,) @, olu,)
of perfect
binary tree
0 0
1 2 3
2 10 11 16
3 34 35 44 57
4 98 99 116 141 170
5 258 259 292 341 398 459

Table 6.1.1
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Next, We shall calculate the status vales of vertices of a perfect binary tree

with height n.
o(Up) = 2™ (n-1) + 2, o(u,) = 2™ (2°(n-2) +1) + 3,
o(u,)=2"(2"(n-1) +1) + 4, o(uz) =27 (2* (n) +1) +5,
o(u,)=2"%(2°(n+1) +1) + 6, o(us) =2"°(2*(n+2) +1) + 7,
o(Ui-i) = 27 n+(i-1)+3)+ 1]+ (-1)+2},

o(ui) = 222" [n+(i-3)+1]+i+2},

o(u,)=(2n-1) 2™t -2"*+n+5

Now, we compute o(ui) + o(u;; ) and o(ui) o(ui)
o(Ui) + o(Uui ) = 2™4(2n+2i-7)+3x2"1*2+2i+3 - (1)
o(ui) o(ui;)=(4n’ + 4i* + 8ni -28n - 28i +48)2°*" +

(4i% + 4ni + 6n—8i—22)2" + (24n + 24i— 80)22"" +

(12i+20)2""+32 x22" 2"+ [ +3i+2 —-(2)

Therefore, from (1) & (2)

i=12' (0(ui) +o(ui.1))

=Y, 2R T+ i—3)+2""P +i+2) +

—i+3

QN Tm+i—4)+2" +i+1)]

n—i+2

= ¥, 2'[2" " (2n+2i-7)+3x2 " +2i+3] - (3)
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i=12' (c(ui) +ou,)
= Y ,2'[(4n® +4i* + 8ni—28n—28i +48)2°" +
(4i% + 4ni + 6n — 8i —22)2" + (24n+24i— 80)22"" +
(12i+20)2" +32 x2" 2 + {2 +3i+2] - (4)

6.2: Status based indices of perfect binary tree graphs

In this section we calculate the first, second and hyper status indices, also the
sum, product connectivity status indices, Fi-status index, first and second status
Gourava indices, Gourava (a, b)-status indices were investigated. Moreover, it was
calculated sum and product connectivity status indices, reciprocal connectivity status

indices, ABC, AGS, GAS and ASI status indices of perfect binary tree graphs.
Theorem 6.2.1: Let G be the perfect binary tree graphs. Then

(i) S,(G) =(16n-36) 22"+ (8n+38)2" -2

(i) S,(G) =(40n2 —152n+176) 2" +(24n2— 4n—148) 2" +(2n2—30n — 24) 2" — 4
(iii)y  S,(G) =27"-2"

(iv) S, (G) = (68n2 —256n + 239) 2*" +(44n2+ 76n +30) 22" +(4n2—35n +89) 2" — 35
(V) S.(G) = (68n2 — 64n + 224) 2" +(36n2+ 72n -196) 22" +(4n2—26n +109) 2"+ 9

(vi) HS,(G) = (128 n2-576 n+712)2¥+(128 n2— 64n —576)2 "
+(8n°+112n-118)2"— 18
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(vii) HS,(G)=Y1",2'[(4n’ + 4i* + 8ni -28n—28i +48)2°" +
(4i* 4+ 4ni + 6n —8i -22)2" + (24n+24i— 80)2°"" +
(12i+20)2""+32 x2°" 2 + [* +3i+2] X
[(4n? + 4i* + 8ni —28n—28i + 48)2°" + (4i° + 4ni +
6n —8i —22)2"+ (24n+24i —80) 22"+ (12i+20) 2" +
32 x 228+ {2 +3i+2]?

(viii) S,°(G)=Y"M, 2" [(4n+4i— 14)2" +12x2"" +2i+3 |

(ixX) S,°(G)=Y™,2 [(4n’ + 4i® + 8ni—28n-28i +48)2°" +

(4i° + 4ni + 6n-8i-22)2" + (24n+24i-80)2>"" +
(12i+20) 2" +32x 2221+ {243i+2]"

Proof: By using the above definition and values, we deduce

) $,(6) =Zwerwlo@ +s(W] =X, 2" (o(ui) +o(uiy))

—i+2

=Y. 2[R T m+i=-3)+2" +i+2) +

Q" M m+i—-+2" +i+1)] from (1) & ()

Therefore

=30, 2 [2"H(2n+2i-7)+3x2 "2 +2i+3]

After simplification, we get

S,(G) = (16n-36) 2"+ (8n + 38) 2"— 2

(i) 5,06 = Xuwer@low) o()]

=Xz 2" (o(ui)xo(u i)
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Therefore

=X, 2' [N (i =3)+ 2" i+ 2) x
" *m+i—-4)+2" +i+1)]

=[(4n2-28n +48)2 2" + (30n—102)2" +54] (2" —1)+[(8n —24)2 " +
(4n+16)+15] ((n-1) 2™ +2) + [(4x2"+1)] ((n2—2n +3) 2™ - 6)
After simplification, we get

S, (G) = (40n? —152n+176) 2"+(24n2— 4n—148) 2" +(2n2—30n — 24) 2" — 4

(i) S,(6) = Tuer |oW-0@)]
=¥, 2" | (o(u;) —o(u )|

Therefore

=y 2V @t (n4i—-3)+2" i +2)—
QR m+i—4)+2" +i+ 1)

After simplification, we get

53(G) — 22n+l_ 2n

(iv)  S,(6) = Xuver) cWow) +o(v)]

=i 2 ‘oW [(c(u;) +o(u; )]

Therefore

=y 2[R T m+i=3)+2" i+ D)+
(2" ' (n+i-3)+2""" +i+2)

Q" m+i-D+2" +i+ 1]

130



After simplification, we get

S, (G) =(68n2 —256n + 239) 2°"+(44n? + 76n +30) 22" + (4n2-35n +89) 2" 35

V) $5(6) = Xwer) cW)[a(w) +a(v)]

=Xiz12'oW(o(u;i) +o(u; )]

Therefore
=t 2'Q" M n+i—-4)+2" +i+ 1)
(" " (m+i=3)+2"""+i4+2) +
R M n+i—d)+2" +i41)]

After simplification, we get

S.(G) = (68n2 — 64n + 224) 2% +(36Nn2 + 72n -196) 27" + (4n2—26n +109) 2" + 9

(Vi)  HS,(G) = Zuwver)[o) +o(v)]?

=Xie12' [(o(ui) + o(u i1)]?
=Yr2'[@" M (n+i—3)+2"P i+ 2) +

n+1 n—i+3

Q" m+i—-+2" +i+ 1]
Therefore

=30 27 [ 271 (2n+2i-7) + 3x2" 2 +2i+3]?

After simplification, we get

HS ,(G) = (128 n2-576 n+712)2"+(128 n* — 64n -576) 22" +
(8n°+112n-118)2"- 18
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(vii) HS,(G) = Luwver)[o@)x a(»)]’

= X2 (o(ui)xo(u i_y)]?
=y 2' [ T+ i—-3)+ 2"+ i+ 2) x

RMi*n+i—4)+2" +i+ 1))

Therefore
HS,(G)=Y™,2'[(4n® + 4i® + 8ni —28n — 28i + 48)22"+
(4i® + 4ni + 6n-8i -22)2" +
(24n+24i—80)2 2" +(12i+20)2 " +32 x22"2 + {2 +3j+2] x
[(4n? + 4i* + 8ni-28n-28i +48)22>"+
(4i® + 4ni + 6n-8i -22)2" +

(24n+24i —80) 27"+ (12i+20 ) 2"" 432 x 2% %'+ {* +3i+2]>2

(viii) S, *(6) = Zuwver@lo@) + o()]* =X, 2" [(o(ui) + o(u;4)]°
=Y 2@ (n+i—3)+2"P i+ 2) +

n+1 n—i+3

RV n+i—-4)+2"T +i+1D]°

Therefore

S, (G)=Y", 2" [(4n+4i— 14)2" +12x2"" +2i+3 ]°

(ix)  S,%(6) = Zuverlo@xo@)]* =ZiLi[2" (o(ui)xo(u 1)]*
=3 2[R T +i—3)+ 2" i+ 2) x

n+1 n—i+3

RV m+i—-4)+2"T +i+1D]°
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Therefore

S,%(G) =Y",2' [(4n’ + 4i® + 8ni—28n-28i +48)22" +

(4i* + 4ni + 6n—8i -22)2" +

(24n+24i —80) 22"+ (12i+20) 2" +32 x 2°" % + {2 +3i+2]"

Theorem 6.2.2: Let G be the perfect binary tree graph. Then

(i)

(i)

(iii)

(iv)

v)

F,S(G) = (64n? —288n+360) 2" +(64n2— 40n-280) 22" +

(4n2+452n-70) 2"- 10

SGO,(G) = (40n? —152n+176) 2"+(24n2— 12n-284) 22" +

(2n2-22n +14) 2" - 6

SGO, (G) = [(40n? —152n+176) 2" +(24n? — 4n—148) 2" +
(2n2-30n — 24) 2" — 4] x
[(16n —36) 22" + (8n + 38) 2" - 2]

Sap(G)=Xr 2" [ *(n+i—3)+2"" +i4+2)" x

n—i+3

2" M m+i—-D+2" i+ 1)+

(2" *+i—3)+2"" +i+2)"x

n—i+3

(2" " m+i—-D+2" +i+ 1)

SDS(G) =xr,2'

2 2 ) 2n 2 ) ) n ) 2n—i
[(4n  +4i +8ni-32n + 64)2 + (4 +4ni+4n— 12i-16)2 +(32n+32i-128)2

2n-2i

n—i i 2 2 2 2n
(16i+16)2 +64x2 +i +2i+1] +[4n +(4i +8ni —24n—24i +36)2

2 n 2n—i n—i 2n—
+(4i° +4ni+8n— 2i-24)2 (16n+ 16i—48)2 ++(8i+16)2  +16x2

+

2 2
+i +4i+4]

2n 2 ) ) n ) 2n—i
+(4i +4ni+6n-8i-22)2 ++(24n+24i-80)2

2n 2n-2i 2
++32x2 + i

2 2
(4n  +4i +8ni-28n-28i +48)2

2 2
(4n  +4i +8ni-28n-28i +48)2 +3i+2
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Proof: By using the above definition and values, we deduce

(i)  F.S6) =Xwerolo® +0@)°]

=X 2' [o(i)® +o(ui)’]

Therefore

:Z?=12i[(2n+1(n+i_3)+2n—i+2 +l+2)2 +

n+1 n—i+3

QU Tm+i—-+2" +i+1)°]

After simplification, we get
F,S(G) = (64n? —288n+360) 2" +(64n2— 40n—280) 2°" + (4n2+52n — 70) 2"— 10
(i)  SGO,(G) = Ywerlo) + o(v) + o(w) o(v)]

