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Chapter 1

Introduction



CHAPTER -1
INTRODUCTION

In this chapter, introduction on graph theory, semigraph theory, fuzzy
graph theory and some basic definitions that are required for the research

work and organization of the thesis work are given.

1.1. INTRODUCTION

The study of graph theory came into existence with the Konigsberg
bridge problem in 1735[3]. Graph theory [13, 14, 15] finds its wide range of
applications in the field of chemistry, physics, social sciences, communication
engineering, etc., Because of this diversity of applications it is useful to
develop and study the object in abstract terms and to interpret its results in
terms of the objects of any specific case in which one may wish. Graph theory
plays an important role in several areas of Computer science such as Artificial

Intelligence, Formal Languages, Computer Graphics, Operating Systems, etc.,

Fuzzy sets are introduced by Lofti A. Zadeh [63] in 1965. The study of
Fuzzy sets and system play a vital role in pattern recognition, image
processing, robotics, artificial intelligence, decision making, data analysis,
data mining, etc. Fuzzy mathematical Theories contribute considerably to
Economics, Finance, Management, Industries, Electronics and

communications.



Fuzzy sets and Fuzzy relations gave birth to fuzzy graphs [11, 12, 57].
Fuzzy relations play a crucial role in the areas of clustering analysis, neural
networks, computer networks, pattern recognition, etc... In each of the above

areas the basic mathematical structure is that of fuzzy graphs.

The notion of fuzzy graphs was introduced by Rosenfeld [58] in the year
1975. In recent years, fuzzy graph theory has emerged as one of the vast areas
of research. Applications of fuzzy graphs include data mining, image
segmentation, clustering, image capturing, networking, communication,

planning, scheduling, etc..,

Crisp graphs and fuzzy graphs are structurally similar, but when there is

uncertainty on vertices and edges then fuzzy graphs have separate importance.

1.2. REVIEW OF LITERATURE
The notion of fuzzy graph was introduced by Rosenfeld. A [58] in the
year 1975.Theconcept of fuzziness in crisp graph theory, like connectedness,

completeness, isomorphism, degree sequence, etc were studied afterwards.

Eccentricity concepts and centre of fuzzy graphs were developed by
Bhattacharya [6] . The notions of strong arcs, fuzzy end nodes and geodesics
in fuzzy graphs were contributed by Bhutani and Rosenfeld [8, 9, 10]. Bhutani.
K.R, Mordeson and Rosenfeld[12] studied the Degrees of End nodes and Cut

nodes in Fuzzy graphs. Dewdney. A[18] has contributed some useful results



on Degree sequences in complexes and hypergraphs. C. Berg. [5] studied some

properties of hypergraphs.

Boonyasombet. VV [16] contributed some useful results to Degree
sequences of connected hypergraphs and hypertrees. Choudam. S .A [17]

studied Graphic and 3-hypergraphic sequence.

Bhave. N. S., Bam. B. Y and and Deshpande .C.M [7] studied the
Characterization of Degree Sequences of Linear Hypergraphs. Mordeson. J.N
and Nair. P.S [27, 28, 29] made a comparative study on Fuzzy Graphs with

Fuzzy Hypergraphs and also studied Fuzziness and soft computing.

Sampathkumar. E [60] introduced the concept of graphoids. Acharya.
B. D and Sampathkumar. E [1] introduced and contributed considerably to
Graphoidal covers and graphoidal covering number of a graph. B. D. Acharya
coined the term semigraph for graphoids which was introduced and developed

by E. Sampathkumar.

Bam. B. Y and Bhave. N. S [4] contributed considerably to degree,

degree sequences, complete semigraphs ,connectivity in semigraphs.

Sampathkumar. E and Pushpalatha. L [59] introduced the concept of
bipartite semigraphs and Dendroids. They also contributed towards

isomorphism of semigraphs matrix representation of Semigraphs



K. Kayathri and S. Pethanachi Selvam [24,25] studied the Edge

Completeness in semigraphs.

Operations of union, join, cartesian product and composition of fuzzy
graphs were introduced and some of their properties were studied by

Mordeson. J.N and Peng. C.S [30] .

Nagoor Gani. A. and Bhsheer Ahamed. M [39] defined order, size and
effective edges in fuzzy graphs. Nagoorgani. A and Jahir Hussain. R [44]
defined and studied the properties of effective fuzzy Euler graph and fuzzy
Hamiltonian graph. Sunitha. M.S and Vijayakumar. A [62] gave a definition
for the complement of a fuzzy graph. They studied some properties of fuzzy
bridges and fuzzy cut vertices and gave a characterization of fuzzy tree using

them. They also studied some metric aspects [62] of fuzzy graphs

Nagoor Gani. A and Radha. K [47, 48] introduced regular and totally

regular fuzzy graphs and obtained some useful results on regular fuzzy graphs..

Nagoor Gani. A and Malarvizhi. J [45,46] discussed the concept of
isometry in fuzzy graphs and studied its properties and also studied some
properties of isomorphism on fuzzy graphs[45]. Nagoor Gani. A and Fathima

Kani. B [43] introduced alpha, beta and gamma product of fuzzy graphs.

Radha. K and Kumaravel. N [56] introduced the concept of edge regular

fuzzy graphs. They also studied the degree of an edge in union and join of two



fuzzy graphs. Radha. K and Arumugam. S [54] made a study on direct sum of
two fuzzy graphs. Radha. K and Rosemine. A [57] introduced the concept of

degree sequence of a fuzzy graph.

1.3.  SCOPE AND ORGANIZATION OF THE THESIS
Chapter 1 In this chapter, introduction on fuzzy graph theory,
semigraph theory, fuzzy semigraphs and some basic definitions that are

required for the research work and organization of the thesis work are studied.

Chapter Il In this chapter, the concept of Fuzzy semigraphs is
introduced. The fuzzy sub semigraphs, spanning fuzzy sub semigraphs and
induced fuzzy subsemigraphs are defined. The effective fuzzy semigraph is
introduced and some results on effective fuzzy semigraphs have been derived.
The concept of bipartite fuzzy semigraphs is introduced and some of their

properties are studied.

Chapter 111 The end vertex fuzzy graph, fuzzy adjacency graph, fuzzy
consecutive adjacency graph are studied. It is proved that the adjacency fuzzy
graph is connected if and only if the given fuzzy semigraph is connected. Many

properties of these fuzzy graphs are derived.

Chapter IV In this chapter, isomorphism, weak isomorphism and co-
weak isomorphism of fuzzy semigraphs are introduced and some of their
properties are studied. End vertex isomorphism (ev-isomorphism), edge

isomorphism (e-isomorphism) and adjacency isomorphism (a-isomorphism)

5



of fuzzy semigraphs are defined. Properties of effective edges and effective
fuzzy semigraphs under isomorphism are studied. Also, it is proved that
isomorphism is an equivalence relation and week isomorphism is a partial

order relation.

Chapter V In this chapter, various degrees of a vertex in a fuzzy
semigraph are defined. Degree, edge degree, adjacent degree and consecutive
adjacent degree of a vertex in a fuzzy semigraph are introduced. Their
properties under various isomorphisms are discussed. The degree of an edge is

also defined.

Chapter VI Various regular properties of fuzzy semigraphs are studied.
The regular, edge degree regular, adjacency regular and consecutive adjacency
regular fuzzy semigraphs are introduced and some of their properties are
studied. Also biregular fuzzy semigraphs and totally regular fuzzy semigraphs

are defined.

1.4. BASIC CONCEPTS
Definition 1.4.1[58]

Let VV be a non-empty finite setand E € V X V. A fuzzy graph G: (o, 1)
is a pair of functions o¢:V —-[0,1] and u:E — [0,1] such that
ulx,v) < a(x)aAa(y) for all x,y € V. Underlying crisp graph of G: (o, 1)

is denoted by G*: (V, E).



Definition 1.4.2[58]

A fuzzy graph H: (z, p) is called fuzzy subgraph of G: (o, p)if 7(u) <
o(w),YueV and p(uv) < u(uv),vu,ve. If t(u) =od(u),vu eV and
p(uv) < u(uv),v u,v € V, then H is called a spanning fuzzy subgraph of G.
H: (t, p) is called induced fuzzy subgraph of G: (o, )induced by t if t(u) =

o(u),Yu € V(H)and p(uv) = u(uv),vVu,v € V(H).

Definition 1.4.3[44]
G is an effective fuzzy graph if u(xy) = o(x)aa(y)for all x,y €E. G is a

complete fuzzy graph if u(xy) = o(x)aa(y)forall x,y € V.

Definition 1.4.4[39]

The order and size of a fuzzy graph G:(o,u) are defined by

0(G) = Yxev 0(x)andS(G) = Xyyep u(xy).

Definition 1.4.5[40]

If u(xy) > 0 then x and y are called neighbours, x and y are said to
lie on the edge e = xy. A path p in a fuzzy graph G: (o, ) is a sequence of
distinct nodes vy, v4, v, ..., v, Such that u(v;,v,_;) > 0,1 <i <n. Here
‘n’ is called the length of the path. The consecutive pairs (v;, v;_,) are called

arcs of the path.



Definition 1.4.6[54]
Let G: (o,u) Dbe a fuzzy graph on G*: (V, E).The degree of vertex x is

dg(x) = Yxayu(xy). If each vertex in G has same degree k, then G is said to

be a regular fuzzy graph or k -regular fuzzy graph.

Definition 1.4.7 [34]

Let G: (o, u) be a fuzzy graph. Then the total degree of the vertex u is
td(u) = Y, 2o u(uv) + o(u) = d(u) + o(u). If the total degree of all the
vertices is r, then G is said to be a totally regular fuzzy graph of degree r or a

r-totally regular fuzzy graph.

Definition 1.4.8[27]

If u, v are nodes in G: (o, 1) and if they are connected by means of a
path then the strength of that path is defined as }.[-; 1 (v;_4, v;).1e., it is the
strength of the weakest arc. If u, v are connected by means of paths of length
“k ° then p*(u,v) = sup{u(u, v)au(wy, v2)Au(vy, v3)A o AU(VE_1,V)/

U, V1, Vg, V3, .., Vg1V E V}
If u,v €V, the strength of connectedness between u and v is,

u® (u,v) = sup{u*(u,v)/ k =12,3,..}



Definition 1.4.9[41]
A fuzzy graph G: (o, 1) is connected if u®(u,v) > 0 for allu,v € V.
An edge xy is said to be a strong edge if u(x,y) > u*(u,v). A vertex x is

said to be an isolated vertex if u(xy) =0, Vy # x.

Definition 1.4.10[36]
A homomorphism of fuzzy graphs f: G — G' isamap f:V — V'which
satisfies o(u) < J’(f(u)) forallueV, utuv) < u'(f(w)f(v)) for all

u,vev.

Definition 1.4.11[36]
A isomorphism of fuzzy graphs f:G — G' is a bijective map

f:V = V' which satisfies o(u) = a’(f(u)) forallueV and pu(uv) =

w(f)f()) forall u,veV.

Definition 1.4.12[36]
A weak isomorphism of fuzzy graphs f:G - G' is a map f:V —

V' which is bijective and satisfies o(u) = 0’(f(u)) for allu €V and

puuv) < u'(f(w)f(w)) forall u,vev.

Definition 1.4.13[36]
A co-weak isomorphism of fuzzy graphs f: G — G’ is a mapf:V - V'

which is bijective and satisfies o(u) < a’(f(u)) forallu € Vand u(uv) =

w(fw)f()) forallu,v eV.



Definition 1.4.14[59]
G is e-bipartite if its vertex set V' can be partitioned into sets{V;, V, } such

that V,, V,are e- independent.

Definition 1.4.15[58]
G is strongly bipartite if its vertex set IV can be partitioned into

sets{V;, V,} such that V/;, V, are strongly independent.

Definition 1.4.16[59]
The edge clique number of G is the maximum cardinality of an edge

clique in G.

Definition 1.4.17[41]
Fuzzy independent set: Two vertices are said to be Fuzzy independent
If there is no strong arc between them. A subset S of V is fuzzy independent

of G if any two vertices of S are fuzzy independent.