=Xi2' o) + o) +o(ui) o(ui-1)]

Therefore

n+1 n—i+2

=YL, 2'[(2" T @n+2i—7)+3x2"" + 21+ 3) +

(" " m+2i—D+2"H)x (2" " (n+2i=3)+2%)]
After simplification, we get

SGO,(G) =(32n? —144n+176) 2" +(32n2+4n—184) 22" + (2n2+38n + 14) 2"— 6

(i) S60,(6G) = XwerloWoW)(a(w) + a(v))]

=Xz 2' [(cui)o(ui o) + a(ui-]]
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After simplification, we get
SGO,(G) = [(40n2 —152n+176) 2" +(24n2— 4n-148) 2°" +

(2n2-30n — 24) 2" — 4] x [(16n —36) 22" + (8n + 38) 2"— 2]

(iv)  Sap(6) =Xwerlo@o()® +o(w)’o(v)?]
=¥, 2 [(o(ui) o)) + (ou;) o(ui)")

Therefore

S =X, 2" [ *(n+i—3)+2"" +i4+2)" x

(2" m+i-H+2"" +i+1)" +

(2" *+i—3)+2"" +i+2)"x

n—i+3

2" M +i—-D+2"" i+ 1)

o(u) o(v)

(V) SDS(6) = Zuver@ [Zm + 52

o(u)

C | o@wi) o)
=32 +
o(uj-1) o(uj)

Therefore

SDS(G)=yr,2°

[(4n° +4i% +8ni-32n +64)2°%" + (4i% +4ni +4n— 12i-16)2 + (32n+32i—128)2%"" +

(160 +16)2"" +64x2°"% + > +2i+1] +[4n’ + (4i° + 8ni — 24n — 24i +36)2 %"

2 . . n . 2n—i . n—i 2n-2i 2
+(4i +4ni+8n-2i-24)2 (16n+16i-48)2 ++ (8i+16)2 +16 x 2 +i +4i+4]

4 2 4-'2 i —2 28i +4 22!’1 4'2 4ni [ —22 2n 24n+24i 22r]_i n—i
(4n  +4i +8ni-28n-28i+48) +(4i +4ni+6n-8i-22)2 ++ (24n+24i-80) +(12i420) 2

22 . . 2n 2n-2i 2 .
(4n  +4i +8ni-28n-28i+48)2 ++32x2 +i +3i+2
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Theorem 6.2.3: Let G be the perfect binary tree graph. Then

1

@) Sss@@ =
\/(16n 36)2 "4+(@n+38)2"-2
i) PS(G) = .
\/(4On2 -152n+176) 23n+(24n2 —4n-148) 2 2n +(2n2 -30n-24)2 " 4
(40n® -152n + 176)2" + (24n°- 4n-148)2*"
(iii)y RPS(G) =

+(2n%-30n-—24) 2"—

Proof: By using the above definition and values, we deduce

. 1
(i) Ss@G)= ZuveE(G)m

Tl:1 2 i |

/G(u i)to(uj_ 1)J
n 2 i 1
=1 \/ n+1 n-i+2 . n+1 . n—-i+3 .
/(2 (n+i-3)+2 +i+2)+ (2 (n+i—-4)+2 +i+1)

Therefore

: 1
—_ n I
- Zl:l 2 [ 1 o ]
\/2 " @2n+2i-7)+3x2 " 42i+3

After simplification, we get

1

SS(G) =

\/(16n—36)22n +(@8n+38)2"-2
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y 1
(||) PS(G) = ZuveE(G) o(w) o(v)

|
:Z?=12||

|
| /c(u ) o - 1)J|

Therefore

\/(2 " mti=3)+2 T i) x (2" T (mri—)+2 "R i)

:zyzlzi[ L

After simplification, we get

1

PS(G) =

\/(40n 2 _152n+176) 2" +(24n° —4n-148) 2 *" +(2n° —30n-24)2" 4

(iii)  RPS(G) = Xuver@)vo(w) o(v)

= Z?:lzi\/ﬁ(ui)a(uil)

After simplification, we get

RPS(G) =\/(40n2 -152n+4176) 2" + (24n° - 4n-148) 2°" + (2n°-30n-24)2"-4

Theorem 6.2.4: Let G be the perfect binary tree graph. Then

(I) ABCS(G) :\/ [(161‘1—36)22n +(81‘1+38)2n_2]_2

(40n° -152n+176) 2" +(24n° — 4n-148) 2 °" +(2n’ -30n-24) 2" — 4

(16n-36)2 2" + (8n+38)2" -2

(i)  AGS(G) =

2\/(4-0n2 ~152n+176) 2" +(24n° —4n-148) 2 °" +(2n° -30n-24)2" - 4
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2\/(40n2 ~152n+176) 2" +(24n° - 4n-148) 2 °" +(2n° -30n-24)2" -4

(i) GAS(G) =

(16n-36)2 2" + (8n+38)2" -2

3
2 3n 2 2n 2 n
(lV) ASI(G) — <(40n —152n+176) 2" +(24n" —4n-148) 2 +(2n" -30n-24) 2 —4>

[(16n-36) 22" + (8n +38) 2" - 2]-2

Proof: By using the above definition and values, we deduce

. (W)+o() -2
(I) ABCS(G) =ZuveE(G) %

Therefore

c(uj)+o(uj_q) —2]

L
|

c(uj)a(uj_1) J

After simplification, we get

2n n
ABCS(G) = [(16n-36)2 " + (8n +38) 2" - 2]-2

(40n? —152n+176) 2" +(24n° —4n-148) 2 °" +(2n? -30n-24)2" - 4

o(uw)+a(v)

(i)  AGS(C)  =Xwero) ;e oo

, c(uj)+o(uj_q1)

l 1
2 lo(uj)o(uj-1)

Therefore

n+1 —i

(2n+2i=7)+3x2""2 12143

1 . —i+2 . . —i+3 .
LJ(Z" T mti-)+2 " i) 2 " T (nri—a)+2 "R i)

After simplification, we get

(16n-36)2°" + (8n+38)2" - 2

AGS(G) =

2\/(40n2 ~152n+176) 2" +(24n % - 4n-148) 2 %" +(2n° -30n-24)2" — 4
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2 /o) a(v)

o) + o)

—Z” 2i [2 cs(ui)o(ui_l)]
— 4i=1

[G(ui)+ o(ui1)|

(iii)  GAS(G) = Xuver (o)

Therefore

n—i+3

—yn o [2\/(2 N mtio3)+2 T i) x (2" T (nti-4)+2 +i+1)
- i=1

2" "t 2n+2i-7)+3x2 " 42143

After simplification, we get

2\/(4On 2 _152n+176) 2" +(24n° —4n-148) 2 °" +(2n’ —30n-24)2" — 4

GAS(G) =

(16n-36)2°" + (8n+38)2" -2

c(Wa(v) )3
oc(w)+o(v)-2

(V)  ASI(G) = Suweso)

3

—yn 2 o(ui)o(ui-1)

L=

c(uj)to(uj_1) -2
Therefore
n+1 . n—-i+2 . n+1 . n—-i+3 . B

=yn 2t ¢ (n+i-3)+2 +i+2) x (2 (n+i-4)+2 +i+1)

=1 N —

' 2" " @2n+2i-7)+3x2 "2 42i+3]-2

After simplification, we get

3
ASI(G) = ((40n2 ~152n+176) 23”+(24n22 —4n-148) 22" +(2n’ -30n-24) 2" - 4)
[(16n-36)2“" + (8n+38)2" - 2]-2
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Theorem 6.2.5: Let G be the perfect binary tree graph. Then

(16n-36)2°" + (8n +38)2" -2
2

i SK@G) = [

(40n’ ~152n+176) 2> +(24n° -~ 4n-148) 2°" +(2n* -30n - 24) 2" - 4]
2

(i) SK,(G) = [

(i) SK,(G) =

2
[(40n 2 _152n+176)2°" +(24n° —4n-148) 2°" +(2n° -30n-24) 2" — 4 ]
2

Proof: By using the above definition and values, we deduce

(i)  SK(G) = Tuvero) [cr(u)+cr(v)]

Therefore

(c(uj)+o(u;_,)

2

= ZquE(G)

After simplification, we get

SK(G) = [

(16n-36)2°" + (8n+38)2" - 2]
2

(i)  SK,(G) = Yuver) [U(u) U(V)]

Therfore

(c(uj)o(u;_q)
2

= ZquE(G)

After simplification, we get

(40n* -152n + 176) 2°" + (24n°—4n-148) 2°" + (2n°-30n—-24) 2" -4
SK,(G) =

2
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o) a(v)] 2
2

(i)  SK, (G) = Xuver(o) [

Therefore

2
(c(uj)o(u;_q)
2

= YuveE(6)

After simplification, we get

2
(40n’ -152n+176) 2°" +(24n° — 4n-148) 2°" +(2n’ -30n - 24) 2" — 4

SK, (G) = :

Theorem 6.2.6: Let G be the perfect binary tree graph. Then
(i) N (G) = (16n +15) 2% +(8n2+ 4n +226) 2" +(-9n -20) 2" — 44

(i) xaN(G) = [(16n + 15) 2°"+(8n2+ 4n +226) 2" +(-9n -20) 2" — 44]

Proof: By using the above definition and values, we deduce

) N@G) = Xwere [0° W) -0’ )]

= Yuwver) [ (6" (i) =0 (u; ;)]

Therfore

=y 2 [@" T +i-3)+2 " +i+2)" -

n+1 n-i+3

QUM+ i-+2" +i+ 1)

After simplification, we get

N (G) = (16n +15) 2°"+(8n2+ 4n +226) 2*" +(-9n -20) 2" — 44
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(i) XaN(G) = Zuver(e) [0° W) — o* (W)]”

= Yuvere) [(6° (i) -0 (u;_, )]

Therfore
=y 2[R T+ i-3) 2" i+ 2)

n+1 n-i+3

Q' m+i—-D+2" +i+ D)

After simplification, we get
XaN (G) =[(16n + 15) 2°"+(8n2+ 4n +226) 2" +(-9n -20) 2" — 44] “
Theorem 6.2.7: Let G be the perfect binary tree graph. Then

Q) QC(G) = 14x2°" —26 x2*"~ 13x 2"+ 25

(i) FC(G) = (128 n2-576 n+712)2" + (128 n2— 64n —576)22" +

(8n”+112n-118)2" - 18

Proof: By using the above definition and values, we deduce

() QC6) = Tuver) [W-a)]°

=¥, 2 [(o(u;) — o(u; )]

Therefore
=Y. 2'[R"" ' (n+i—-3)+2""" +i+2)-

Qi n+i—-4)+2"" +i+1)]°

After simplification, we get

QC(G) =14x2% —26 x2*™~ 13x 2"+ 25
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(i)  FC(G) = Tuver() [0(W) + o)’
=i 2'[(o(u;) +o(u;_y))]

Therefore

=32 @ T+ i) +2" +i+2) +

n+1 n-i+3

Q"M n+i-d+2" +i+ )]

After simplification, we get

FC(G) = (128 n?2-576 n+712)2%"+(128 n2— 64n —576)2" +

(8n°+112n-118)2" - 18
Theorem 2.1.4: Let G be the perfect binary tree graph. Then
()  RF(G) =(148n-84) 2°"+(12n2+144n -200) 2" +(n2+51n +154) 2" - 30

(i) RM,(G) = (20n2-116n +64) 2°"+(8n2+82n —112) 2°" +(2n2—4n +48) 2" - 30

(iii) RHM,() =Y",2'[(R"""(m+i-3)+2""+i+1)

n+1 n-i+3 2

Q"M m+i—-4+2"" +1)]
(ivy RHM,“(G) =Y. 2'[(R" " '"(n+i-3)+2""+i+1)
Q"M m+i-H+2"" + )]~
Proof: By using the above definition and values, we deduce
() RF(G) = Zuere (0@ =" +(6(») = 1]
=X 2' [((c) - D" + (@, )= ]
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Therefore
:Z?zlzi[((2n+l(n+i_3)+2n—i+2+i+2) _1)2 +
@ m+i-D+2" +i+ 1) -1

After simplification, we get

RF(G)= (148n — 84) 2% +(12n2+144n —200) 22" +(n? +51n +154) 2" — 30

(i)  RM,(G) = Xuver) [(c(w) = D(o(v) — 1)]

= Z?:12i [(c(u;) —D(c(u;)- 1]

Therefore

=Y 2 (R T +i=3) 42" +i+2) - 1)

n+1 n-i+3

(2 "(m+i—-4H+2 " +i+1)-1)]

After simplification, we get

RM, (G) = (20n2—116n +64) 2% +(8n2 +82n —112) 22" +(2n2— 4n +48) 2" — 30

(i) RHM, () = Tuvere) [(0(w) — () — 1]°
=¥, 2 [(c(u;) — (o) -D]"
=Y 2 (R T4 i—-3)+2" i +2) - 1)

n+1 n-i+3

@Q@"TTn+i-H+2"" +i+1)-1D]°
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Therefore
RHM,(G) =¥™ . 2" [(R" " (m+i=3)+2"" +i+1)

n+1 n-i+3 2

Q"+ i—4)+2"" + )]

(iv)  RHM,“ (G) = Xuver() [(c(w) —1)(a(v) = 1)]

=22 [(6(ui) —D(e(m; -]~

n-i+2

=Y 2' (R T n+i=3)+2""+i+2) 1)
(@""Tm+i—-+2"" +i+1) -1~
Therefore
RHM,“(G) =Y, 2'[(" "(n+i=3)+2""+i+1)

" m+i-4+2"" + )]
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CHAPTER 7

COMPUTE THEIR FIRST, SECOND AND HYPER
CUTTING NUMBER- ECCENTRICITY INDICES OF
NANOSTAR DENDRIMER D;:[N] AND D;[N]

In this chapter, we introduced the distance based topological index of a
graph G is the first, second and hyper cutting number-eccentricity indices CE(G) of

nanostar dendrimer D1[n] and Dz[n] is defined as
CE(G) = Zuev(ey[c() + e(w)],
C7E(G) = Luev(elc(we(w] and
HCE(G) = Yueve[c)? +e(w)?],

HC**S(G) = ZuEV(G)[C(u) 2e(u) ‘]

Also, introduced the distance based topological index of a graph G is the
multiplicative first, second and hyper cutting number-eccentricity indices of nanostar

dendrimer D1[n] and Dz[n] is defined as
CEM1(Q) ) = uevelcw + )]
CTEll; (G) ) = [Nuev(ey[ce)]
HCEI11(G) ) = [Nuev([c)? + &) ?]

HC™E[L,(G) ) = HuEV(G) [c(u)?e(u)?]

The first type of nanostar dendrimer is D1[n] with n =1 and 2. The order

and size of D1[n] nanostar dendrimers are 24+36(n-1) and 27+42(n-1). The second
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type of nanostar dendrimers is D2[n] and is shown in Fig. 1.3.9. The order and size

of Dz[n] are 120 x 2"- 108 and 140 x 2"- 127 nanostar dendrimers are respectively.

7.1 The cutting number-eccentricity indices of nanostar dentrimers D1[n]
with n=1 and n=2
In this section, we compute the cutting number-eccentricity indices of the

nanostar dendrimers D1[n] with n = 1 shown in Fig.1.3.8, respectively.

The edge set of vertices D1[n] with their no.of edges, cutting no.of vertices and

eccentricity of end vertices for I <i<n .

Edge set No. of Cutting No. of end Eccentricity of end vertices
edges vertices (e(u), £(v))
e=uv (c(u), c(v))
Ex 6x2"" (0,[((18.2")-12)-7]x 6) (3n+4, 3n+3)
= 3x2"t ([((18.2")-12)-6]x 5),
([((18.2")-12)-7]x 6)  (3n+4,3n+3)
Es 6x2 " ([((18.2")-12)-6]x 5,0) (3n+3i+1, 3n+3i+2)
Es Bx2" 0, 0) (3n+3i+2, 3n+3i+3)
Es B2 Nt (0, 0) (3n+3i+3, 3n+3i+4)
Es B2 (0, 0) (3n+3i+2, 3n+3(i+1)+1)
Table 7.1.1

Theorem 7.1.1: The first cutting number-eccentricity index of Di[n] is given by

C*€(D1[n]) = 891x2°" +36 N22"+35n 2" — 1467x 2"
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Proof: Consider the first cutting number-eccentricity index of Di[n] is given by
CE(Daln]) = Zuev(e) c() + &(w)
= Zuerm, mpl€ +c(V) + (e(w)+ e(v))]
= [0+( [((18.27)-12)-7]x 6) +((3n + 4) + (3n + 3))] +
[((18.2") —12) — 6]x 5) + [((18.2") — 12) — 7]x 6) +
((3n+4) + (3n + 3)]+ [(0 + [((18.2") — 12) — 6]x 5) +
(3n+3i+ 1)+ (3n+3i+2)]+[(0+0)+
((3n+3i+2) + (3n+3i+3))+
[(0+0)+ (Bn+3i+3)+ (3n+3i+4))]

[(0+0)+ ((Bn+3i+2)+(3n+3@{+ 1)+ 1))]

Therefore
=¥ {6x 2" 1[((18.2") — 12) — 7] X 6))] +
[((18.2") — 12) — 6] X 5))] + 30n + 24i + 29}+
n {3x 2" '[((18.2") — 12) — 6] X 5))]+

[((18.2") — 12) — 7] X 6))] + 2(3n) + 7}

After simplification, we get

C"€(D1[n]) =891x2°"+36 n22"+35n 2" — 1467x 2"*
Theorem 7.1.2: The second cutting number-eccentricity index of D1[n] is given by

C™g(Da[n] ) = 594x22" +129n°2" +273n22" +456 n 2" — 156x2" + 27 nz 2" +63 n 2"
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Proof: Consider the second cutting number-eccentricity index of D1[n] is given by
C7E(D1[n] ) = Xuev(e) c(u)e(u)

= T e (o, )| CDEM) + (6() ()]

Therefore
=Y. 6Xx2" [ 45n% + 36i? + 62ni + 56i + 87n + 44] +
m3x 2" H[((18.2") — 12) — 6] X 5))]+

[((18.2") — 12) — 7] X 6))] + 9n? + 21n + 12}

After simplification, we get

C™g(Da[n] ) = 594x22" +129n°2" +273n22" +456 n 2" — 156x2" +27 nz 2"+ 63 n 2"

Theorem 7.1.3: The hyper first cutting number-eccentricity index of D1[n] is given
by

HC "€(D1[n]) = 352836x2*" — 727056x2 *" +374679x2 " +576n°2"
+1638n22" +1563 n 2" +399x2" + 147x2""

Proof: Consider the first hyper cutting number-eccentricity index of D1[n] is given

by

HCE(Da[n]) = Xuev ey c(w)* + &(w)?,
= v, 1y €0 + ()7 + (£ () + £(v)’
Therefore
=¥ {[6x 2" *[((18.2") — 12) — 7] X 6)) +
[((18.2") — 12) — 6] X 5))]* + (6n + 7)* + (6n + 6i + 3)°

+(6n+6i+5)°*+2(6n+6i+7)* +
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n {3x2"1[((18.2") — 12) — 6] X 5)) +

[((18.2") —12) = 7] x 6))]* + (6n+ 7)*}

After simplification, we get

HC *€(D1[n]) = 352836x2 " — 727056x2 %" +374679x22" +576n°2" +

1638n22" +1563 n 2" +399x2" + 147x2"*

Theorem 7.1.4: The hyper second cutting number-eccentricity index of Di[n] is
given by
HC™E(D1[n]) = (129n°2" +273n22" +456 n 2" +132x2")2 +
[(135x22"— 135 x2") x( 162x22"— 171x2")]2 +

[27n2x2" +63n2 " +36x2"]>

Proof: Consider the hyper second cutting number-eccentricity index of

D1[n] with n =1 is given by

HC ™€(D1[n]) = Tuev(cy c(W) 2e(w)?,

= 5o, (€ €D)? + () £(V))°

Therefore
= Y1 [6X 2" *[(45n% + 36i% + 62ni + 560 + 87n + 44)]* +
i=1[3x 2" 71 {[((18.2") — 12) — 6] X 5))] x

[((18.2") — 12) — 7] X 6))]? + [9n? + 21n + 12]?}

After simplification, we get

HC ™€(D1[n]) = (129n°2" +273n22" +456 n 2" +132x2")? +
[(135x22"— 135 x2" ) x( 162x22'— 171x2" )] 2 +
[27n2 2™ +63n2"+36x2"]?
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Corollary 7.1.5: The first cutting number eccentricity index of D1[1] is given by

C"¢(D1[1] ) = 690+615+630+102+114+114

Proof: Using symmetry of the nanostar dendrimer D1[1]

we use one branch of D1[1] as labeled in Fig.7.1.1

v
1
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0 0] "2
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5 Q/O"B
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.
v 0oL,
12 TNy
0 0)"8 _
S8 b 10y § 20
0
o 9013 L 50 0] 21
¥10
16 0 i4 Vo 0 ; 0 %
Y15 V23

. D [n] nanostar dendrimer

Fig7.1.1
Edge No. of Cutting No. of end Eccentricity of end vertices
set edges vertices (e(u), £(v))
e=uv (c(u), c(v))
E: 6 (0,102) (7, 6)
E> 3 (90, 102) (7, 6)
Es 6 (0,0) (7,8)
E4 6 (0, 0) (8,9)
Es 6 (0, 0) (9, 10)
Ese 6 0,0) (9, 10)
Table 7.1.2