Definition 1.4.18 [35]
A fuzzy graph G is fuzzy bipartite then its vertex set VV can be partitioned
into sets{l/;,V,}such that V; and V, are fuzzy independent sets. These

V,, V,are called fuzzy bipartitions of V.

Definition 1.4.19 [35]
The size of a fuzzy bipartite graph is defined to be the sum of the

membership values of all strong arcs of it.

10



Definition 1.4.20 [35]
A fuzzy bipartite graph G with fuzzy bipartition {V;, V/, }is said to be
complete fuzzy bipartite if between every vertex of V; and each vertex of I/,

there is a strong arc.

Definition 1.4.21[60]

A semigraph is a pair (V, X), where V is a non-empty set of elements
called vertices and X is a set of n-tuples called edges of distinct vertices for
various n = 2 satisfying the following conditions:

1. Any two edges have at most one vertex in common
2. Two edges Ey = (Uy Uy, ..., Up), E; = (v vy, ..., vy, ) are considered to
be equal if and only if

a)m =n b)eitheru; = v;fori=1tonoru; = v,_;,, for I = 1to n.

In the edge E = (uy uy, ..., Uy ), u;and u, are called the end vertices and all
vertices in between them are called middle vertices (m- vertices). If a middle
vertex is an end vertex of some other edge, it is called middle end vertex (me-

vertices).

Definition 1.4.22[60]
A subedge (fs-edge) of an edge E = (v, v,,...,v,) is a k — tuple
E = (vil,viz, ""vik) where 1 < il < iz < < ik <norilc< ik < ik—l <

< iy <1

11



Definition 1.4.23[60]
A partial edge (fp-edge) of an edge E = (v vy, ..., 7)) isa (j — i + n)-

tuple E = (v; v;_q, ..., v;) Where 1 < i < n.

Definition 1.4.24[60]

Let G = (V, X)be a semigraph. There are three different types of graphs
associated with G.

The end vertex graph G,: Two vertices in G, are adjacent if and only if
they are end vertices of an edge in G.

The Adjacency graph G,: Two vertices in G, are adjacent if and only if
they are adjacent in G.

The Consecutive Adjacency graph G.,: Two vertices in G,, are

adjacent if and only if they are consecutively adjacent vertices in G.

Definition 1.4.25[59]

Let G,: (V4, X;) and G,: (V,, X,) be two semigraphs and f be a bijection
fromV; toV,. Let x = (vq,v,, ..., v,,) beanedge in G;. f isan isomorphism if
(f(vy), f(vy), ..., f(vy,))is an edge in G,.f is an end vertex isomorphism
(ev-isomorphism) if the set {f (v,), f (v5), ..., f (v,,)} forms an edge in G, with
end vertices f(v,) and f(v,,). f is an edge isomorphism (e —isomorphism) if
the set {f(v,), f(vy), .., f(v,)}forms an edge in G,.f is an adjacency
isomorphism (a-isomorphism) if the adjacent vertices in G, are mapped onto

adjacent vertices in G,.

12



Definition 1.4.26[58]

A set S of vertices in a semigraph G = (V, X) is independent if no edge
IS a subset of S.

S is e-independent if no two end vertices of an edge belong to S.

S is strongly independent if no two adjacent vertices belong to S.

Definition 1.4.27[60]
A semigraph G is bipartite if its vertex set V can be partitioned into sets

{V,,V,} such that V,, V, are independent.

Definition 1.4.28[59]

A semigraph G is edge complete if any two edges in G are adjacent.

Definition 1.4.28[59]
A set S of edges in a semigraph G is said to form an edge clique if any

two edges in S are adjacent.

Definition 1.4.29[58]

A semigraph G is r-uniform if all the edges of G contains r vertices.

Definition 1.4.30 [55]
A vertex u in a fuzzy graph G is simplicial in G if Ng[u]
is a complete fuzzy graph. In other words, u is simplicial in G if u is simplicial

in G* and each edge of N [u] is an effective edge.

13
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CHAPTER -2
FUZZY SEMIGRAPHS

In this chapter, the concept of fuzzy semigraphs is introduced. The fuzzy
sub semigraphs, spanning fuzzy sub semigraphs and induced fuzzy
subsemigraphs are defined. The effective fuzzy semigraph is introduced and
some results on effective fuzzy semigraphs have been derived. The concept of
bipartite fuzzy semigraphs is introduced and some of their properties are

studied.

2.1. FUZZY GRAPHS ASSOCIATED WITH SEMI GRAPHS

In this section, fuzzy semigraph is introduced.

Definition 2.1.1
Consider a semigraphG™: (V, £, X). A fuzzy semigraph on G*: (V, £, X)
is defined as G: (o,u,n) where : V - [0,1], wi: V XV - [0,1],:n7: X - [0,1]

are such that

()  uwv) < o@row) Y, v) EV XV

(i)  n(E) = ulug, ux) Au(uz, uz) A o Ap(Up—1, Un) <
o (U Ao (Uy),

E = (uyuy, ..,uy),n=2isanedge in G.

Here (o, u) is a fuzzy graph on (V, £).

14



Example 2.1.2
To illustrate the above definition, we consider the fuzzy semigraph

G:(o,u,n) in Figure 2.1.

1,(0.4)

[0.2]

v,(0.5)

v1(0.4)

0.4

Fig2.1:G:(o,u,m)

Here V = {vl,vz, V3, Uy, 175}
£ ={v1v,, V503, V30, V4 Vs, VsV, }
X={E, = (v1,v2), E; = (V2,V3,V4), E3 = (4, V5, 11)}
n(Ey) =0.4,n(Ez) =0.2,n(E;) = 0.3.
n(vyv;) = 0.4, u(vav3) = 0.2, u(v3v,) = 0.3, (v4vs) = 0.3, u(vsvy) = 0.3

(o, u,n) satisfy the condition of the fuzzy semigraph.

15



Definition 2.1.3
A fuzzy semigraph G:(o,u,m) on G*(V, £, X) is a fuzzy semigraph of
stage p if a(u) = p, for all ueV, u(uv) = p, for all uve £ and n(E) = p, for all

EeXwhere O0<p<l.

Definition 2.1.4
Consider a fuzzy semigraph G:(o, 1, ) on G*(V, £, X).
The order of G is O(G) = Y,y ().
The size of G is S(G) = Y gexn(E).

The total size of G is TS(G) = Y.z 1(e).

Example 2.1.5

For the fuzzy semigraph in Fig.2.1,
O(G)=13, $S(G) = 0.9, TS(G) =15

Definition 2.1.6
Consider a fuzzy semigraph G:(o,u,17) on G*(V, £, X). Apathin Gisa
sequence of vertices v, v, ..., v, such that v;v;,, € £ and u(v;v;;,)> 0 for

all i.

Definition 2.1.7
Consider a fuzzy semigraph G:(o, u,17) on G*(V, £, X). G is connected if

there is a path between any two vertices of G.

16



Theorem 2.1.8
If G:(g,u,m) is a r-uniform fuzzy semigraph of stage p on G*(V, £, X)
with m edges, then size of G is S(G) = mp and the total size of G ,

TS(G)=m(r-1)p

Proof:

Since G is a fuzzy semigraph of stage p,
o(u) =p, VY Uev, u(uv) =p, for all uve £
and n(E) =p, for all EEX. where 0< p< 1.
Therefore S(G) =Y gexn(E)

=YEexP

= mp.
Total size is TS(G) = Y, .ec u(e)

:ZeEE p

=m(r-1)p.

Theorem 2.1.9
If G;(o, u,m) is a fuzzy semigraph of stage p on G™:(V, £, X), then the

order of G is, O(G) = np, where n is the number of vertices of G.

Proof: Since G is a fuzzy semigraph of stage p, o(u) = p, V ueV, u(uv) = p,
for all uve £ and n(E) = p, for all EEX. where 0<p< 1.

Now order of G, O(G) =), ,cy 0(w)

17



Therefore O(G) =Y ,cv P

= n.p, which proves the theorem.

Theorem 2.1.10
Let G;(o,u,m) be a fuzzy semigraph on G™:(V, £, X). Then G is

connected if and only if there is a path between any two end vertices of G.

Proof:
If G is connected, then by the definition 2.1.7, there is a path between
any two end vertices of G.
Conversely, suppose there is a path between any two end vertices of G.
Let u and v be any two middle vertices of G.
Let E; and E; be the edges containing u and v respectively.
Let u; and v; be the end vertices of E;,i =1, 2.
By hypothesis, there is a path P between u; and u,.
Then the partial edge (u, -+, u,) of Ey, the path P and the partial edge (u,, -,

v) of E; constitute a path between u and v. Hence G is connected.

2.2. EFFECTIVE FUZZY SEMIGRAPHS

Definition 2.2.1

An edge E = (uy uy, ..., u,) in X of a fuzzy semigraph is called an
effective edge if

n(E) = n(ul,uz, ...,un) = o(u)Na(uy)

and p(uu;) = o(u)Ao(y)) foralli # j.

18



E = (uyuy, ..., uy) in X of a fuzzy semigraph is called an e-effective edge if

N(E) = n(uy Uz, ., thn) = (1) Ao (Uy).

Definition 2.2.2
A fuzzy semigraph G: (o, 1, n) on G*: (V, £,X) is said to be an effective

fuzzy semigraph if all the edges of G are effective edges.

A fuzzy semigraph G: (o, u,n) on G*: (V,£,X) is said to be an e-

effective fuzzy semigraph if all the edges of G are e-effective edges.

An effective fuzzy semigraph is shown in Fig (2.2)

1,4(0.8)

[0.5] [0.6]

1,(0.5) 2(0.6)

Fig 2.2: Ef fective Semigraph

Definition 2.2.3
A fuzzy subsemigraph H of a fuzzy semigraph G: (o, i, 1) is said to be

a fuzzy effective sub semigraph if all its edges are effective edges.
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Example 2.2.4
Consider the fuzzy semigraph in Fig. 2.3, The fuzzy subsemigraph of

2.3 is given in the Fig. 2.4.

v,(0.5)

0.6 r.(0.6) 05 0.4
v,(0.7) ¢———— )———F——o v5(06)
0.5
v (0.6) *

Fig. 2.3 Fuzzy Semigraph

0.6 vo(0.6) 05 vl05) 4,

v,(0.7) @ - (O———o  v5(04)

Fig 2.4 — Fuzzy Effective subsemigraph of the fuzzy semigraph in Fig 3.2

Remark 2.2.5

Fuzzy sub semigraphs and spanning fuzzy sub semigraphs of an

effective fuzzy semigraph need not be effective.

Theorem 2.2.6

Induced sub semigraphs of an effective fuzzy semigraph are effective.
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Proof:
Since membership values are preserved in induced fuzzy sub
semigraphs, induced sub semigraphs of an effective fuzzy semigraph are

effective.

Theorem 2.2.7
Any fuzzy semigraph G: (o, u,n)on G*: (V,£,X) of stage p is an edge

effective fuzzy semigraph.

Proof:
Since G is a fuzzy semigraph of stage p,
o(u) =p, V ueV, u(uv) = p, for all uve £,
and n(E) = p, for all E€ X where 0< p < 1.
Then u(uv) =p=0(u) A a(v),Yuv € £, and
If E = (ug,Uz, +++, Up), then
N(E) = n(uiuz)A p(uzuz)A H(UsUgA...... AM(Un-1Un)
= PAPA-+-Ap
=P
Therefore n(E) =p=0(u;) A a(u,), VE € X

Hence G:(o, 1, 1) in an edge effective fuzzy semigraph.

Remark 2.2.8

The converse of the above theorem 2.2.7 need not be true.
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Definition 2.2.9

A fuzzy semigraph G:(o,u,n)onG*:(V,X) is a complete fuzzy
semigraph if

1.G*is a complete semigraph.(ie ) any two vertices lie on the same edge

2. G is an effective fuzzy semigraph.

Example 2.2.10

v5(0.6)

v1(0.9) 0.6 1,(0.6) 0.6 v5(0.7)

[0.6]

Fig 2.5: Complete Fuzzy Semigraph

Remark 2.2.11

A complete fuzzy semigraph on n vertices is not unique.

Definition 2.2.12
A complete fuzzy semigraph containing a given fuzzy semigraph as an

induced sub semigraph is denoted by K(G).
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Example 2.2.13
The fuzzy semigraph in Fig.2.5 is a complete fuzzy semigraph K(G)

containing G in Fig.2.6.

U5(06)

v1(0.9)

0.6

0.6 v, (06)

[0.6]

Fig 2.6:G: (o,u,n)Fuzzy Semigraph G

2.3. BIPARTITE FUZZY SEMIGRAPHS
Definition 2.3.1

Bipartite Fuzzy Semigraph: Let G: (o, u,n)be a fuzzy semigraph.Then
Gis said to be bipartite if its vertex set IV can be partitioned into {V,, V, }sets
such that V;and V, are independent. Here G*: (V, £, X)is the underlying

semigraph and (o, u) is a fuzzy graph.
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Definition2.3.2
e -Bipartite Fuzzy Semigraph: Let G: (o, u,n)be a fuzzy semigraph on
G*:(V,£,X) Then G is said to be e-bipartite if its vertex set V can be

partitioned into {V;, V,}such that V;and V, are e- independent.

Definition: 2.3.3

Strongly Bipartite Fuzzy Semigraph: Let G:(o,u,n) be a fuzzy
semigraph on G*: (V,£,X) Then G is said to be strongly bipartite if its vertex
set IV can be partitioned into sets {V;,V,}such that V;and V, are strongly

independent.

Definition 2.3.4
The size of a bipartite fuzzy semigraph G: (o, u,n)is defined to be the
sum of the membership values of all edges of it.

Theorem 2.3.5
A fuzzy semigraph G: (o, u,n)is e-bipartite if and only if, its e-graph

G,is bipartite.

Proof:

Suppose G: (g, u,n)is e- bipartite,
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This implies that V can be partitioned into sets {V;, V,} such that V;and
V, are e- independent.

Therefore no two end vertices of an edge of G belong to V;

Similarly, no two end vertices of an edge of G belong to I/,

This implies that no two end vertices of an edge of G,belong to V;and

no two end vertices of an edge of G,belong to V,

Since all the vertices of V/; and V,are e- independent,

V,and V,are e- independent ingG,.

Therefore G,is bipartite.

Conversely, suppose G.is bipartite.

Then the vertex setl’ where all the vertices are the end vertices of G can

be partitioned into sets {V/;, V,}such that V;and V,are e-independent.

ie . G is e-bipartite.

Theorem 2.3.6

If a fuzzy semigraph G: (o, u, 1) is e-bipartite then it is bipartite.

Proof:

Suppose G: (g, u,n) is e- bipartite.

This implies that V can be partitioned into sets {V;, V,}such that V; and
V, are e- independent.

HereG*: (V, X)is the underlying semigraph and (o, i) is a fuzzy graph.
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le. no two end vertices of an edge of Gbelongto V;.
Similarly, no two end vertices of an edge of Gbelong to V.
ie . no edge of G belong to V;

Similarly, no edge of G belong to V.

This implies that ;and V, are independent in G.

Hence G is bipartite.
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Chapter 3

Fuzzy Graphs
associated with given
Fuzzy Semigraph



CHAPTER -3

FUZZY GRAPHS ASSOCIATED WITH GIVEN
FUZZY SEMIGRAPH

In this chapter, the end vertex fuzzy graph, adjacency fuzzy graph,
consecutive adjacency fuzzy graph are defined and their properties are
studied. It is proved that the adjacency fuzzy graph is connected if and only if
the given fuzzy semigraph is connected. Many properties of these fuzzy graphs

are derived.

3.1 END VERTEX FUZZY GRAPH

Definition 3.1.1
End Vertex Fuzzy Graph (e-Fuzzy Graph) G,:
Let G: (o, u,n) be a fuzzy semigraph on G*: (V, £, X).
Define G,: (o,,n.)on (V,,£,) where V, =V
and £, = {uv / uand v are end vertices of an edge E in G} as
o,(u) = o(u) foreveryu inV
and n,(uv) = n(E)for every uv € £,, where E is an edge in G with end
vertices u and v in G.
Now 1, (uv) = n(uv)
<ow)Ao()
= 0. (w) A o (V)
Hence (o,, 1, ) satisfy the condition of fuzzy graph.
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Therefore G,: (o,,1,) isafuzzy graphon (V,, E,). This is called the end vertex

fuzzy graph of G.

Example 3.1.2

The end vertex fuzzy graph (e-fuzzy graph) G, of G is given in Figure
2.2.

v4(0.4)

[0.3]

[0.2]
171(04) UZ(OS)

0.4

Fig3.1:G: (o, u,m)
1,(0.4)
0.3
0.3

vy (04) (%) (05)

0.4

Fig 3.2: G, — End vertex Fuzzy Graph of the Graph
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Theorem 3.1.3:
Let G: (o, u, n)be a connected fuzzy semigraph on G*: (V, £,X). Theend
vertex fuzzy graph has no isolated vertices if and only if G has no middle

vertices and no middle- end vertices.

Proof:
Since only the end vertices of G are adjacent in G,, the middle vertices
and middle end vertices of G are not adjacent to any vertex of G.. Hence the

theorem follows.

Theorem 3.1.4
Let G: (o,u,n)be a connected fuzzy semigraph. The endvertex fuzzy
graph is connected if and only if G has no middle vertices and no middle- end

vertices.

Proof:

Since only the end vertices of G are adjacent in G,, the middle vertices
and middle end vertices of G are not adjacent to any vertex of G.. Hence if G,
IS connected, it has no isolated vertices. Therefore G has no middle and middle-

end vertex.

Conversely if G has no middle vertices and no middle- end vertices,
there is no isolated vertices in G,. The remaining vertices of G, correspond to

end vertices of G. Also G is connected. Hence G, is connected.
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Theorem 3.1.5
Let G:(o, u,n) be a fuzzy semigraph on G*: (V, £, X).Then the size of G

and the size of its end vertex fuzzy graph are equal.

Proof: Let G, be the end vertex fuzzy graph of G.
Let E=(uj, Uy, Us, ..., uy ) be an edge in G.
Then ujunis an edge in G and
fe (Uz, Un) = p(uatz) Au(Uz2Uz) A ... Au (Unatn) =n (E )

Therefore  S(Ge) = XYypes, Ne(uv)

:Z(u,---,v)EE Tl(u: T V)

=5(G).

Theorem 3.1.6
The end vertex fuzzy graph of an effective fuzzy semigraph is an

effective fuzzy graph.

Proof:
Let G: (o, 1, n) be an effective fuzzy semigraph on G*: (V, £, X).
Let uv be any edge in G,.
Then for any edge E with end vertices u and v,
n(E) = o) Ao(v)

Let uv be any edge in G,.
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Then u and v are end vertices of G.
Therefore n,(uv) = n(E), where E is an edge with end vertices u and v
=o(u)Aa(v)

= o,(u) A o,(v), Hence G, is an effective fuzzy graph.

Theorem 3.1.7
The end vertex fuzzy graph of an e-effective fuzzy semigraph is an

effective fuzzy graph.

Proof:

If G:(o,u,n) is an e-effective fuzzy semigraph on G*: (V, £, X), then
for every pair of end vertices u and v in G,

ne(uv) =n(U, ---, v) = o(U)A 6(v) = ce(U)A ce(V)

Hence the theorem follows.

3.2. ADJACENCY FUZzY GRAPH
Definition 3.2.1
Adjacency Fuzzy Graph (a-Fuzzy Graph) G,:
Let G: (o, u,n) be a fuzzy semigraph on G*: (V, £, X).
Define G,: (o,,n,)0n (V,,£,) Where V, =V
and £, = {uv /u and v are adjacentin G} as
o,(u) = o(u) forevery uinV and
e (uv) = u(uvy) A ap(vivi)A A A ap(v;v) forevery uv € £,

where (u, v;, Viyq, ..., Vj, V) is an edge or a partial edge of G.
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Here u,(uv) < oc(u) Ao(v;) A ... A a(vj) ANo(v)
<ocw)Ao(v)
= 0a(W) Aag(v)
Hence (o,,n,) satisfy the condition of fuzzy graph.

G,: (04,m,) 1s called the adjacency fuzzy graph of the semigraph G.

Example 3.2.2
The adjacency fuzzy graph (a-fuzzy graph) G,of G in Fig3.1 is given in

Fig.3.3.

v,(0.4)

0.4

Fig3.3: G, - Adjacency Fuzzy Graph
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Theorem 3.2.3: Let G:(o,u,n) be a connected fuzzy semigraph on
G*:(V,£,X).The adjacency fuzzy graph is connected if and only if G is

connected.

Proof:
Since adjacent vertices in G are all adjacent in G,, G, is connected if

and only if G is connected.

Theorem 3.2.4
Let G: (o, u,n)be a connected fuzzy semigraph. The adjacency fuzzy

graph is connected if and only if G is connected.

Proof:
Since consecutively adjacent vertices in G are all adjacent in G.,, G,

Is connected if and only if G is connected.

Remark 3.2.5
Adjacency Fuzzy Graph (Ga-Fuzzy Graph) of an e-effective fuzzy

semigraph need not be effective.

Remark 3.2.6
Adjacency fuzzy graph of an effective fuzzy semigraph need not be

effective.
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Theorem 3.2.7
If G:(o,u,n) is both effective and e-effective then its consecutive

adjacency fuzzy graph is effective.

Proof:
In the consecutive adjacency fuzzy graph associated with the given
fuzzy semigraph G with vertex set V, two vertices are adjacent if and only if

they are adjacent in G.

Since G is effective, u(xy)= a(x)Aa(y) =c,Vxy e £ and n(E) =
n(ul,uz, ...,un) = o(uy)no(u,), where E = (u1,uz: ...,un) isanedgein G
Also ¢, (U) = o(u), V UE V.
NOW  ptca (XY) = pa(Xy), V XY € E¢q
=a(x)Ng(y),V Xy € £.,4

= O-ca(x)/\o-ca(Y)’ VXY €L

which implies that G, is effective.

Theorem 3.2.8
Let G*: (V,E, X) be a semigraph. The subgraph of adjacency graph G,*

induced by the vertices of any edge in G* is complete.

Proof:
Let E=(uyuz,---,un) be any edge in G*.

Then any two vertices u; and uj, i # j, are adjacent in G*.
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Hence they are adjacent in G,*.

Therefore the subgraph induced by the vertices u; uy, ---,u, is complete.

Corollary 3.2.9
Let G:(o,u,m) be an effective fuzzy semigraph on a
semigraphG*: (V, E, X). Then the fuzzy subgraph of the adjacency fuzzy graph

G, induced by the vertices of any edge in G is complete.

Proof:
Since the adjacency fuzzy graph of an effective fuzzy semigraph is
effective, by theorem 3.2.8, the fuzzy subgraph of the adjacency fuzzy graph

G, induced by the vertices of any edge in G is complete.

Theorem 3.2.10
Let G*: (V,£,X) be a semigraph. Let E=(uy Uz, ---,un) be an edge of G*
which has no middle-end vertex. Then the vertices uy, Us , :*+,u,.1 are simplicial

in the adjacency graph G,* of G*.

Proof:

By theorem 3.2.8, the subgraphs induced by u,, uz ,:--,u,1 are all
complete. Also E has no middle-end vertex. Therefore the neighbours of u;
for i # 1, i # n, are u Uz, --+,Uiq,Ui+1, **+, Un1, Un IN G,. Hence the subgraph
induced by N[u,], N[us], :--,N[u,-1] are all complete. Therefore u,, us,-+,Un1

are simplicial in G*.
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Corollary 3.2.11

Let G:(o,u,m) be an effective fuzzy semigraph on a
semigraph G*: (V, £, X) with more than one edge. Let E=(uy Uy, ---,u,) be a edge
of G which has no middle-end vertex. Then the vertices uz, Uz ,---,Uy.1 are

simplicial in the adjacency graph G,* of G*.

Proof:
Since the adjacency fuzzy graph of an effective fuzzy semigraph is

effective, the result follows from theorem 3.2.10.