C'e(Dy[1]) = ZuEV(Dl (D c(u) + £(u)

= 6(0+102+7+6)+3(90+102+7+6)+6(90+0+7+8)+6(0+0+8+9)

6(0+0+9+10)+6(0+0+9+10)
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Therefore

C"€(D1[1]) = 690+615+630+102+114+114
Corollary 7.1.6: The second cutting number eccentricity index of D1[1] is given by
C™€( D1[1]) = 252+27666+336+432+540+540

Proof: Using symmetry of the nanostar dendrimer D1[1] we use only one branch of

D1[1] as labeled in Fig.7.1.2

C™e(D1[1]) = ZuEV(Dl (D c(u)e(u)
= 6[(0x102)+(7x6)]+3[(90x102)+(7x6)]+
6[(90x0)+(7x8)]+6[(0x0)+(8x9)]

6[(0x0)+(9x10)]+6[(0x0)+(9x10)]

Therefore

C™€(D1[1]) = 252+27666+336+432+540+540

Corollary 7.1.7: The hyper first cutting number-eccentricity index of D1[1] is given
by
HC "€(Da[1]) = 62424+111099+49950+1734+2166+2166

Proof: Consider the hyper first cutting number-eccentricity index of D1[1] is given
by
HCED1[1]) = Eyeyp, 1ayy 6@ +8(W)°
= 6[(0+102) 2 +(7+6) 2]+3[(90+102) 2 +(7+6) 2] +6[(90+0) 2 +(7+8) 2] +

6[(0+0)2 +(8+9)2]+6[(0+0)*+(9+10)*]+6[(0+0) +(9+10)°]
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Therefore

HC *€(D1[1]) = 62424+111099+49950+1734+2166+2166

Corollary 7.1.8: The hyper second hyper cutting number-eccentricity index of D1[1]

IS given by
HC "€(D1[1]) =10584+84282984+18816+31104+48600+48600

Proof: Consider the hyper second cutting number-eccentricity index of Di[n] is

given by

HCTED1[1]) = Xeyp , pyy €W * E(W)*,

= 6[(0x102) 2 +(7x6)? | +3[(90x102)  +(7x6)? | +6[(90x0) 2 +(7x8) 2] +

B[(0x0)? +(8x9) 2 ]+6[(0x0) 2 +(9x10)2 J+6[(0x0)2 +(9x10)?]

Therefore

HC ™€(D1[1]) = 10584+84282984+18816+31104+48600+48600

Corollary 7.1.9: The first cutting number-eccentricity index of D1[2] is given by

C'€(D1[2] ) = 4542+3213+4410+2046+2058+3678+3564+348+372
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Edge  No.ofedges  Cutting No. of end vertices Eccentricity of end

set e=uv (c(u), c(v)) vertices
(g(u), &(V))
E 6 (0, 738) (10, 9)
E> 3 (714, 738) (10, 9)
Es 6 (714, 0) (10, 11)
= 6 (0, 318) (11, 12)
Es 6 (318, 0) (12, 13)
Es 6 (318, 270) (12, 13)
E- 12 (270, 0) (13, 14)
Es 12 (0, 0) (14, 15)
Es 12 (0, 0) (15, 16)
Table 7.1.3
Proof:

C'€(D1[2]) = Yuev(c) c(w) + (w)
= 6(0+738+10+9)+3(714+738+10+9)+6(714+0+10+11)+
6(0+318+11+12)+ (318+0+12+13)+6(318+270+12+13)+

12(270+0+13+14)+12(0+0+14+15)+12(0+0+15+16)

Therefore

C"€( D1[2] ) = 4542+3213+4410+2046+2058+3678+3564+348+372

Corollary 7.1.10: The second cutting number eccentricity index of D1[2] is given

by

C™€( D1[2] ) = 540+1581066+660+792+936+516096+2184+ 2520+2880
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Proof:

CEDL2D) = ey o, oy CWEQW)

= 6[(0x738)+(10x9)] +3[(714x738)+(10x9)] + 6[(714x0)+(10x11)] +
6[(0x318)+(11x12)] + 6[(318x0)+(12x13)] +
B[(318x270) +(12x13)] + 12[(270x0)+(13x14)] +
12[(0x0)+(14x15)] + 12[(0x0)+(15x16)]

Therefore

C™g( D1[2] ) = 540+1581066+660+792+936+516096+2184+2520+2880

Corollary 7.1.11: The hyper first cutting number-eccentricity index of D1[2] is

given by

HC*€(D1[2] ) = 3270030+6325995+3061422+609918+610494+
2078214+10092+11532

Proof: Using symmetry of the nanostar dendrimerD1[2]

HC€(G) = ZueV(Dl 2]) c(u)? + g(u)?
= 6[(0+738)>+(10+9)*]+3[(714+738) > +(10+9)* ]+
6[(714+0)*+(10+11)*]+ 6[(0+318)* +(11+12)* ]+
6[(318+0)*+(12+13)?]+6[(318+270)* +(12+13)* ]+
12[(270+0)* +(13+14)*]+12[(0+0) > +(14+15)* ]+
12[(0+0)?+(15+16)?]

After simplification, we get

HC™€( D1[2] ) = 3270030+6325995+3061422+609918+610494+
2078214+10092+11532
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Corollary 7.1.12: The second cutting number eccentricity index of D1[2] is given
by
HC™€( D1[2] ) = 48600+832972022172 +72600+104544+

146016+7371963936+397488+529200+691200

Proof: Using symmetry of the nanostar dendrimerD1[2]
HCTEMD4[2]) = X o, ®. 12D c(u)?e(u)?

Therefore
= 6[(0x738)2+(10x9)2 |+3[(714x738) 2 +(10x9)2 |+
6[(714x0)2+(10x11)2 ]+ 6[(0x318)2 +(11x12)2 ]+
6[(318x0)2 +(12x13)2 |+6[(318x270)2 +(12x13) 2 |+
12[(270x0)2 +(13x14)2]+12[(0x0)2 +(14x15)2 ]+
12[(0x0)2 +(15x16)2]
After simplification, we get
HC™€( D1[2] ) = 48600+832972022172 +72600+104544+
146016+7371963936+397488+529200+691200
7.2 The second type of cutting number-eccentricity index of nanostar
dentrimers D2[n]
In this section, we compute the second type of cutting number-eccentricity

index of nanostar dendrimers is D2[n] with shown in Fig.1.3.8, respectively.
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Edge  No.ofedges  Cutting No. of end vertices  Eccentricity of end vertices
set e=uv (c(u), c(v)) (e(u), (v))
Ex 6x2 " (0, [((18.2")-12)-19]x18) (10n+10i-10, 10n+10i-11)
E2 3x2"* ([((18.2")-12)-19]x17),
[((18.2")-12)-19]x18))  (10n+10i-10, 10n+10i-11)
Es 6x2"* ([((18.27)-12)-18]x17,0)  (10n+10i-10, 10n+10i-9)
E4 6x2"* (0, [((18.2")-12)-7]x6)  (10n+10i-9, 10n+10i-8)
Es 6x2" ([((18.2")-12)-7]x6, 0)  (10n+10i-8, 10n+10i-7)
Ee 6x2 " ([((18.27)-12)-7]x6),
[((18.2")-12)-6]%5)) (10n+10i-8, 10n+10i-7)
= 12x2"* ([((18.2")-12)-6]x5, 0)  (10n+10i-7, 10n+10i-6)
Es 12x2"* 0, 0) (10n+10i-6, 10n+10i-5)
Eo 12x2"* (0, 0) (10n+10i-5, 10n+10i-4)
E1o 12x2 "t (0, 0) (10n+10i-4, 10n+10(i+1)-3)
Table 7.2.1

Theorem 7.2.1: The first cutting number-eccentricity index of D2[n] is given by

C'€(Da[n]) =3672x22"+405n22" +1215n 2" — 6195x2"

Proof: Using symmetry of the nanostar dendrimer D2[n]

Using the data given in above table,

CE(D2An]) = Xuevs)c(w) + (u)

= Yueveylc() + c(v) + e(u)+ &(v)]
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Therefore
=Y, 6x 2" H{[((18.2") — 12) — 19] x 18))] +
[((18.2") — 12) — 18] x 17))] + 3[((18.2") — 12) — 7] X 6))] +
[((18.2") — 12) — 6] X 5))] + 10(10n) + 10(10i) — 87} +
n 3% 2" H{[((18.2") — 12) — 19] x 17))]+
[((18.2") — 12) — 19] x 18))] + 2(10n) + 2(10i) — 21} +
m 12 x 2" H{[((18.2") — 12) — 6] X 5))]+

+8(10m) + 8(10i) — 30}

After simplification, we get

C'€(D2[n]) =3672x2>"+405n22" +1215n 2" — 6195x2"
Which is the required result.

Theorem 7.2.2: The first cutting number-eccentricity index of D2[n] is given by

C™€(Dy[n] ) = 177876x2%" —572184x2 " +5450 n*2" +5835n22"
— 6230n 2" +473580x2" — 315 22" — 315n 2"

Proof: Consider the first cutting number-eccentricity index of D2[n] is given by
C7€(Da[n]) = Yuev(c) c(we(u)

= ZuEV( D, [n])[C(u)C(V) +g(w) e(v)]

Therefore
=3, 6 x 2" H{[((10n + 10i — 10) x (10n + 10i — 11)) +
((10n + 10i — 10) x (10n + 10i — 9)) +

((10m + 10i — 9) X (10n + 10i — 8)) +
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((10m + 10i — 8) x (10n + 10i — 7)) +
[[((182") —12) — 7] X 6))] X [[((18.2") —12) — 6] X 5))] +
((10n + 10i — 8) x (10n + 10i — 7))} +
m 3% 2" H[[((18.2") — 12) — 19] x 17))] +
[[((18.2") — 12) — 19] x 18))]+

(10n + 10i — 10) x (10n + 10i — 11)}

m 122" H{((10n + 10i — 7) x (10n + 10i — 6))] +
((10n + 10i — 6) X (10n + 10i — 5))] +
((10n + 10i — 5) x (10n + 10i — 4))] +

((10n + 10i — 4) x (10n + 10(i + 1) — 3))]}

After simplification, we get
C™€(Dz[n] ) = 177876x2* —572184x22" +5450 n*2" +5835n22"

—6230n 2" +473580%x2" — 315n22"*—315n2""

Theorem 7.2.3: The hyper first cutting number-eccentricity index of D2[n] is given
by
HC™€( D2[n]) =1311228x2°" —8071704x2*" +39600 n®2" +59310n22"

— 15390 n 2" +21534504x2" 4+ 1323x2"*

Proof: Using symmetry of the nanostar dendrimer D2[n] we use only one branch of

D2[n] as labeled in Fig 7.2.1

Using the data given in above table, the second type of cutting number-

eccentricity index of
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D2[n] for n> 2, we have
HCE( D2[n]) = Zuevey cW? + () ?