Remark 3.2.12
If the semigraph G* has more than one edge, then the end vertices u; and
u, will be adjacent to other end vertices. Hence they need not be adjacent in

G,

Theorem 3.2.13
If the semigraph G*has only one edge, then all the vertices of the

adjacency graph G,* are simplicial vertices.

Proof:

By theorem 3.2.8, the subgraph induced by the edge is complete.
Therefore the adjacency graph G,* is complete. Therefore for any vertex u, the
subgraph induced by N[u] is complete. Hence all the vertices of the adjacency

graph G,* are simplicial vertices.
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Theorem 3.2.14
Let G: (o,u,n) be an effective fuzzy semigraph with only one edge.

Then all the vertices of the adjacency fuzzy graph G, are simplicial vertices.

Proof:

By Corollary 3.2.13, all the vertices of the adjacency graph G,* are
simplicial vertices. Also since G is effective, the adjacency fuzzy graph G, is
also effective. Hence all the vertices of the adjacency fuzzy graph G,* are

simplicial vertices.

3.3 CONSECUTIVE ADJACENCY FUZZY GRAPH
Definition 3.3.1
Let G: (o, u,n) be a fuzzy semigraph on G*: (V, £, X).
Define G.4: (e Nea) ON (Vog, £cq ) Where V., =V and
£.q4 = {uv /u and v are consecutively adjacent in G} as,
0.qu) = a(u) foreveryuinV
and u., (uv) = pu(uv) for every uv € £,
Then peq(uv) = p(uv)
<o(u)Ao(v)
= 0cq(U) Ao (V)
Hence (0.4, 1.,) Satisfy the condition of fuzzy graph. This is called the

consecutive adjacency fuzzy graph o rca-fuzzy graph G,.

37



Example 3.3.2:
The consecutive adjacency fuzzy graph (ca-fuzzy graph) G., of G in

Fig.3.1 is given in Figure 3.4.

V,(0.4)

11(0.4) V,(0.5)

0.4

Fig3.4:G., - Consecutive adjacency Fuzzy Graph

Remark 3.3.3
Consecutive Adjacency fuzzy graph of an e-effective fuzzy semigraph

need not be effective.

Theorem 3.3.4
G is an effective fuzzy semigraph if and only if the consecutive

adjacency fuzzy graph of G is an effective fuzzy graph.
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Proof:

In the consecutive adjacency vertex fuzzy graph Gea: (Gca,Mca) With
vertex set V, two vertices are adjacent if and only if they are consecutively
adjacent in G. Also o (U) = o(u) for every uin V and pca(u) = p(uv) for every
pair of consecutive adjacent verticesu and v in G.

Hence G is effective if and only if p(uv) = o(u) A o(v)
if and only if pea(Uv) = 6ca(U)A Gca(V)

if and only if G, is effective.
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Various Isomorphisms on
Fuzzy Semigrapbs



CHAPTER -4

VARIOUS ISOMORPHISMS OF
FUZZYSEMIGRAPHS

In this chapter, isomorphism, weak isomorphism and co-weak
isomorphism of fuzzy semigraphs are introduced and some of their properties
are studied. End vertex isomorphism (ev-isomorphism), edge isomorphism (e-
isomorphism) and adjacency isomorphism (a-isomorphism) of fuzzy
semigraphs are defined. Properties of effective edges and effective fuzzy
semigraphs under isomorphism are studied. Also, it is proved that isomorphism

Is an equivalence relation and week isomorphism is a partial order relation.

4.1. VARIOUS ISOMORPHISMS
In this section four types of isomorphisms, namely, isomorphism, end
vertex isomorphism, an edge isomorphism (e-isomorphism), an adjacency

iIsomorphism (a-isomorphism) are defined.

Definition 4.1.1:

Let G:(o,u,m) and G":(o',u’,n") be two fuzzy semigraphs with
underlying semigraphs G*: (V,£,X)and G"*: (V'£',X"). An isomorphism of
fuzzy semigraphs f: G — G’ is a bijective map denoted by f:V — V' which
satisfies

1. If E = (v, vy, ..., V) IS an edge in G  then

{f (v), f(vy), ..., f(v,)}forms an edge in G’
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2. o(u) =c'(f(u)) forallu eV,

3. uluv) = ' (f(w)f(v)) forall uv € £ and

4. n(E) = n'(f(E)), forall E €X.

Definition 4.1.2

An end vertex isomorphism (ev-isomorphism) of fuzzy semigraphs

f:G = G’ isabijective f:V — V'which satisfies

1.

If E = (v, vy, ...,0y) IS an edge in G  then
{f v), f(vy), ..., f(v,)} forms an edge in G'with end vertices f(v,)
and f (vy).

o(w) = o' (f(w) forallu € V,

p(uv) = p'(fW)f (v)) for all uv € £ and

n(E) = n'(f(E)), forall E € X.

Definition 4.1.3:

An edge isomorphism (e-isomorphism) of fuzzy semigraphs f: G -

G' isabijective map f:V — V'which satisfies

1.

If E = (vq,v,,...,v,) 1S an edge in G, then {f(vy), f(vy), ..., f(vy)}
forms an edge in G’

o(w) = o' (f(w)) forall u € V,

puCuv) = u' (f(w)f(v)) for all uv € £ and

n(E) = n'(f(E)), forall E €X.
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Definition 4.1.4
An adjacency isomorphism (a-isomorphism) of fuzzy semigraphs f: G — G’
Is a bijective f:V — V'which satisfies

1. the adjacent vertices in Gare mapped onto adjacent vertices in G’,

2. o(u) =o' (f(u)forallu eV,

3. uluv) = ' (f(w)f(v)) forall uv € £ and

4. n(E) = n'(f(E)), forall E €X.

Theorem 4.1.5
An edge isomorphism of a fuzzy semigraph is an adjacency

isomorphism but the converse need not be true.

Proof:
Since any two vertices in an edge of a fuzzy semigraph are adjacent, the

theorem follows.

Remark 4.1.6

The converse of theorem 4.15 need not be true.

Theorem 4.1.7
An end vertex isomorphism of a fuzzy semigraph is an edge

isomorphism.
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Proof:
For en end vertex isomorphism, if E = (v4,v,, ..., v,) IS an edge in G,
then (f (vy), f (vy), ..., f(v,;,))forms an edge in G with end vertices f(v,) and

f (v,). Hence f is an edge isomorphism.

Remark 4.1.8

The converse of theorem 4.1.7 need not be true.

Theorem 4.1.9
An isomorphism of a fuzzy semigraph is both an edge isomorphism and

the end vertex isomorphism.

Proof:

For an isomorphism, if E = (vq,v,,...,v,) IS an edge in G then

(f (vy), f(vy), ..., f(v,)) forms an edge in G'.

It follows that {f (v;), f (v,), ..., f(v,)} forms an edge in G’ with end
vertices f(v,) and f(v,). Hence it is edge isomorphism as well as end vertex

isomorphism.

Theorem 4.1.10

Isomorphism between fuzzy semigraphs is an equivalence relation.

Proof:
Let G: (o,u,n),G": (o',u',n)and G": (¢",u"",n"") be fuzzy semigraphs

with vertex sets V7, V'and V'"'a respectively.
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Let f:V — V'be such that f(v) = v,V v € V. This mapping f is a bijection.
Also, o(u) = o(f(w))forallu eV,

pu(uv) = u(f(w)f(v)) forall uv € £,

n(E) =n(f(E)) forall E € X.

Thus fis an isomorphism from G to itself.

Hence isomorphism is a reflexive relation.

Let f: G — G'be an isomorphism between the fuzzy semigraphs G and G’ then

the mapping f:V — V'is

o(u) = a’(f(u)) foraluevVvand .. (1)
ptuv) = ' (f(w)f(v) foralluvee .. (2)
n(E=n'(f(E)), foralEex .. (3)

Since f is bijective, for u'in V', there exists u in V such that f~1(u') = u.
Hence by (1) o (f "1 (u)) = J’(f(u)) =o' (u)forallu’ e V.
Similarly,
u(fTf W) = (Ff) = W @'v)forall u'v' € £.. (4)
Hence we get a 1-1, onto map f~1: V — V'whichis an isomorphism.
Thus G is isomorphic to G’ implies G’ is isomorphic to G.
Hence isomorphism satisfies the symmetric relation.

Let f:V - V'and g: V' - V"'be isomorphisms from fuzzy semigraphs
Gto G' and G' to G" respectively.
Then g °fis1-1and onto map from V — V' where

(g °f)w) = g(f(w), forallu e v
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Since f: G — G'is an isomorphism between the fuzzy semigraphs G and G'then
the mapping f:V — V' given by
f(v) =v'forall vinV is bijective and satisfies
ow) =o' (f(w)foralluevand . (5)
puuv) =u' (fw)f(w)) foraluwwve £ .. (6)
Since g: G' — G"'is an isomorphism between the semigraphs G’ and G'’ then
the mapping g: V' - V" given by
gy =v"foralv'inv . (7)
IS bijective and satisfies
p@v)=u"(gwHgw)) forallu’v' e£ L. (8)
Using (5) and (7) and using f(v) = v'forallvinV
cw) =c'W)=0c"W")=0"(gw)) =0"(g(f))foraluinVv
From (6) and (8), we have
p(uv) = p' (ff())
=p' (')
='W
=u'((gw)g")
=u"((@(FWg(f W) Yuv € £
Therefore g °fis an isomorphism between G and G'.
Hence isomorphism between fuzzy semigraphs is transitive and hence it is an

equivalence relation.
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Theorem 4.1.11
Let G:(o,u,m) and G":(o',u',n’) be two isomorphic fuzzy
semigraphs, then an edge in G is an effective edge if and only if the

corresponding image edge in G'is effective.

Proof:
Let f: G — G’ be an isomorphism between the fuzzy semigraphs ¢ and

G'with underlying sets V and V',
Let E be an effective edge in Gthen
N(E) = pu(usuz) ApQuauz) A Ap(uy_quy) = o(u) Ano(u,) ... 9)
Where E = (uy, Uy, ..., Uy)
Since f is an isomorphism, u(uv) = u'(f(w)f(v)) forall uv € £ and
Since xis an effective edge.We have, u(uv) = o(u)a o(v), Yuv € £
n'(f ) = @' ((F ) fu)) A (F ) fs)) A A p' ((F QUp-1) f (un))

= pu(uguy) Ap(uyus) Ao Au(u,—qu,)  (Since  fis  an
isomorphism)

= d(u1)A o(uy), (Using (9))

=o' (f(uy))aa'(f (u,)) (Since f is an isomorphism)
Hence f(E) is an effective edge in G'.
Conversely, suppose f(E) is an effective edge in G'.
Since f is a bijective isomorphism, the pre- image of the edge f(E)in G'is also

effective in G.
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Theorem 4.1.12
If G and G’ are isomorphic fuzzy semigraphs then G is an effective

fuzzy semigraph if and only if G'is also effective.

Proof:
Since G is isomorphic to G', there is an isomorphism f: G — G'which is
a bijection and satisfies
1. E = (v, vy, ...,vy,) IS an edge in G, then (f(vy), f(v,), ..., f(vy,)) forms
an edge in G'.
2. o(w) =c'(f(u)) forallu e V.
3. u(uv) = u'(f(w)f(v)) forall uv € £ and
4. n(E) =n'(f(E)), forall E € X.
Since G is effective
N(E) = p(uru)Ap(uguz) A. . . Ap(Upaln) = o(uq)a o(uy), for all E€ X,
and p(ujuiyq) = o(u)A o(u;,4) forall i.
Therefore
W (f () f (Uig1)) = p(ujuigy)
=0(uj)A o(ujyq)
= 0'(f(u))A o'(f (ui41)), forall i
Also n(E)=o0o(u,)A o(u,) gives
N'(f(E)) = o'(f(u))a o'((uy)), forall EE X.

Hence G’ is effective.
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Theorem 4.1.13

Isomorphism of fuzzy semigraphs preserves order and size.

Proof:
Let G:(o,u,n) and G":(¢’, u',n") be two fuzzy semigraphs on G*:(V, £,
X) and G™*:(V', £, X) respectively.
Let f: GG be an isomorphism between the fuzzy semigraphs G and G'.
Then the mapping f: V- VV'is such that,
o(u)= o'(f(u)) for all ueV and
pu(uv)= p'(f(u)f(v)) forall uv € £
n(E)= n'(f(E)), for all E€ X.
Therefore
Order of G =) ,ey a(u)
= Luev o (f(W)
= Order of G’
Size of G = S(G) = Xgexn (E) = Lgexn' (f (E)) = Size of G

Similarly T S(G) =T S(G").

Remark 4.1.14

Converse of the above theorem 4.1.13 need not be true.
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4.2,

WEAK ISOMORPHISMS

Definition 4.2.1

Let G:(o,u,n) and G":(o',u’,n") be two fuzzy semigraphs with

underlying semigraphs G*(V,£,X) and 6" (V',£,X") .

A weak isomorphism of fuzzy semigraphs f: G — G’ is a bijective

map f:V — V' which satisfies

1.

If E = (v, vy ...,0, ) IS an edge in G

then{f (v,), f (vy), ..., f (v,,) }forms an edge in G'.

o(u) =c'(f(u)) forallu e V.

puuv) < u'(f(w)f(w)) foralluv € £.

A weak-end vertex isomorphism (weak-ev isomorphism) of fuzzy

semigraphs f: G — G’ is a bijective map f:V — V'which satisfies,

1. If E = (v, vy, ...,0) IS an edge in G then
{f v), f(vy), ..., f(v,)}forms an edge in G'with end vertices f(v,)
and f(v,).
2. o(w) =c'(f(w)) forallu e V.
3. u(uv) < ' (f(w)f(v)) for all uv € £.
A weak-edge isomorphism (weak-e isomorphism) of fuzzy
semigraphs

f:G — G'isabijective map f:V — V'which satisfies,
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1. If E = (v, vy, ...,0p) IS an edge in G then
{f (vy), f(vy), ..., f(v)}forms an edge in G'with end vertices f(v,)
and f(v,).

2. o(w) =c'(f(w)) forallu e V.

3. u(uv) < u'(f(w)f(v)) forall uv € £.

A weak-adjacency isomorphism (weak-a isomorphism) of fuzzy
semigraphs f: G — G' is a bijective map f:V — V'which satisfies,
1. If the adjacent vertices in G are mapped onto adjacent vertices in G,

2. o(u) =d'(f(u)) forallu e V.

3. uuv) < ' (f(w)f(v)) forall uv € £.

Theorem 4.2.2
Weak is isomorphism between fuzzy semigraphs is a partial order

relation.

Proof:
LetG: (o,u,n),G": (o', u',n") andG": (¢, u"",n"")be fuzzy semigraphs
with vertex sets I/, V' and V''respectively.
Let f:V - V'suchthat f(v) =v,YVv e V.
This mapping f is a bijection.
Hence o(u) = a(f(u)) forallu e v,

putuv) = u(fw)f(v)) foralluv € £

Thus fis a weak isomorphism to itself and hence it satisfies reflexive relation.
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Thus G is weak isomorphic to itself.

Let f:V — V'and g: V' — Vbe weak isomorphisms on fuzzy semigraphs G to
G' and G' to G respectively

Then f:V — V' is a bijective map (u) = u', Vu € V satisfying

o(u) =c'(f(w)),vVu eV and

u(uv) < ,u’(f(u)f(v)),\?’uv € £. ... (10)

Similarly g: V' — Vis a bijective map (u') = u, Vu' € V' satisfying
o'(u') = J(g(u’)) = J(g(f(u))), vu' € V' and

v <p(lg(fwaf)), vu'v' € £, ... (11)

Inequalities (10) and (11) hold good on the underlying vertex sets V
and V' only when G and G’ have the same number of edges and the
corresponding membership values of the edges are equal. Hence G and G’ are

identical.
Thus Weak isomorphism between fuzzy semigraphs is antisymmetric.

Let f:V>V' and g:V' - V" be weak isomorphisms on fuzzy

semigraphs G to G’ and G’ to G''respectively.

Then g ofis 1-1 and onto map from V — V"'where

(g°f) (W) =g(f(w), forallu eV
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Since f: G — G'is a weak isomorphism between the fuzzy semigraphs G and
G' then the mapping f:V — V'is bijective,
f(v) = v'for all vinV such that

o(w) = o' (f(w) forall u € V and . (12)

puuv) < u' ((fw)f(v)) foralluv € £ ... (13)
Since g: G' — G"'is an isomorphism between the fuzzy semigraphs G’ and
G''then the mapping g: V' — V"is bijective.
g(") =v" forall v inV’ such that
o' (w)=0c"(glu)) forallu" eV’ ... (14)
and u' (u'v") < u'(glu)g@")) forall u'v' € V' ... (15)
Using (12), (14) and using f(v) = v'for all v inV
o(u) =0'(Ww) =0"W") =0"(gW))
= a"(g(f(u))) ,foralluinV
From (13) and (15), we have
uuw) < u' (Fwf))), forallu,v e vV
= p ')
= W)
= W' (gWHg@"),
<W'(@(F@)g(f@)vuvev
Therefore g of is a weak isomorphism between G and G”
Hence isomorphism between fuzzy semigraphs is transitive and hence the

weak isomorphism between fuzzy semigraphs is a partial order relation.
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Theorem 4.2.3
If f: G — G' is a weak isomorphism on fuzzy semigraphs G and G’ and
if G is an effective fuzzy semigraph, then G’ is also an effective fuzzy

semigraph.

Proof:

Since f: G — G' is a weak isomorphism, it is bijective and satisfies
if E = (vq,v,,...,v,) 1S @n edge in G, then = (f(vy), f (vy), ..., f(vy,))is an
edgein G',

o(w) = o'(f(w),forallueV

puuv) < p'(f(w)f(v)) foralluv € £

Since G is an effective fuzzy semigraph,
puv) =o(u) A o(v)
Now p'(f (W) f (v)) = u(uv)
= g(u)rc(v)
> o' (f(w)ra'(f(v))
But ' (ff ) < o' (fW)a o' (f(¥))
Hence 1/ (f()f () = o' (fW)r o'(f ()

Thus G is an effective fuzzy semigraph.

Remark 4.2.4
If G is weak isomorphic to G, then the effectiveness of G’ need not

imply the effectiveness of G. The fuzzy semigraph G in Fig.4.1 is weak
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isomorphic to the fuzzy semigraph G’ in Fig.4.2. Here G' is effective but G is

not effective.

r(0.8)
0.5
[0.5]
5(0.6) [0-4]
0.2
1(0.3) —O p(0.5)
01 w2 91 w(0.4) 0.4
[0.1]
Fig4.1: G: (o,u,1m)
r'(0.8)
[0.4]
u'(0.3) 0.2 0.2 p'(0.5)

w'(0.4) 0.4

[0.2]

Fig4.2:G":(a',u',n")
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Remark 4.2.5
It is observed from Fig 4.1 and Fig.4.2 that order of fuzzy semigraphs

are preserved under weak isomorphisms.

Theorem 4.2.6

The weak isomorphism of fuzzy semigraphs preserves order.

Proof:
Let G:(o,u,n) and G':(¢’, u',n") be two fuzzy semigraphs on G*:(V, £,

X) and G"™*:(V', £/, X') respectively.

Let f: GG be an isomorphism between the fuzzy semigraphs G and G'.
Then the mapping f: V— V'is such that,
o(u) = o’ (f(u)) for all ueVv and
u(uv) < p'(f(u)f(v)) forall uv € £
Therefore Order of G is =), ,ey o(u)
= Luev o (f(w))
= Order of G’

Remark 4.2.7

Converse of the above theorem 4.2.5 need not be true.

Remark 4.2.8

The week isomorphism need not preserve effective property.
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43. CO-WEAK ISOMORPHISMS
Definition 4.3.1
A co-weak isomorphism of fuzzy semigraphs f: G — G’ is a bijective
map f:V — V' which satisfies
1. If E = (vq,v,,..,v,) is an edge in G then {f(vy), f(v,), ..., f(v,)}
forms an edge in G'.
2. o(u) <d'(f(w), forallu eV,

3. puv) = ' (f(w)f(v)),forall uv € £.

4. n(E) = n'(f(E)), forall E € X.

Definition 4.3.2
Let G:(o,u,n) and G":(c',u’,n") be two fuzzy semigraphs with
underlying semigraphs G*(V,£,X) and G"*(V', £', X") respectively. A co-weak
end vertex isomorphism (co-weak ev-isomorphism) of fuzzy semigraphs
f:G — G'is abijective map denoted by f:V — V'and which satisfies,
1. If E = (vy,vy,..,v,) is an edge in G then {f (vy), f(vy), ..., f(v)}
forms an edge in G'with end vertices f(v,) and f(v,,),
2. o(u) < d'(f(u)) forallu e V.

3. utuv) =y’ (f(w)f(v)) forall uv € £.

4. n(E) = n'(f(E)), forall E € X.
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Definition 4.3.3
A co-weak edge isomorphism (co-weak edge isomorphism) of fuzzy
semigraphs f: G — G' is a bijective map denoted by f:V — V'and which

satisfies

1. If E=(vqy,v,,...,0,) is an edge in G then {f(v,), f(v,), ..., f(v,)}

forms an edge in G’

2. o(u) < d'(f(u)) forallu e V.

3. utuv) = ' (f(w)f(v)) forall uv € £.

4. n(E) = n'(f(E)), forall E € X.

Definition 4.3.4
A co-weak adjacency isomorphism (co-weak a isomorphism) of fuzzy
semigraphs f: G — G' is abijective map f:V — V'which satisfies,
1. If the adjacent vertices in G are mapped onto adjacent vertices in G’
2. o(u) < U’(f(u)) forallu eV,
3. puv) = ' (f(w)f(v)) foralluv € £ and

4. n(E) = n'(f(E)), forall E € X.

Theorem 4.3.5

If f: G — G’ is a co-weak isomorphism on fuzzy semigraphs G and G’
and if G’ is an effective fuzzy semigraph then G is also an effective fuzzy
semigraph.
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Proof:
Since f:G — G’ is a co-weak isomorphism, it is bijective and satisfies
if E = (vq,vy,...,0,) be an edge in G then = (f(vy), f (v3), ..., f(vy))is an
edgeinG'.
ow) < o'(f(w),forallueV ... (16)
u(uv) = @' (f(wf (v)) forall uv € £
and n(E) = n'(f(E)), forall E € X.
Since G' iis an effective fuzzy semigraph,
H((ffW) = o' (f)na' (f@),¥ fFIf (v) € £ - (17)
Now p(uv) = p'(f(wf(v))

= o'(f(w) ad’(f(v)) (using (17)

> g(W)ra(v)) ... (18)
But u(uv) < a(u)aa(v) ... (19)
Using (18) and (19),
u(uv) = o(w)aa(), forall uv € £ ... (20)

Thus G is an effective fuzzy semigraph.

Remark 4.3.6
The effectiveness of G need not imply the effectiveness of G’ when G is

co-week isomorphic to G'.
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0.25 p(0.75) 0.25

w(0.25)

q(0.25) &

0.25

[0.25]
r(0.5) C

0.4

u(0.4)

Fig4.3: G:(o,u,m)

0.25 p'(0.75) 0.25

q'(03) @ ) w'(0.5)

0.25

025] 06 G

0.4

u'(0.5)

Fig4.4: G':(o',pn',m")
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Here G is co-weak isomorphic to G'. G is an effective fuzzy

semigraph but G is not effective.

Remark 4.3.7
It is observed from Fig 4.3 and 4.4 that co-weak isomorphisms of

fuzzy semigraphs preserve the size of fuzzy semigraphs.

Theorem 4.3.8
The co-weak Isomorphism of fuzzy semigraphs preserves the size of

fuzzy semigraphs.

Proof:
Let G:(o, u,n) and G':(¢”, ', ") be two fuzzy semigraphs on G*:(V, £, X) and
G™*:(V', £/, X') respectively.
Let f: G—G' be an isomorphism between the fuzzy semigraphs G and G'.
Then the mapping f: V- V'is such that,
o(u)< o'(f(u)) for all ueV and
p(uv)= p'(f(u)f(v)) forall uv € £
n(E)=n'(f(E)), for all E€ X.
Therefore
Size 0f G =S(G) = Xgexn (E) = Lgexn' (f (E)) = Size of G'.