= Zuev(e[(c() +c(v))* + (e(w)+ &(v))?]

Therefore

=30, 6x 2" H{[((18.2") — 12) — 19] X 18))?] +
((10m + 10i — 10) + (10n + 10i — 11))?
[((18.2") — 12) — 18] x 17))?]

((10n + 10i — 10) + (10n + 10i — 9))> +
[[((18.2") —12) = 7] X 6))°]

((10n + 10i — 9) + (10n + 10i — 8))? +
[[((18.2") —12) = 7] X 6))°]

((10n + 10i — 8) + (10n + 10i — 7))* +
[[((18.27) —12) = 7] x 6))] + [[((18.2") —12) — 6] X 5))]*}
YR 3% 27 H{[((18.2") — 12) — 19] x 17))]+
[((18.2") — 12) — 19] x 18))]? +

((10n + 10i — 10) + (10n + 10i — 11))*}+
Y12 x 2" H{[((18.2") — 12) — 6] X 5))] 2+

((10n + 10i — 7) + (10n + 10i — 6))* +

((10n + 10i — 6) + (10n + 10i — 5))2 +

((10n + 10i — 5) + (10n + 10i — 4))2 +

((10m + 10i — 4) + (10n + 10(i + 1) — 3))?}
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After simplification, we get
C™€(Dz[n] ) =1311228x2°"—8071704x2>" +39600 n®2" +59310n22"

— 15390 n 2" +21534504x2" + 1323x2"*
Which is the required result.

Theorem 7.2.4: The hyper second cutting number-eccentricity index of Dz[n] is
given by
HC™E( D2[n] ) = 6954238x2°"+94665408x2 " — 5530189x2*"

—7336034x2°"+903426 n°+ 348700 n*2"— 348700 n°2"

+400968n22" — 228604n 2" +436658x2" + 48854x2"*

Proof: Consider the second cutting number-eccentricity index of D2[n] is given by
HC™E(Do[n] ) = ueve) c()’e(u)

=X Hle@e)® + (e ev))?]

u€ev(D, [n

Therefore
=y, 6x 2" {[((10n + 10i — 10) x (10n+ 10i —11))* +
((10m + 10i — 10) X (10n + 10i — 9))? +
((10n + 10i — 9) x (10n + 10i — 8))* +
((10n + 10i — 8) X (10n + 10i — 7))* +
[[((18.2") —12) = 7] x 6))] x [[((18.2") —12) — 6] X 5))]° +
((10n + 10i — 8) X (10n + 10i — 7))]°} +
m3x 2" H[[((18.2") —12) — 19] x 17)]* +

[[((18.2") — 12) — 19] x 18))] 2+
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((10n + 10i — 10) x (10n + 10i — 11))2} +

n 122" H{((10n + 10i — 7) x (10n + 10i — 6))]° +
((10n + 10i — 6) x (10n + 10i — 5))]° +
((10n + 10i — 5) x (10n + 10i — 4))]* +

((10n + 10i — 4) x (10n + 10(i + 1) — 3))]*}

After simplification, we get
HC™€( D2[n] ) = 6954238x2°"+94665408x2 " — 5530189x2*"
—7336034x22"+903426 n°+ 348700 n*2"— 348700 n®2"

+400968n22" — 228604n 2" +436658x2" + 48854x2 "

Which is the required result.
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APPLICATION

During the last few years, numerous graph-theoretic methods have been
developed for the analysis and prediction of physiochemical, environmental, and bio

medicinal properties of molecules.

Use of topological indices in structure activity relationship studies seems to
play an important role in situations where biological activity is determined
predominantly by topological architecture of molecular structure. One of the main
medical and social problems nowadays is HIV and we are in need of Anti-HIV
therapy which is in need of new drugs with less toxic, active against the drug resistant
mutants. It was analyzed Weiner index, Zagreb index played a vital role in solving

this problem.

It has been considered as the main source of medicines and during the past
two decades thousands of compounds and their metabolites with several different
type of biological activity such as anti microbial, anti inflammatory, anti-malarial,
antioxidant, anti-HIV, and anti Cancer activity. Study of topological indices helps in

acquiring that medicine with less toxic.

The constitutional formula of a molecule is in essence, a planar graph where
vertices represent the atoms and edges are the covalent bonds. Since such a graph
adequately depicts the topology of the molecule, it is not surprising that the graph-
theoretic approaches in explaining the physical and biological properties of diverse

groups of chemicals.
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In this work we have introduced many topological indices with multiplicative
version, edge version, and eccentricity. These indices give the nearer values

depicting the physical and biological properties of molecules.

164



CONCLUSION

In this work we have introduced 21 indices namely the multiplicative
Harmonic index, Multiplicative 1SI index, multiplicative F-index, the multiplicative
first and second Zagreb polynomial, the multiplicative modified first and second
Zagreb indices, the multiplicative fifth Geometric-arithmetic index, the
multiplicative fourth atom bond connectivity index, the multiplicative Augmented
Zagreb index, Harmonic Eccentric index, the First and second K- Eccentric indices,
First and second K Hyper -Eccentric indices, Multiplicative K Eccentric indices, the
first and second Multiplicative K Hyper Eccentric indices, the edge version of the
Harmonic index, the edge version of the Randic Index, the edge version of the Sum
connectivity index, the edge version of F- index, the Multiplicative edge version of
the Randic Index, the inverse Randic eccentric, Reduced reciprocal Randic eccentric
boron triangular nanotubes index, reduced second Zagreb eccentric, sum line
connectivity eccentric boron triangular nanotubes index Eccentric indices of Boron
Triangular Nanotubes. the first, second and hyper status indices, Sum and Product
reciprocal connectivity status indices, Fi-status index, Gourava indices, (a, b)-status
index, ABC, AG and Augmented status indices, Sum connectivity index, SK, SK1
and SK2 status indices and Nano-Zagreb, Sum Nano-Zagreb status indices, Square
Reverse status index, F-Reverse status index, Reduced Second and hyper Zagreb
status index and general Reduced second Zagreb status index of perfect binary tree

graphs.
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These indices may surely give hands to the chemist in finding the more and more

appropriate or nearer values in studying about molecules.

In future the higher orders of these indices and also the comparative study of

indices can carried out.
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1. Introduction

Let G be a finite, simple, connected graph with vertex set V(G) and
edge set E(G). The notation uv represents an edge between two vertices u
and v in G. The distance d(u, v) between any two vertices u and v is the

length of the shortest path which connects u# and v. It is defined as the
number of edges in a shortest path that connects the vertices u and v. The

eccentricity eg(v) of a vertex v in G is the largest distance between v and
any other vertex u of G. The line graph L(G) of G is the graph whose vertex
set corresponds to the edges of G such that two vertices of L(G) are adjacent

if the corresponding edges of G are adjacent. Let eL(G)(e) denote the

eccentricity of an edge e in L(G), where L(G) is the line graph of G. A

molecular graph is a finite, simple graph such that its vertices correspond to
the atoms and the edges to the bonds. There are several topological indices
that have some applications in theoretical chemistry in QSPR/QSAR study
[2, 3]. The Wiener index is the first graph invariant reported (distance based)
topological index and is defined as the half of the sum of the distances
between all the pairs of vertices in a graph [1]. Also, the edge version of
wiener index based on the distance between edges is introduced by

Iranmanesh et al. [2]. These topological indices are formulated as follows:

WV(G) = Z{M,V}CV(G) d(u7 V),

Wo(G) = Z{e’ s e 1)

The degree of a vertex v is denoted by d,,, and that of the edge e by d,.
The degree of a vertex v is the number of vertices joining v.
Bhanumathi and Rani [1] introduced the edge versions of the first and

second K-eccentric indices, and the first and second K-hyper eccentric

indices of a graph G defined as
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BIE(G) = Zue leg () + er(G)(e)].

BE(G) = Zue [e(w)erG)(e)],
and

HBE(G) = Zue e (u) + er(g)(e)F,

HByE(G) = Zue [eG(“)eL(G)(e)]z-

Kulli [5] introduced the following indices:

The modified first and second Zagreb indices of a graph G defined as

” 1 m !
6= T g 0= L e

The edge versions of modified first and second K-eccentric indices of a

graph G have been defined as

5O 2tz dger "0 Ludgwdge

Favaron et al. [10] and Zhong [11] introduced the harmonic index of a

graph G as

2
H(G) - ZuveEG dG(u) + dG(v)'

In all the cases ue means the vertex u and edge e are incident in G and

er(g)(e) is the eccentricity of e in the line graph L(G) of G. If Gisa (p, q)

graph whose vertices have degrees d;, then L(G) has g vertices and ¢
1 2
edges, where gq; = —q + Ezdi .

In this paper, the edge versions of eccentricity of circumcoronene series

of Benzenoid L(H} ) graphs are introduced. Furthermore, the values of these

indices for circumcoronene series of Benzenoid graphs are determined.



158 R. Rohini and G. Srividhya

2. Results for Edge Version of Eccentricity of Graph L(H})

This section is devoted to study the edge version of eccentricity of

circumcoronene series of Benzenoid system L(H).

Also, we obtain a closed formula for a famous molecular graph, namely,
circumcoronene series of Benzenoid graph. The circumcoronene homologous
series of Benzenoid graphs is a family of molecular graphs, which consists of

several copies of benzene Cg on its circumference. The terms of this series
are represented as, H|-benzene, H,-coronene, H3-circumcoronene and
H j-circumcircumcoronene etc. A Benzenoid system is a connected

geometric figure. It is obtained by arranging congruent regular hexagons in a
plane. Consequently, two hexagons are either disjoint or have a common

edge, see Figure 1 and Figure 2, where these are shown.

Figure 1. L(Hy).
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Figure 2. L(H}).

The line graph of circumcircumcoronene L(H,4) (Figure 1).

The general representation of line graph of circumcoronene series of
Benzenoid L(H} )(k > 1) with edges marked (Figure 2).

Consider the circumcoronene series of Benzenoid L(H} ), where H), is
the defining parameter as illustrated in Figures 1 and 2.

The number of vertices in circumcoronene series of Benzenoid L(H},) is
equal to |V(H;)|=9k*> -3k and the number of edges is | E(Hy)|=
18k% —12k.