Similarly T S(G) =T S(G').
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Remark 4.3.9

Converse of the above theorem 4.3.8 need not be true.

That is, there are fuzzy semigraphs with same size which are not co- weak
iIsomorphic.

For example consider the fuzzy semigraphs G in Fig.4.5 and G’ in Fig.4.6.
Size of G = S(G) = 0.75 = Size of G'.

Total size of G = 1.65 = Total size of G'.

But the fuzzy semigraph G is not co-weak isomorphic to G'.

[0.25]
0.25 p(0.75) 0.25
2(05) w(0.25)
0.25
[0.25]
r(0.5) C
0.4
u(0.4)

Fig4.5: G:(o,u,m)
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[0.25]

0.25 p’(0.75) 0.25

q'(03) & O w'(0.5)

0.25

0.25] 0.6 G

0.4

w'(0.5)

Fig4.6: G":(o',u',n")
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Chapter 5

Degrees of Vertices
and Edges in Fuzzy
Semigraphs



CHAPTER -5

DEGREES OF VERTICES AND EDGES IN
FUZZY SEMIGRAPHS

In this chapter, various degrees of a vertex in a fuzzy semigraph are
defined. Degree, edge degree, adjacent degree and consecutive adjacent
degree of a vertex in a fuzzy semigraph are introduced. Their properties under

various isomorphisms are discussed. The degree of an edge is also defined.

5.1. DEGREE OF AVERTEX IN FUZZY SEMIGRAPH
Definition 5.1.1

Let G: (o,u,n) be a fuzzy semigraph on G*: (V,£,X). Let u be any
vertex in G, then the degree of wu denoted by d(u) is defined by d(u) =

Y. n(E) where the summation runs over all edges E having u as an end vertex.

The total degree of u denoted by td(u) is defined by td(u) = Y. n(E)

where the summation runs over all edges E having u as an end vertex.

Example 5.1.2
Consider the following fuzzy semigraph G: (o, u, 1) in fig. 5.1.
The degree of the vertices are

d(v;)=0.8, d(v,) =0, d(v3) = 1.0, d(v,) = 1.0, d(vg) = 0.4, d(ve) = 0.4.

The total degree of the vertices are

td(v,) = 1.4, td(v,) = 0.5, td(v3) = 1.7, td (v,) = 1.8, td(vs) = 0.8, td(vg) = 0.9.
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V4(0.8)
V6(0.5)

((0-4)) ((0.4))

((0.6))

0.4 V5(0.4)

-l/ £ &

V1(0.6) 0.4 Wv2(0.5) 0.5 V3(0.7)

((0.4))

Fig.5.1 G: (o,u,1n)

Theorem 5.1.3
Let G(o,u n)be a fuzzy semigraph on G*(V,£,X). The degree of a

middle vertex of an edge is zero.

Proof:
Since the middle vertex is not the end vertex of any edge, its degree is

Z€ero.

Theorem 5.1.4

Let G(o,u n)be a fuzzy semigraph on G*(V,£,X). The degree of a
vertex v in the end vertex fuzzy graph G.is the degree of u in G, if v is the end
vertex or middle end vertex of G. The degree of v in G is 0 if v is a middle

vertex of G.

Proof:

Let u €V be an end vertex of G.
Then d ce (U) = ZUVEE(Ge) Tle(UV)

64



=Y. n(E), the summation runs over all edges with one end u
= dg(u)

Let uev be a middle vertex of G.

Then u is not adjacent to any other vertex of Ge.

Therefore dg_(u) = 0.

Theorem 5.1.5
Let G:(o,u,m) be a fuzzy semigraph on G*:(V,£,X) where V =

{vl, Uy, eeny Un} and X = {El, Ez, ...,Em}, then Z?:l deg(vl) = ZS(G) < 2m.

Proof :
rideg(v) =Y, Xn(E) where E runs over all the edges E having v as
an end vertex.
In 7., X n(E), each n(E) appears twice.
Therefore Y, deg(v;) = 2 Y12, n(E;) = 25(G)
Also 2S(G) =¥ . n(E) <2 ¥™, 1 =2m

Therefore Y., deg(v;) = 2S(G) < 2m

Theorem 5.1.6
Let G: (o,u,n) be a complete fuzzy semigraph onG*: (V,X,E). Let
n — 1 vertices be strictly end vertices and one vertex be middle vertex of k
semiedges (v;, U, vi4;),i = 1,2,...,k. Then
) dlu)<n—1-2k
i) dlv)<n-2,i=12,..,2k
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) dw)s<n-1,veV —{uv,,v,, .., V}

n?-n-2k

iv)  S(G) <

Proof:
Since any two edges in x have atmost one vertex in common, the end

vertices of 1- semiedges v, v,, ..., vy are all distinct.

There fore2k < n — 1, this implies k k < @

Hence the maximum possible value of K is [nT_l]

V —{u,vy,v,, ..., v hasn — 1 — 2k elements.

LetV — {u, vy, vy, ., Vai} = {Ug, Up,y oo, U2}

LetE; = (v, w, Vgyi), i = 1,2, ...,k

u is the only middle vertex and all the other vertices are strictly end vertices.

Since G is complete, any two vertices must lie on the same edge.

X={E,Ep .. El}U{(wu)/i=12,..,n—1-2k U {(u,v;)/ i

=1,2,.,n—1-2kj=12,..2k} U {u;w)/i <},
Lj=12,.,n—1=2k}U{(v,v;)/j =12,...2k,j
+k+iifi=12,...kj#i—kifi=k+1,k+2,..,2k}

(i) d(u) = Yn(E)over all E with u as an end vertex.

Therefore d(uw) = Y% n(uw;)

< Z?;11_2k 1

=n-—1-2k
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i Fori=12,..,k

d(v;) = XYn(E) over all E with v; as an end vertex.

= sz =1 (vl,v]) +n(v,u, v, + 1) + + Zn 1-2k (ujrvi)
i#j,j+k+i

<Y 1+14307%

i#j, jEk+i
=2k—24+14+n—-1-2k
=n-—2

Fori=k+1,k+2,..,2k

d(vi) = ZZR j=1 n(vi»vj) + 77(171 k u, v + i, v ) + n 1 an(u]' l)

i#j,j#i-k
<2k-2+1+n-1-2k
=n-—2

Henced(v;) <n—-2,i=1,2,..,2k.

(i) Fori=1,2,..,n—1-2k,

d(w) = Z 11+1+ Y Quy, v) + X752 0 (wy, vy)

Jj#i
<1+2k+n—-1-2k-1

=n-—1

(iv) By theorem 5.1.4,
25(G) = Xyev d(v)
=dW) + X d(vy) + 252 d(w)

<n-1-2k+3Y*kn-24+3Y1"%n-1
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=n—-1-2k+2k(n—-2)+(n—1-2k)(n—1)
=n?—-n-2k
Therefore S(G) < —nz_:_%
Theorem 5.1.7
Let G: (o,u,n) be a complete fuzzy semigraph on G*: (V,£,X ) such
that u is a constant function of constant value c .Let n — 1vertices be strictly
end vertices and one vertex be middle vertex of k,-semiedges (v;, u, Vi+;),
i=1,2,..,k.Then
) dlu)=mn-1-2k)c
i) d(v;)) =(n—-2)c,i=12,..2k
) dw)=(n—1c,veV —{uvy,vy, .., 0}

iv) 25(G) =n?—-—n-2k

Proof:
Consider V and X as in theorem 5.1.3,
Since u(e) = c,Ve €E,

n(E) =c,VE € X,

() dw) = X5 n(ww)

— Zn—ll—zk c
1=
=(n-1-2k)c
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(i) d(v) = 3% ;o1 1 v) + n(wpu v + D+ X2 n(w, v)

i#j,j*k+i

— \'2k n—-1-2k
=X"j=1 ¢+ c+ XD
i#],jEk+i

=R2k—-2)c+c+(n—1-2k)c
=(n—-2)c
Fori=k+1,k+2,..,2k,

d(v) = %** j=r n(vov) +n — ku, v + 6, v)+ Z}l:_ll_an((uj:vi)

i#]j#i-k

_ 2k n—-1-2k
=X"j=1 c+c+ XL
i#],j#i—k

=@2k—=2)ctc+(n—1-2k)c

=(n-—2)c

(ii)i=1,2,..,n—1— 2k,

d(v) = n(uw;) + X35, n(uivj)+2?=_11_2k n(u;v;)

Jj#i
=c+2kc+ (n—1-2k)c

=mm—-1)c

(iv) 2S(G) = Y, ey d(v), by theorem 5.1.5
= d(u) + X7 d(vy) + X d(w)
= —1-2k)c+ XK (n—2)c+ X (- 1c
=(n—-1-2k)c+2k(n=2c+n—-1-2k)(n—1)c

= (n?—n-2k)c
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Theorem 5.1.8

The degree of a vertex is preserved under an isomorphism.

Proof:
Under an isomorphism f: G = G', n(E) = n'(f(E)), forall E € X.
Therefore d; (u) = Y.n(E), over all E with u as an end vertex.
=Y n'(f(E)), over all f(E) with f(u) as an end vertex.

=de'(f(W)

The following theorems can be proved in a similar manner.

Theorem 5.1.9

The degree of a vertex is preserved under an end vertex isomorphism.

Theorem 5.1.10

The degree of a vertex is preserved under an edge isomorphism.

Theorem 5.1.11

The degree of a vertex is preserved under an adjacency isomorphism.

Theorem 5.1.12

The degree of a vertex is preserved under a co-weak isomorphism.

Theorem 5.1.13
The degree of a vertex is preserved under a co-weak end vertex

isomorphism.
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Theorem 5.1.14

The degree of a vertex is preserved under a co-weak edge isomorphism.

Theorem 5.1.15
The degree of a vertex is preserved under a co-weak adjacency

isomorphism.

Remark 5.1.16

The degree of a vertex need not be preserved under weak isomorphism,
weak end vertex isomorphism, weak edge isomorphism and weak adjacency
isomorphism since n(E) < n'(f(E)), for all E € X under any of these

isomorphisms.

Theorem 5.1.17
The total degree of a vertex is preserved under an isomorphism, end

vertex isomorphism, edge isomorphism and adjacency isomorphism.

Remark 5.1.18
The total degree of a vertex need not be preserved under any weak

isomorphism and under any co-weak isomorphism.
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5.2. EDGE DEGREE OF AVERTEX IN FUZZY SEMIGRAPH
Definition 5.2.1:

Let G: (o,u,n) be a fuzzy semigraph on G*: (V,£,X). Let u be any
vertex in G, then the edge degree of u denoted by d®(u) is defined by d®(u) =

Y. n(E) where the summation runs over all edges E containing u.

The edge total degree of u denoted by td®(u) is defined by
td®(u) = Y n(E) + o(u) where the summation runs over all edges E

containing u.

Example 5.2.2

Consider the fuzzy semigraph in fig. 5.1. The edge degree of the vertices
are dé(v,)=0.8, d¥(v,) = 0.4, d®(v3) = 1.0, d®(v,) = 1.0, d¥(vs) = 0.8, d¥(ve) = 0.4
The edge degree of the vertices are

td®(v,) = 1.4, td® (v,) = 0.9, td® (v3) = 1.7, td® (v,) = 1.8, td® (v5) = 1.2, td® (V) = 0.9

Theorem 5.2.3
Let G:(o,u,m) be afuzzy semigraph on a semigraph G*:(V,£, X). Ifu is

an end vertex in G, then d; (u) = d¢ (w).

Proof:
If u is the end vertex, then the edges containing u are precisely the edges
with end vertex u.

Therefore
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de(w) =Y n(E), where the summation runs over all edges E with u
as an end vertex.
=Y 1(E), where the summation runs over all edges E containing u.

= dg(W).

Theorem 5.2.4
Let G*:(V,£,X) be asemigraph. If uis an end vertex of an edge in G*,

then dg~(u) = dg-(w).

Proof:
If u is the end vertex, then the edges containing u are precisely the edges
with end vertex u.

Therefore de«(u) = dg- (w).

Theorem 5.2.5
Let G:(o,u,m) be a fuzzy semigraph such that i is a constant function. If

u is an end vertex, then d(u) = dé(u).

Proof:
Let p(e) = c for every e in€ where ¢ is a constant.
Then n(E) = c for every edge E. Therefore
ds(u) = Y n(E), where the summation runs over all edges E with u
as an end vertex.
= ¢ x the number of edges E with u as an end vertex.
= cdg+(u)
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¢(w) = >n(E), the summation runs over all edges E containing u.
= ¢ x the number of edges E containing the vertex u
= cdg-(u)
From theorem 5.2.4, if u is an end vertex,
dex(u) = dg- (u).

Hence dg(u) = dg(u).

Theorem 5.2.6

The edge degree of a vertex is preserved under an isomorphism.

Proof:
Under an isomorphism f: G = G', n(E) = n'(f(E)), forall E € X.
Therefore dg (w) = Y:n(E), over all E containing u.

=Y n'(f(E)), over all f(E) containin f(u).

=de, (f(w)

The following results follow in a similar manner.

Theorem 5.2.7
The edge degree of a vertex is preserved under an end vertex

isomorphism.

Theorem 5.2.8

The edge degree of a vertex is preserved under an edge isomorphism.

Theorem 5.2.9
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The edge degree of a vertex is preserved under an adjacency

isomorphism.

Theorem 5.2.10

The edge degree of a vertex is preserved under a co-weak isomorphism.

Theorem 5.2.11
The edge degree of a vertex is preserved under a co-weak end vertex

isomorphism.

Theorem 5.2.12
The edge degree of a vertex is preserved under a co-weak edge

isomorphism.

Theorem 5.2.13
The edge degree of a vertex is preserved under a co-weak adjacency

isomorphism.

Remark 5.2.14

The edge degree of a vertex need not be preserved under weak
iIsomorphism, weak end vertex isomorphism, weak edge isomorphism and
weak adjacency isomorphismsince n(E) < n'(f(E)), forall E € X under any

of these isomorphisms.

75



Theorem 5.2.15
The total edge degree of a vertex is preserved under an isomorphism,

end vertex isomorphism, edge isomorphism and adjacency isomorphism.

Remark 5.2.16
The total edge degree of a vertex need not be preserved under any weak

isomorphism and under any co-weak isomorphism.

5.3. ADJACENT DEGREE OF AVERTEX IN FUZZY SEMIGRAPH
Definition 5.3.1

Let G: (o,u,n) be a fuzzy semigraph on G*: (V,£,X). Let u be any
vertex in G. Then the adjacent degree of u denoted by d“(u) is defined by
d*(u) =Y Y..cg u(e) where the outer summation runs over all edges E

containing u.

The adjacent total degree of u denoted by td?(u) is defined by
td*(u) =Y. Y.ep u(e) + o(u) where the outer summation runs over all edges

E containing u.

Example 5.3.2

Consider the fuzzy semigraph in fig. 5.1.

The adjacent degrees of the vertices are

d3(v,) = 1.6, d¥(v,) = 0.9, d¥(v3) = 1.5, d¥(v,) = 1.3, d¥(vs) = 0.8, d¥(v,) = 0.4
The adjacent total degrees of the vertices are

td¥(v,) = 2.2, td¥(v,) = 1.4, td¥(v3) = 2.2, td¥(v,) = 2.1, td¥(vs) = 1.2, td¥(vg) = 0.9
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Theorem 5.3.3
Let G*: (V,£, X) be a k-uniform semigraph. If u is an end vertex in G*,

then d% (u) = (k - 1) da~(u) = (K - 1) d&- (w).

Proof:
Since G”is k-uniform and u is an end vertex, the number of vertices
adjacent to u from a single edge is k-1.
The number of edges adjacent to u is dg=(u).
Therefore dg-(u) = (k-1)dax(u).
If u is the end vertex, then the edges containing u are precisely the edges with
end vertex u.
Therefore de=(u) = dg-(w).

Hence dg-(u) = (k-1)d ;- (w).

Theorem 5.3.4
Let G:(o,,m) be a k-uniform fuzzy semigraph on G*:(V,£, X ) such that
M is a constant function of constant value c. If u is an end vertex in G, then
¢ = (k - 1).c.de+(u)
& (w)=(k-1).c.dg-(u).
Proof:
The adjacent degree of u is

&(u) = Xg Yees (e), outer summation runs over all edges with end vertex u

= Y Yees C, Outer summation runs over all edges with end vertex u
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= Y.g(k — 1)c, the summation runs over all edges with end vertex u
= (k - 1)cdg+(u)

Also since dg+(u) = dg-(w), di (w) = (k - 1)cdg- (w).

Theorem 5.3.5
Let G*(V,£,X) be ak-uniform semigraph. If u is a middle vertex in G*,

then d2. () = (k- 1).

Proof:
Since G” is k-uniform, the number of vertices adjacent to a middle vertex
uis k -1. Also u is a middle vertex of exactly one edge.

Hence dg-(u)= (k- 1).

Theorem 5.3.6
Let G:(o,u,m) be a k-uniform fuzzy semigraph on G*:(V,£, X ) such that
W is a constant function of constant value c. If u is a middle vertex in G7,

then dg-(u) = (k- 1)c.

Proof:
Since G” is k-uniform, the number of vertices adjacent to a middle vertex
uis k -1. Also u is a middle vertex of exactly one edge.

Therefore the adjacent degree of u is

6(W) = Yeeg (e) = Xeee € = (k- 1)c.
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Theorem 5.3.7
Let G*(V,£,X) be a k-uniform semigraph. If u is a middle-end vertex

in G”, then d (u) = (k - 1)[ de+(u) + 1].

Proof:

de+(u) edges have u as end vertex.

The (k - 1)de+(u) vertices in them are all adjacent to u.

Also the k - 1 vertices in the edge containing u as middle vertex are also
adjacent to the vertex u.

Hence d&-(u) = (k - 1)dg+(u) + (k - 1)

= (k- D[ dex(u) + 1].

Theorem 5.3.8
Let G:(o,,m) be a k-uniform fuzzy semigraph on G*:(V,£, X ) such that
W is a constant function of constant value c. If u is a middle-end vertex in G7,

then dg«(w) = (k - 1)c[ dg=(u) + 1].

Proof:
ds+(u) is the number of edges E with u as end vertex. Only one edge has
u as a middle vertex.
Therefor the adjacent degree of u is
&(u) =Yg Yees (e), outer summation runs over all edges E containing u
= g Qecs C, Outer summation runs over all edges E containing u

= Y g(k— 1)c, the summation runs over all edges E containing u
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= Y.g(k — 1)c, the summation runs over all edges E with u as end vertex
+ Y g(k — 1)c, the summation runs over all edges E with u as a
middle vertex
= (k- 1)cdg+(u) + (k - 1)c.

= (k - 1)c[ de+(u) + 1].

Theorem 5.3.9

The adjacent degree of a vertex is preserved under an isomorphism.

Proof:
Under an isomorphism f: G = G', u(uv) = u'(f(w)f (v)) foralluv € £
Therefore
dé(u) = Yk Yees U(e), the outer summation runs over all edges containing u
= Y rE) 2eet ' (f (€)), the outer summation runs over all edges f'(E)
containing f(u)
=dg (f(W)

Hence the theorem.

The same result holds for other isomorphisms and co-weak

iIsomorphisms under the same reasoning.

Theorem 5.3.10
The adjacent degree of a vertex is preserved under an end vertex

isomorphism.
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Theorem 5.3.11

The adjacent degree of a vertex is preserved under an edge isomorphism.

Theorem 5.3.12
The adjacent degree of a vertex is preserved under an adjacency

isomorphism.

Theorem 5.3.13
The adjacent degree of a vertex is preserved under a co-weak

isomorphism.

Theorem 5.3.14
The adjacent degree of a vertex is preserved under a co-weak end vertex

isomorphism.

Theorem 5.3.15
The adjacent degree of a vertex is preserved under a co-weak edge

isomorphism.

Theorem 5.3.16
The adjacent degree of a vertex is preserved under a co-weak adjacency

isomorphism.

Remark 5.3.17
The adjacent degree of a vertex need not be preserved under weak

iIsomorphism, weak end vertex isomorphism, weak edge isomorphism and
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weak adjacency isomorphism since u(uv) < u'(f(w)f(v)) for all uv € £

under any of these weak isomorphisms.

Theorem 5.3.18
The total adjacent degree of a vertex is preserved under an isomorphism,

end vertex isomorphism, edge isomorphism and adjacency isomorphism.

Remark 5.3.19
The total adjacent degree of a vertex need not be preserved under any

weak isomorphism and under any co-weak isomorphism.

5.4. CONSECUTIVE ADJACENT DEGREE OF A VERTEX IN
FUZZY SEMIGRAPH

Definition 5.4.1
The consecutive adjacent degree of u denoted by d“?(u) is defined by
d¢*(u) = ), u(uv) where the summation runs over all vertices v which are

consecutively adjacent to u.

The consecutive adjacent total degree of u denoted by td“*(u) is
defined by td“*(u) = Y u(uv) + o(u) where the summation runs over all

vertices v which are consecutively adjacent to u.

Example 5.4.2
Consider the fuzzy semigraph in fig. 5.1.
The Consecutive adjacent degrees of the vertices are
d(v,) = 0.8, d®(v,) = 0.9, d%(v3) = 1.1, d%(v,) = 1.0, d¥(vs) = 1.2, d?(v,) = 0.4
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The Consecutive adjacent total degrees of the vertices are

td%(v,) = 1.4, td?%(v,) = 1.4, td}(v3) = 1.8, td?(v,) = 1.8, td¥(vs) = 1.6, td}(v¢) = 0.9

Theorem 5.4.3
Let G*:(V,£,X) be asemigraph. If u is an end vertex of an edge in G*,

then de+(u) = d. (w) = d%(w).

Proof:

If u is the end vertex, then the edges containing u are precisely the edges
with end vertex u.
Therefore de«(u) = dg- (w).
Also if u is the end vertex, then the number of edges with end vertex u is the
same as the number of vertices consecutively adjacent to u.

Therefore de«(u) = d&¥ (w).

Theorem 5.4.4
Let G:(o,u,m) be a fuzzy semigraph such that i is a constant function. If

u is an end vertex, then d(u) = d®(u) = d®(u).

Proof:

Let p(e) = c for every e € £ where c is a constant.

Then n(E) = c for every edge E.

Therefore

ds(u) =n(E), the summation runs over all edges E with u as an end vertex.
= ¢ x the number of edges E with u as an end vertex.
= ¢.d.g+(u)
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¢(w) = Yn(E), the summation runs over all edges E containing u.
= ¢ x the number of edges E containing the vertex u
= cdg- (u)

dg’ (W) = Yuveg H(uv)

= Cluvek 1

=cdg (u)
From theorem 5.2.4, if u is an end vertex, de~(u) = dg-(u) and therefore

de+(u) = dg-(u) = d&2 (u).

Hence dg(u) = dg(u) = d&@ (u).

Theorem 5.4.5
Let G*: (V,£, X) be a k-uniform semigraph. If u is an end vertex in G*,
then dg, (u)= (k - 1)dg*(w).

[or d% (W)= (k - 1) d&(w) or d&, (W)= (k - 1)(k - 1) dg+(u).]

Proof:

Since G”is k-uniform and u is an end vertex, the number of vertices adjacent
to u from a single edge is k-1.

The number of edges adjacent to u is dg=(u).

Therefore dg-(u) = (k - 1)dg*(u).

From theorem 5.2.4, dg*(u) = dg-(u) = da~(u).

Hence dg, (w)= (k - 1)dc% (w).

The other expressions follow in a similar manner.
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Theorem 5.4.6
Let G:(o,u,m) be a k-uniform fuzzy semigraph on G*:(V,£, X ) such that

W is a constant function of constant value c. If u is an end vertex in G*, then
dg.(w)= (k- edg® (w).
[or dg-(w)= (k- 1)c dg~(uw) or dg,(w)= (k - 1)cde(u).]
Proof: Let u €V be any vertex.
Then dg_(U) = Xuver(Ge,) Hea(UV)

= Luver WUV)

= YuvegC

= (k - L)cda+(u).
If u is an end vertex, then dg+(u) = dg- (u) = d¢2 (u).