To evaluate the edge version of topological indices of this
circumcoronene series of Benzenoid system L(H}, ), the required number of
vertices, eccentricity of e in L(H}, ), the number of edges ef, and the number

of end vertices are given in Table 2.1.
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Table 2.1

No. of vertices Eccentricity of e in No. of edge set

(er(G)(e): er(G)(f))

in L(Hy) L(Hy) (e(u), e(v))
6 2k +1 6x3 2k +1, 2k +1)
6 2k +1 6x2 2k +1, 2k +2)
12 2k +2 6x3 (2k +2, 2k +3)
6 2k +3 6x4 (2k +3, 2k +3)
12 2k +3 6x4 (2k +3, 2k + 4)
24 2% + 4 6x5 (2k + 4, 2k +5)
6 2k +5 6x6 (2k +5, 2k +5)
18 2%k +5 6% 6 (2k +5, 2k +6)
36 2% + 6 6x7 (2k + 6, 2k +7)
6 2Ue+20k-2)—1 6x(2k—4) (2 +2(k—2)—1, 2k +2(k - 2) - 1)

6(k—2)  2k+2(k-2)-1 6x(2k—4)  (2k+2(k-2)-1, 2k +2(k - 2))
12(k - 2) 2k+20k-2) 6x(2k-3)  (2k+2(k-2), 2k +2(k-1)—1)

6 2k+2k-1)-1 6x(2k-2) (k+20k-1)—1,2k+2(k-1)-1)
6(k—1)  2k+2(k-1)-1 6x(2k-2)  (2k+2(k-1)-1, 2k +2(k - 1))
12(k - 1) 2k+2k-1) 6x(2k-3)  (k+2(k-1), 2k +2(k —1)+1)

6 2k +2(k-1)+1 6x2 Qk+2k-1D)+1,2k+2(k-1)+1)

Here, we define the edge version of the first and second K-eccentric
indices of a graph as

M\E(L(Hy)) = Z ler(r,)(€) + er () (),

ef eE(L(G))

MyE(L(Hy)) = Z ler(a, (@) x e ) (]

ef eE(L(G))

Also, we define edge version of the first and second K-hyper eccentric

indices of a graph as
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— 2
HM\E(L(Hy)) = ZefeE(L(Hk ) ler ) (@) + e (]

HM,E(L(Hy)) = Zefe E(L(H,)) e, )(€) x e, )(f g

Furthermore, we define the edge version of modified first and second
K-eccentric indices of a graph as

"ME(L(H,) = Y :

of <E(L(H)) e, y(e) + e, )(f)’

1
of cE(L(HY)) e (g7, y(€) x ep () (f)

"MLE(L(H) = Y
The edge version of harmonic eccentric index of a graph is defined as

HE(L(H) = Y =

of eE(L(Hy)) e, )(€) + ep(r, ) ()

In all the cases, ¢f means that for the edges in L(H}), we have that
er(m, )(e) is the eccentricity of e in the line graph L(H}) of G.

3. The EDGE Version of Eccentric Indices of Graph L(H )

The edge versions of the first and second K-eccentric indices, the first
and second K-hyper eccentric indices are investigated. Moreover, the edge
versions of modified first and second K-eccentric indices and harmonic

eccentric index of circumcoronene series of Benzenoid L(H}) graphs have

been calculated.

Theorem 3.1. For any positive integer k, let L(H},) be the general form

of circumcoronene series of Benzenoid system. Then
() MyE(L(H,})) = 12k* + 32k +102k> — 382k + 524,

(ii) MyE(L(H})) = 176k* + 56k — 1060k> + 1126k — 1150,

(i) HME(L(H})) = 660k* + 725k — 4665k> + 4787k — 509,
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(iv) HM,E(L(H})) = 544k + 7808%> — 31080k + 37360k°

— 21904k + 6380k — 270.

Proof. By using the above definition and table values (2.1), we deduce
(1)

M\E(L(H))
= Leper(uiny L0 * ewin )

B ZefeEl (L(H})) ler () (€) + er(ay ) (f)]

4+ o0+

Zef’EE3(k—l)+l(L(G)) Lz () (€) + ergar ) (]
= 6% 3[4k + 2]+ 6 x 2[4k + 3]+ 6 x (20 + 1)25:12(4/; + 4i)

. k=2 . . k=2 .
+6x (2 + 2)21,:1 (4k + 4i +1) + 6 x (2i + 2)21,:1 (4k + 4i +3)
+ 6% 3[(2k — 3)(8k — 4)] + 6 x 2[(8k — 3)].

After simplification, we get

= 12k% + 3213 +102k% — 382k + 524
(i1)
M,E(L(Hy))

- ZefeE(L(G)) Levqr,)(€) % er ) (f)]
- ZefeEl(L(G)) ler(#1,)(e) % ez, ()]

+ -+

Zef€E3(k71)+l(L(Hk ) Lenrr) (@) % era (/)]
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= 6 x 3[(2k +1)°]+ 6 x 2[(2k + 1)(2k + 2)] + 6 x (2i +1)
x Z:z (2k +1)* + 6 x (2i + 2)2:12 (2k + 2i)(2k + 2i +1)
+6x (2 + 2)25‘: (2k + 2i +1)(2k + 2i + 2)

+ 6% 3(2k — 3)[(2k + 2(k — 1))*]
+ 6 x 2[(2k + 2(k —1))(2k + 2(k — 1) + 1)].
After simplification, we get
=176k* + 56k> — 1060k> + 1126k — 1150.
(iii)
HM\E(L(H}))

B ZefeE(L(Hk plesi @) engr ) (f )
= 2eperaay umn () + e U
2
T Zef€E3(k—l)+l(L(Hk)) Ler () + evig) ()
= 6% 3[4k + 2] + 6 x 2[4k + 3P + 6 x (2 +1)
k-2 2 : k-2 o
x Zle [4k + 4i* + 6 x (2i + 2)21.:1 [(4k + 4i +1)]
+6x (20 + 2)25:12 [(4k + 4i + 3)]

+6 x 3(2k — 3)[8k — 4] + 6 x 2[(8k - 3)]*.

After simplification, we get

= 660k* + 725k — 4665k* + 4787k — 509.

163
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(iv)
HM,E(L(Hy))

- ZefeE(L(Hk ) lez () (€) x ey (f P
- ZefeEl(L(Hk ez @) enir)(f P

2
! Z“ef€1’53(1c71)+1(L(Hk ) Lz )(€) < er(a) (/)]

= 6 x 3[(2k +1)°F + 6 x 2[(2k + 1)(2k + 2) + 6 x (2i + 1)
x Z:‘j [(2k + 20 + 6 x (2i + 2)25_:12 [(2k + 2i)(2k + 2i + 1)
+6x (2 + 2)2?,:12 [(2k + 2i + 1) (2k + 2i + 2)]?

+ 6 x 34(2k — 3)[(2k + 2(k — 1))’ T

+6x 2[(2k + 2(k — 1)) (2k + 2(k = 1) + 1)
After simplification, we get
= 544k 1+ 7808k> — 31080k + 37360k° — 21904k2 + 6380k — 270.

Theorem 3.2. For any positive integer k, let L(H},) be the general form

of line graph of circumcoronene series of Benzenoid system. Then
(1)

192k% — 96k° — 60k* + 348k> + 168k% — 66k — 36
32k% + 40K° — 4k* — 20K° — 6k>

"M E(L(Hy)) =

6k> — 18k + 18
T2
2k -2k +5
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(i)
" MyE(L(Hy))

_ 4608k0 — 21888k° + 43200k — 41184k> + 20016k% — 4752k + 432
864k> + 648k* — 16416k> + 12960k% — 3672k — 9072

(iii)
960k> + 1656k* — 7452k + 504k% + 5208k — 858
128k — 68k* — 316k + 185k% — 89k — 33

HyE(L(Hy)) =

. 1008k* — 295243 + 4788k* — 3672k + 786
64k* — 120k + 228k% — 152k + 30

Proof. By using the above definition and table values (2.1), we deduce
(1)
" M\E(L(H))

3 1
- Z:efeE(L(Hk D er(m,)(€) +erm,)(f)

B 1
- Zef cEy (L(Hk))|:eL(Hk)(e) +er(my)f )}

1
o Zef€E3(k—l)+l(L(G))|:eL(Hk)(e) + eL(Hk)(f)}
1 1 .
= 6X3|:mj|+6><2|:(4k—+3):|+6x(21+1)
k-2 1 , k-2 1
2 [2(2k T 21')} B CAT) I [41{ Tdi+ J

. k-2 1
+6x(2i+ 2)21':1 [4k +4i + 3}

1 1
+O0x3(2k - 3)[2(21( T2k - 1))} +ox 2[(41( Ak D+ 1)}'
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After simplification, we get

_ 192k° — 96k> — 60k + 348k° + 168k — 66k —36  6k” — 18k + 18
32k° + 40k — 4k - 207 - 62 2k% =2k +5

(i)

" M,E(L(Hy))

B 1
- Z:ef <E(L(Hy)) e (g, )(€) x er (g, (f)

B 1
- ZefeEl(L(G))LL(H,{)(Q) X eL(Hk)(f)}

1
o ZefeE3(1\¢_1)+1(L(G)){@L(Hk)(e) x eL(Hk)(f)}

+6x(2i+1)

1 1
=6 x 3{@} +6x 2[(Zk +1)(2k + 2)}

k-2 1 . k=2 1
%2t {(2“—21)2} +6xQi+2)) [(21( T 2i) (2k + 2i + 1)}

_ k-2 1
+6x (2 + 2)21-:1 [(2k +2i +1)(2k +2i + 2)}

1
+6x3(2k - 3){(21‘7 2 1))2}

1
tox 2[(21; T2k - D)2k + 2k - 1) + 1)}
After simplification, we get

_ 4608k° — 21888k + 43200k* — 41184k> + 20016k — 4752k + 432
864k° + 648k* — 16416k> +12960k> — 3672k — 9072
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(iii)
HE(L(Hy))

~ 2
- Zef <E(L(G)) er (1, )(e) + erar, )(f)

B 2
- Zef <Ey(L(Hj ))[eL(Hk)(e) +er(ay)f )}

. 2
of €E3(k-1)+1(L(G))| er(m, )(e) + er(a, )(f)

1 2 .
—6X3|:m:|+6x2‘:m:|+6>((2l+1)

k2l 1 _ k2l 2
i [(Zk T 21')} LOx(2i+2)) [4k Tai+ 1}

. k-2 2
+ 6 x (21 + Z)Zizl l:m:|

+6x3(2k—3)[M}+6xz[4k+4(z_l)+l}

After simplification, we get

_ 960k° + 1656k* — 7452k + 504k% + 5208k — 858
128%° — 68k* — 316k> + 185k% — 89k — 33

.\ 1008k% — 29523 + 4788k — 3672k + 786
64k* —120k% + 228k% 152k +30
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Abstract

In this paper, the status of binary tree and status based some indices of
binary tree graphs are computed.

1. Introduction

Let G be a finite, simple, connected graph with vertex set V(G) and

edge set E(G). The notation uv represents an edge between two vertices u
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and v in G. The distance d(u, v) between any two vertices u and v is the
length of the shortest path which connects u and v.

A molecular graph is a graph such that its vertices correspond to the
atoms and their edges to the bonds. Chemical graph theory is a branch of
mathematical chemistry which has an important effect on the development
of the chemical sciences. A single number that can be used to characterize
some property of the graph of a molecular is called a topological index for
that graph. Numerous topological descriptors have found some applications
in theoretical chemistry especially in QSPR/QSAR research.

The status [8] of avertex u € V(G) is defined as the sum of its distance
from every other vertex in V(G) and isdenoted by o(u). That is,

o(u) = ZUGV(G)d(u, V).

The first and second status connectivity indices of a graph G are
introduced by Ramane and Yanaik in [1], defined as

S(G) = e oW oW $(@) =Y [o)o()]

In [2], Kulli introduced the first and second hyper status indices of a
graph G, defined as

HS(G) = X o) [0 + oW, HS(G) =D o oWV,

Also, in[2], Kulli introduced the following connectivity status indices.

The sum connectivity status index of agraph G is defined as

1
SS(G) = Zuve E(G)m .

The product connectivity statusindex of agraph G isdefined as

1
PS(G) = Zuve E(G)m.
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The reciprocal product connectivity status index of a graph G is defined
as

RPS(G) = ZwGE (G)q/c(u)c(v).
The general first and second status indices of agraph G are defined as
SG) =Y gt oP @)= L eWew]

where aiscalled as areal number.
In [6], Kulli introduced the following connectivity status indices.

The F;-status index of agraph is defined as

RSG) = X e l0W + o(v)?]

First and second Gourava indices, (a, b)-status index of a graph. Also,
the symmetric division statusindex is defined as

SBOI(G) = o) + 0 + o(u)o(v)]

and

SGO,(G) = ) s(u)o(v)[o(u) + s(v)]

uweE(G)

The (a, b)-status index of agraph G is defined as
_ a b b a
Sab(6) = X\ g oW ) + 0P s(v)?]
The symmetric division status index of agraph G is defined as

_ o(u) , o(v)
DS(G) = ZuveE(e)[Tc) " T\J)}

In [3], Kulli introduced the following connectivity status indices.

The atom bond connectivity status index of agraph G is defined as

B o(u) + o(v) -2
AOSE) = Ty | oo
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The arithmetic-geometric status index of agraph G isdefined as

_ o(u) + o(v)
AGS(G) = ZUVGE(G) 2\/o(u)o(v)

The geometric-arithmetic status index of a connected graph G defined as

GAS(G) = Z 2\/o(u)o(v)

weE(G) o(u) + o(v)
The augmented status index of agraph G is defined as

o(u)o(v) jﬁ

AS(G) = ZUVGE(G)(W

In[9], Ramane et al. introduced the harmonic status index defined as

2
HS(G) = ZUVEE(G) o(u) + o(v)

In this paper, some statuses of perfect binary tree graphs were
introduced. Furthermore, the value of these indices for perfect binary tree
graphs was determined.

2. Resultsfor Status of Perfect Binary Tree Graphs

In this section, some status of vertices of perfect binary tree graphs was
analyzed. A binary tree is said to be perfect if al the internal nodes have
strictly two children, and every external or leaf node is at the same level or
same depth within a tree. For a perfect m-array tree with height h, the upper

bound for the maximum number of leaves is m". If there is a zero-index

level, then the number of nodes on the h level is exactly oh.

Level 0: 2° nodes, Level 1: 2 nodes, Level 2: 22 nodes, Level 3: 23
nodes and so on.

So the total number of nodes in a perfect binary tree with height his

n=2042t 402108 o1 oh _ohtl 4
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The status, denoted by o(u) of avertex uin G isthe sum of distances of
all other vertices from u to all other verticesin G.

Let G be abinary tree with height h.

Let up denote the central vertex, u; denote a vertex on level 1, up

denote avertex on level 2, ..., uy, denote avertex on level h.

Figure 1. Perfect binary tree (m = 2) with status.
Now, the status values of vertices of abinary tree are givenin Table 1.

Height of perfect binary tree  o(Up)  o(u)  ofup)  o(uz)  o(us)  ofus)

0 0

1 2 3

2 10 11 16

3 34 35 44 57

4 98 99 116 141 170

5 258 259 292 341 398 459

and so on.

Next, we calculate the status vales of vertices of a perfect binary tree
with height n:

o(Up) = 2™ n-1) + 2, o(uy) = 2"(20(n-2) + 1) + 3,
o(Uy) = 2"(2Yn - 1) + 1) + 4,
o(ug) = 2" 1(2%(n) + 1) + 5, o(uy) = 2" 2(23(n+1) + 1) + 6,

o(ug) = 27324 N+ 2) +1) + 7,
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o(u_i)=2" 032 2[(n+ (i -1+ 3)+ 1]+ (i -1) + 2,

o(u) = 2" 0-20Yn 4 (i +3)+ 1 +i + 2},

o(uy) = (2n—1)2"1 22 L ny 5,
Now, we compute o(u; ) + o(u;_j) and o(u; )o(u;_; ):
o) +o(U_)=2"2n+2 —7)+3x2"12 1 21 1+ 3 (1)
o(U)o(U;_;) = (4n® + 4i% + 8ni — 28n — 28i + 48)2%"
+(4i% + 4ni + 6n — 8 — 22)2"
+(24n + 24i — 80)2°""
+(12i +20)2" +32x 2272 4§24 3 4 2. )
Therefore, from (1) and (2),
> 2o =Y 2@ n+i-3)+ 2" 4i 4 2)
+ " n+i-4)+ 2773 4 11
- Zi”:lzi [2"Y(2n+ 20 - 7)+3x 2"*2 1 2j 4 3],
©)
> 2 (o) + o(uig) = D 2'[(4n? + 4% + 8ni - 28n - 28i + 48)2°"
+ (4% + 4ni + 6n — 8 —22)2"
+(24n+ 24i —80)2°" 1 (12i + 20)2""

+32x 2272 1213 + 2. (4



Some Status Indices of Binary Tree Graphs 121
2.1. Status based indices of binary tree graphs

The first, second and hyper status indices, also the sum, product
connectivity status indices, F;-status index, first and second status Gourava

indices, Gourava (a, b)-status indices were investigated. Moreover, it

was calculated sum and product connectivity status indices, reciproca
connectivity status indices, ABC, AGS, GAS and ASI status indices of
perfect binary tree graphs.

Theorem 2.1.1. Let G be the perfect binary tree graph. Then
(i) Si(G) = (16n - 36)2*" + (8n + 38)2" - 2.
(i)
S,(G) = (40n? —152n +176)2°" + (24n? — 4n —148) 22"
+(2n®-30n-24)2" - 4.
(iii)
HS,(G) = (128n? — 576n + 712) 2°" + (128n? — 64n — 576) 22"
+(8n? +112-118)2" -18.
(iv)
HS,(G) = Zi”:lzi [(4n? + 4i% + 8ni — 28n — 28i + 48)2%"
+(4i% + 4ni + 6n — 8i — 22)2" + (24n + 24i — 80)2°"""!
+(12i + 20)2"" +32x 2272 4§24 3 + 2]
x [(4n? + 4i + 8ni — 28n — 28i + 48)2"
+(4i% + 4ni + 6n — 8 — 22)2" + (24n + 24i —80)2""

+(12i + 202" +32x 22"2 1§24 3 + 2]
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(v) SP(G) = 2", 2[(4n + 4i —14)2" +12x 2" + 2 + 3.
(vi)
S3(G) = Zi”:lzi [(4n2 + 412 + 8ni — 28n — 28] + 48)22"
+(4i% + 4ni + 6n— 8 — 22)2" + (24n + 24i — 80) 22"
+(12i +20)2" +32x 22" 42 4+ 3+ 2R
Proof. By using the above definition and values, we deduce
(i)
SIOED IS L ORE D) EDMIEICEELTE)
- Zi”:l 22" n+i-3)+2" 2 14 2)
+ (2" n+i—4)+2""*3 4§ +1)] from (1) and (2)
- Zi”:lzi [2"(2n + 2i - 7) + 3x 2"*2 1 2j 4 3]
= (16n — 36)22" + (8n + 38)2" — 2.
(i)
S(G) = 3 ey P = D 2 (o) x o(tiy))
- Zi”:lz‘ [(2" Y n+i-3)+ 2712 44 2)
x (2" n+i—4)+2"*3 4 +1)]
= [(4n? - 28n + 48)2%" + (30n —102)2" + 54] (2" - 1)

+[(8n - 24)22" + (4n +16) + 15]((n - 1)2"*1 + 2)
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+[(4x 2" +1)]((n? - 2n + 3)2""1 — 6)
= (40n? —152n + 176)2°" + (24n? — 4n — 148) 22"
+(2n% —=30n—24)2" — 4,
(iii)
.
HS(G) = 3 g [0 + o = 0 2 [(o(w) + o)
- Zi”_lzi [ (n+i-3)+ 272 11 2)
+ " n+i—4)+ 2" 1 )P
- Zi"_l 212" 2n+ 2 — 7)+ 3x 2712 4 2 4 3P
= (128n? — 576n + 712)2°" + (128n? — 64n — 576)2%"
+(8n% +112n — 118)2" — 18.
(iv)
_ 2 n i i i 2
HS,(G) = ZWG E(G)[G(U) x o(V)]* = Zizl[Z (o(uj)o(ui—1))]
- Zi”_lzi [ (n+i-3)+ 272 11 2)
x (2™ n+i-4)+ 273 4 4 )P
- Zi”:l 2'[(4n2 + 412 + 8ni — 28n — 28i + 48)22"
+ (4% + 4ni + 6n — 8 —22)2"
+ (24n + 24i — 80)22"71 4+ (12i + 20)2"

+32x2°"72 12 1 3 1 2]
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x [(4n? + 4i% + 8ni — 28n — 28i + 48)2°"
+(4i% + 4ni + 6n — 8 — 22)2"
+(24n + 24i — 80)22"1 4+ (12i + 20)2""
+32x 22772 12 4 3 4 2P
(V)
SHG) = D gy [oW + oW = 37 2(o(u) + ()
- Zi”:l 22" n+i-3)+2" 214 2)
+@ n+i-a)+ 2" i p DR
=3 2lan+ 4 -14)2" +12x 2" 4 20 + 3.
(vi)
BG) = Do [0 oW = 37 12 (o) x oty )
=3 2@ n+i-9+ 2" 2 i+ 2)
x(2" n+i-a)+ 2" P
=" 2[(an? + 4i% + gni - 28n - 28i + 48)2°"
+ (4i2 + 4ni + 6n — 8i — 22)2"
+ (24n + 24i — 80)2°"71 1 (12i + 20)2""

+32x 2272 12 1 3 4 2
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Theorem 2.1.2. Let G be the perfect binary tree graph. Then
(i)
FS(G) = (64n? — 288n + 360)2°" + (64n° — 40n — 280)2°"
+(4n® + 52n — 70)2" —10.
(i)
SGOy(G) = (40n? — 152n + 176)2%" + (24n? — 12n — 284)22"
+(2n% = 22n +14)2" — 6.
(iii)
SGO,(G) = [(40n? — 152n + 176) 23" + (24n? — 4n — 148) 22"
+(2n% —30n - 24)2" — 4]x [(16n— 36)2" + (8n + 38) 2" — 2].
(iv)
S, b(G) = Zi”:lzi [(2™ Y (n+i—3)+ 2712 41 2)2
x (2" n+i-4)+ 2" 3 4 4P
+ (" n+i-3)+2"2 4+ 2)P
x (2" n+i—4)+ 2" 3 40 112,
(v)
DS(G)

[[(4n? + 4i2 + 8ni — 32n + 64)2%" + (4% + 4ni + 4n—12i —16)2"
+(32n+ 321 —128) 22" 4 (161 +16)2" " +64x 2272 +i2 4 2j +1]
+[4n? + (4i% + 8ni — 24n — 24i + 36)22" + (4i% + 4ni + 8n — 2i — 24)2"

IR (16n +16i — 48)22"" 1 (8 +16)2" " +16x 2272 12 4 4i + 4]

=1 | (4n? + 4i% + 8ni — 28n — 281 + 48)2°" + (4i% + 4ni + 6n -8 — 22)2"
+(24n + 24i —80)22" + (12i +20)2" (4n? + 4i°

+8ni — 28n—28i +48)22" +32x2°" 2 +i% 13+ 2
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Proof. By using the above definition and values, we deduce
(i)
RSG) = Y e oW + 0] = 377 2[o()? + (1))
=3 21" i -9+ 272 i 4 2)?
+ (" n+i-4)+ 2M1+3 4 1 1))
= (64n? — 288n + 360)2°" + (64n? — 40n — 280)2°"
+ (4n? + 52n — 70)2" - 10.
(if)
SGOy(G) = Zuve EG) [o(u) + o(v) + o(u)o(v)]

= > 2o(u) + o(ui 1) + o(u )o(b 1)
_ Zi“:lz‘ [(2"(2n+2i - 7)+3x 2"12 4 21 + 3)
+((2" Y n+2i —1)+ 22 x (2" (n+ 21 - 3) + 2271))]
= (32n® - 144n + 176)2%" + (32n% + 4n - 184)2%"
+(2n? +38n +14)2" - 6.
(iii)
SBO(G) = Y [0() + oW+ o(W)o(v)]
= > 2l(o(w)o(u 1) o() + ot )]

= [(40n? - 152n + 176)2%" + (24n? - 4n — 148)2°"



(iv)
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+(2n% = 30n - 24)2" - 4]

x [(16n — 36)22" + (8n + 38)2" - 2.

$20(8) = D (6 [0 o) + o()0(v)*]

(v)
SDS(G)

- ZUVEE(G)[

o(v)

= 2 2 [(ou)o(ui-1)P + (o(u)o(ui 1)°)

- Zi”_lzi [(2"Y(n+i-3)+2"+2 11 2)

x (2" n+i—4)+2"*8 4 1P
+ (" n+i-3)+2"2 4+ 2)P

x (2™ +i - 4)+ 2" 3 4+ 1))

o) _ 5" i o) | o(uiy)
0= 2 sy
[[(4n% + 4i2 + 8ni — 32n + 64)22" + (412 + 4ni + 4n — 12i — 16)2"

+(32n+ 321 —128)2°" 4 (161 +16)2" + 64 x 22" 12 4 2 +1]
+[4n? + (4i% + 8ni — 24n — 24i + 36)2%" + (4% + 4ni + 8n — 2i — 24)2"
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_ Zn 5|  (16n + 16i - 48) 22" 4 (8 +16)2" +16x 22" 1§24 4i + 4]

=171 (4n? + 4i% + 8ni — 28n — 28i + 48)2°" + (4i2 + 4ni + 6n — 8 — 22)2"
+(24n + 24i — 80)22"" 4 (12i + 20)2"' (4n? + 4i?
+8ni — 28n— 281 + 48)22" +32x 22" {213+ 2
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Theorem 2.1.3. Let G be the perfect binary tree graph. Then

. 1
(i) SS(G) = S -
J(16n - 36)22" 4 (8n + 38)2" - 2
(i) PS(G) = 1 .
(40n? — 152n +176)2°" + (24n? — 4n — 148)2%"
+(2n? -30n-24)2" -4
40n? - 152n + 176) 2°" + (24n? — 4n — 148)2°"
(i) RPS(G) = |40 n+176)27 +(24n" - 4n - 148)27
+(2n° —30n—-24)2" - 4

Proof. By using the above definition and values, we deduce

(i)

1 n 1
SS(G) = ZUVGE(G)W - Zi=12 {Jc(ui )+ oy 1)}

@™ n+i-3)+ 22 14 2)

+ (" n+i-4)+ 2" 4 1)

D !
\

:ZLE 1 }

| J2"(2n 4 21— 7) 4+ 3x 212 1 2 4 3

1
J(16n—36)22" 4+ (8n+38)2" - 2

(if)

B I SR LB B
PS(G)_ZUVEE(G) o(u)o(v) Zi:lz{ G(Ui)(’(ui—l)}
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2ia? :
\

2" n+i-3)+ 2" 2 1+ 2)

(2" n+i-4)+ 2" 3 4 11) |

1
(40n? — 152n +176)2°" + (24n? — 4n — 148)2%"
+(2n% —30n - 24)2" - 4

(iii)
RPS(G) =D _ (G)«/G(u)c(v =3 2o(u)s(u )

_ |(40n? —152n +176)2%" + (24n? - 4n - 148)2%"
+(2n% —30n - 24)2" — 4 '

Theorem 2.1.4. Let G be the perfect binary tree graph. Then

[(16n — 36)2°" + (8n + 38)2" — 2] - 2

(i) ABCS(G) = .
(40n? - 152n + 176)2°" + (24n® — 4n — 148)2%"
+(2n%2 —=30n-24)2" - 4
(i) AGS(G) = (16n — 36)2°" + (8n+38)2" —2-2
) (40n% —152n +176)2°" + (24n® — 4n — 148)2%"
+(2n? - 30n-24)2" - 4
) (40n% - 152n + 176)2°" + (24n? — 4n — 148) 22"
(i) GAS(G) = (2n? —=30n-24)2" -4

(16n — 36)22" + (8n + 38)2" - 2



130 R. Rohini, P. Gladyis and G. Srividhya

3
(40n? — 152n + 176)2°" + (24n? — 4n — 148)2°"
+(2n% —=30n—24)2" - 4

iv) AS(G) =
(V) AS(G) [(16n — 36)2%" + (8n + 38)2" — 2] - 2

Proof. By using the above definition and values, we deduce

(i)

o(u) + o(v) — 2
ABCS(G) = Zuve E(G)\/%

CNon il [o(u) +o(ug) -2
= 2i? H o(U)o(u_p) }
[ lasn—36)2" + @+ 382" 22

~ [(40n? —152n + 176)2%" + (24n? — 4n — 148)22"
+(2n% —30n—24)2" — 4

(if)

i o) +ol) o [ o)+ oluy)
AGS(G)= 2 rce(0) ayotuloty) ~ 2imt? {Nc(ui ol _ﬂ

~ Zn S| 2720 +2 - 7)+3x 2" 2 4 2 + 3
=1 2\/(2n+1(n +i-3)+ 2" 2 14 2)

(2" n+i-4)+ 273 404

(16n — 36)22" + (8n + 38)2" — 2
40n2 —152n + 176) 23" + (24n? — 4n — 148)22"
2
+(2n® —30n-24)2" - 4
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(iii)
GAS(G) = Z 2\/o(u)o(v)

weE(G) o(u) + o(v)

_ Zn 5 {ZVG(Ui )G(Ui—l)}

i=1" | o(u) + o(ui_y)

5 2" n+i-3)+2"*2 1+ 2)
(2" n+i-4)+ 273 4011
2" on+ 2 —7)+3x2"*2 1 21 4+ 3

22

) (40n? — 152n + 176)2°" + (24n? — 4n — 148)2°%"
+(2n% —30n - 24)2" -4
(16n — 36)22" + (8n + 38)2" - 2

(iv)
swov)
AS(G) = ZuveE(G) (Wj
no o(ui)o(ui_1) >
=242 [G(Ui )+ G(Ui—ll) - 2)

; 3
" n+i-3)+ 2" 2 1i 4+ 2)x (2™ (n+i - 4)

zn N +2"*3 40 4)
I= n+2i—7)+3x2"1%2 4 2 4 3] -
i=1 2™ on 4 21 — 7))+ 3x 2M1*F2 L i 1 3] 2

3
(40n? —152n +176)2%" + (24n? — 4n — 148) 22"
+(2n% - 30n-24)2" - 4
[(16n — 36)2%" + (8n + 38)2" — 2] - 2




132

R. Rohini, P. Gladyis and G. Srividhya

Acknowledgement

The authors are highly grateful to the referee for his careful

reading, valuable suggestions and comments, which helped to improve the
presentation of this paper.

(1]

(2]

(3]

[4]

(5]

€]

[7]

(8]
(9]

References

H. S. Ramane and A. S. Yanaik, Status connectivity indices graphs and its
applications to the boiling point of benzenoid hydrocarbons, J. Appl. Math.
Comput. 55 (2017), 607-627.

V. R. Kulli, Some new status indices of graphs, International Journal of
Mathematics Trends and Technology 65(10) (2019), 70-76.

V. R. Kulli, Computation of ABC, AG and augmented status indices of graphs,
International Journal of Mathematics Trends and Technology 66(1) (2020), 1-7.

V. R. Kulli, Some new multiplicative status indices of graphs, International
Journal of Recent Scientific Research 10(10) (2019), 35568-35573.

M. Bhanumathi, R. Rohini and G. Srividhya, On K-eccentric and K-hyper
eccentric indices of benzenoid H, system, Malaya J. Mat. 8(4) (2020), 2097-2102.
V. R. Kulli, The (a, b)-status index of graphs, Annals of Pure and Applied
Mathematics 21(2) (2020), 113-118.

V. R. Kulli, Multiplicative ABC, GA, AG, augmented and harmonic status indices
of graphs, Internationa Journal of Mathematical Archive 11(1) (2020), 32-40.

F. Harary, Status and contrastatus, Sociometry 22 (1959), 23-43.

Harishchandra S. Ramane, B. Basavannagoud and Ashwini S. Yanaik, Harmonic
status index of graphs, Bulletin of Mathematical Sciences and Applications
17 (2016), 24-32.



	URK
	FInal Front Pags
	Final Thesis 01
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page

	Rohini paper
	Screenshot
	Blank Page

	Rohini paper
	0974165822011
	DM028010115




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