Hence the theorem follows.

Theorem 5.4.7
Let G(o, u,m) be a fuzzy semigraph on G*(V,£,X). Then the degree of a

vertex u in the consecutive adjacency fuzzy graph G, is dg?(u).

Proof: Let u €V be any vertex.
Then dg_ (U) = XuveE(Gey) Heal(UV)

= ZUVEE H(UV)

= dg(u).
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Theorem 5.4.8
Let G:(o,u,n) be a fuzzy semigraph on G*:(V,£, X) such that pis a
constant function. Then for any vertex u,
I.  dg(u) = cdgx(u)
i, dg(u)=cdg-(u)
. dg(u)=cdg(u)

iv. df (u)=cdg-(w)

Proof:
Let p(e) =c forevery e € £.
Then n(E) = c for every E € X.
I.  dg(u) =Yn(E), the summation runs over all edges E with u as an end,
= Y ¢, the summation runs over all vertex edges with u as an end
vertex.
= cde+(u)
ii. ¢(u) =XYn(E), the summation runs over all edges containing u
= > ¢, the summation runs over all edges containing u
=cdg-(u)
i, dS(W) = Tyyer n(uv)
= Yuvee €
=cdgi (u)

iv. d&(u) =Yg Yeer 1(e), the outer summation runs over all E containing u
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= ZE ZeEE ¢
= Cda*(U)

The following theorem gives the relation between the four degrees of a

fuzzy semigraph.

Theorem 5.4.9
For any wvertex u in a fuzzy semigraph G:(o,u,n) On a

semigraphG*: (V,X), d(u) < d®(u) £ d°*(u) <d*(uw)

Proof :

Ind(u) = Y n(E), E runs over all the edges having u as an end vertex.

But in d®(u) = ). n(E), edges having u as middle vertex are also included.
Therefore d(u) < d°(uw)

Forany edge E, n(E) < u(e) foreverye € E

Which implies ) n(E) < u(uv)where the summation on L. H. S runs over all
the edges containing u and the summation on R. H. S runs over all the vertices
vconsecutively adjacent to u.

Hence d°(u) < d°“(u).

If uv € E, thenu(uv) < Y..cgu(e). Hence d““(u) < d%(uw)

Therefore d(u) < de(u) < d“*(u) <d%*(w)
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Remark 5.4.10
In the fuzzy semigraph in Fig 5.1,
d(vl) = 08, de(vl) = 08, da(vl) - 16, dca(vl) = 0.8

Therefore d(v,) < d®(vy) < d°“(v;) < d*(vy).

Remark 5.4.11
If uis an end vertex in a semigraph G:(o,u,n), then dg (u) or d§(u) need

not be equal to dg?(u). For example, consider the semigraph in Fig.5.3

Fig 5.2 G:(o,um)
Here u is the end vertex of the edge E = (u, v, X, w).
d(u) =n(E)=0.3
d®(u) =n(E) =0.3
But d*(u) = p(uv) = 0.5
Therefore d(u) # d*?(u)

and d°(u) # d*(u).

Theorem 5.4.12
The consecutive adjacent degree of a vertex is preserved under an

isomorphism.
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Proof:
Under an isomorphism f:G - G', u(uv) = u'(f(w)f(v)) for all
uv € £

Therefore
d¢” () = Xuver H(uv)
= Yuwee i (f(W)f (v))
=dg; (f(w)

The following theorems hold similarly under the same reasoning.

Theorem 5.4.13
The consecutive adjacent degree of a vertex is preserved under an end

vertex isomorphism.

Theorem 5.4.14
The consecutive adjacent degree of a vertex is preserved under an edge

isomorphism.

Theorem 5.4.15
The consecutive adjacent degree of a vertex is preserved under an

adjacency isomorphism.

Theorem 5.4.16
The consecutive adjacent degree of a vertex is preserved under a co-

weak isomorphism.
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Theorem 5.4.17
The consecutive adjacent degree of a vertex is preserved under a co-

weak end vertex isomorphism.

Theorem 5.4.18
The consecutive adjacent degree of a vertex is preserved under a co-

weak edge isomorphism.

Theorem 5.4.19
The consecutive adjacent degree of a vertex is preserved under a co-

weak adjacency isomorphism.

Remark 5.4.20

The consecutive adjacent degree of a vertex need not be preserved under
weak isomorphism, weak end vertex isomorphism, weak edge isomorphism
and weak adjacency isomorphism since u(uv) < u'(f(w)f(v)) foralluv € £

under any of these weak isomorphisms.

Theorem 5.4.21
The total consecutive adjacent degree of a vertex is preserved under an
isomorphism, end vertex isomorphism, edge isomorphism and adjacency

isomorphism.
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Remark 5.4.22
The total consecutive adjacent degree of a vertex need not be preserved

under any weak isomorphism and under any co-weak isomorphism.

5.5 THE DEGREE OF AN EDGE IN FUZZY SEMIGRAPH
Definition 5.5.1

Let G:(o,u,n) be a fuzzy semigraph on G™:(V, £,X). The degree of an
edge E in X of G is dg(E) = Xg,-g n(E;) where the summation runs over all

edges E; adjacent to E.

Definition 5.5.2

The degree of the partial edge e =uv e £ is

de(e) = Duwes, H(UW) + Yvwee, W(vw).

W#FUu W#FUu

Example 5.5.3
Consider the fuzzy semigraph in Fig.5.1.
Here V = {vl,vz, V3, Vg, Us, 176}
£ = {v,V,, V,V3, V3V,, Uy Vs, UsVq, UsVg}
X={E, = (v1,V2,V3),E; = (V3,1,),E5 = (U4, V5,v1),E4 = (V5,V6)}
n(E;) =0.4,n(E;) =0.6,n(E3) =0.4,n(E,) =0.4.
u(vvy) = 0.4, pu(vyvz) = 0.5, u(vsvy,) =0.6,
u(vavs) = 0.4, pu(vsvy) = 0.4, u(vsve) = 0.4
Therefore the degree of the edges in X are
d(E;)=04+06=1, d(E;)=04+04=0.8
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d(E3)=04+06+04=14, d(E,)=04
The degree of the edges in £ are
d(v,v,) = 0.4+ 0.5 = 0.9, d(vyv3) =04+ 0.6 =1,
d(v3v,) =05+04 =09, d(vyvs) = 0.6+ 04 =1,

d(vsvy) = 0.4+ 0.4+ 04 =12, d(vsve) = 0.4+ 0.4 = 0.8.

Theorem 5.5.4
Let G:(o, U4, n) be a fuzzy semigraph on G™:(V, £, X). The degree of an

edge E in G is dg(e)=).ycg[d® (v) —n(E)].

Proof:

The edges adjacent to E are the edges incident on the end vertices and
on the middle-end vertices of E.
Also for any middle vertex u of E, the edge degree of u is

d*(u) =n(E) = d*(u) - n(E) = 0.

Now dg(u) = ). E;#E n(Ep)

Ej adjacent to E

= ZEi:#E,Ei has e—vertex of E, T|(E{) + ZEi:#E,Ei has me—vertex of E, T (E;)
Ej adjacentto E Ej adjacent to E

= Zvis e—vertex ofE[de (V) - T](E)]+Zv is me—vertex ofE[de (V) - TI(E)]
:ZVis e—vertex ofE[de (\0 - T](E)]+Zv is me—vertex ofE[Cle (V) - TI(E)]
+Zvis m-—vertex of E [de (V) - H(E)]

= 2veeldg (V) =n(E)]
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Corollary 5.5.5
Let G:(o, W, 1) be a k-uniform fuzzy semigraph on G™:(V, £, X). The

degree of an edge E€ X is ds(E)=).ycg[dg (v) — kn(E)].

Proof:
Since G is k-uniform, the number of vertices is k.
Therefore dg(E) = Yyeg[d®(v) —n(E)
= Zvee[d®(V) —Zveen(E)
= Zvee[dg (v) —kn(E)]

Corollary 5.5.6
Let G:(o,u,n) be a k-uniform fuzzy semigraph on G™:(V, £,X) such that
M is a constant function of constant value c. Then the degree of an edge EEX

IS dG(E) = CZVEE de*(V) —kec.

Proof:
Since (e) = c for every e€ £,
n(E) = c for every EEX.
Also dé(v) = cdg&«(v) for every v € V.
Therefore by corollary 5.5.5,
de(E) = Xyee[d® (V) —kn(E)]

= ¢ Xer dg- (V) —ke
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Corollary 5.5.7
Let G(o,u,n) be a fuzzy semigraph on G*(V, £, X) such that pis a

constant function. Then the degree of an edge E is dg(E) = ¢ ver [dg. (V) — 1].

Proof :
Here d¢(v) = cdg,(v) and n(E) =c,
Therefore by theorem 5.5.4,
de(E) = 2yee[d®(V) —n(E)]
= Yveelcdg. (v) — ]

= ¢ Bpee[di. (v) — 1]

Theorem 5.5.8
Let G:( o, 1) be a fuzzy semigraph on G™:(V, £, X). Let E € X be an
edge with end vertices u and v and with no middle-end vertex. Then the degree

of E is do(E) = d(u) + de(V) - 2n(E).

Proof:

Since E has no middle-end vertex, the edges adjacent to E are incident
on the end vertices of E.
Therefore

ds(E) = Xk, e n(E;), the summation runs over all E; adjacent to E

= ZEi is adjacent to E,E;=E ] (Ep) + ZEi is adjacent to E,E;#2E n(Ep)
one end of Eiisu one end of Eiisv

= dg(u) - n(E) + ds(v) - n(E)
Hence dg(E) = dg(u) + dg(v) - 2n(E).

94



Theorem 5.5.9
Let G:(o, u,n ) be a fuzzy semigraph on G*:(V, £, X). The degree of the

partial edge e =uv in £ is dg®(u) + dg*(v) — 2p(uv).

Proof:

The degree of the partial edge e = uv is

de(e) = Duwes, L(UW)+Yvwee, L(VW).

W*V W#Uu

= Zuweg, Huw) + p(uv) + Yvwee, p(vw) + p(uv) — 2p(uv)

W#V wW#Uu
= Zuwsﬁ H(UW) + vasE lJ.(VW) - ZU(uV)

= 4@ (W) + dE(v) — 2u(uv)

Theorem 5.5.10
Let G(o,u n)be afuzzy semigraph on G*(V,£,X) such that u is a

constant function .Then the degree of the edge EeX is dg(E) = cdg+(E).

Proof:
Since u(e) = c, for every eef£,
N(E) = ¢, for every Ee X.
Therefore, do(E) = Xk, ,gjacent oz N(ED)
= ¢x the number of edges adjacent to E

= c.dg+(E)
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Theorem 5.5.11
Let G(o,un)be afuzzy semigraph on G(V,£,X) such that u is a
constant function.Then the degree of the partial edge e= uvef is dg(e) =

cd¢-(e).

Proof:

The degree of e = uv is

ds(e) = Xuwes, H(uw) + Yywee, H(VW)

W+u W#V

= ZUWEE, c+ ZVWEE, C
w#U W#V

= cdg-(e)

Theorem 5.5.12

Let G(o, u,m) be a fuzzy semigraph on G* (V,£,X). Let E be an edge in
G with end vertices u and v. If E has no middle — end vertex, then the degree
of the edge uv in e- fuzzy graph G is the degree of the edge E in the fuzzy

semigraph G. That is, dge (Uv) = dg(E).

Proof:
Since E has no middle — end vertex, the edges adjacent to E or the edges
incident on the end vertices u and v.

Now dge (UV) =) wzu, He(UW) + Y wzv, He(VW)
uweE(Ge) VWEE(Ge)

= ZEi incident onu T] (El) + ZEi incidentonv T] (El)

EixE EixE
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= ZEi adjacentto E n (El)

EjzE

= dg(E).

Theorem 5.5.13

Let G(o, 1, 1) be a fuzzy semigraph on G**(V, £, X). Let E be an edge
in G with end vertices u and v. If E has no middle — end vertices, then the
degree of the edge uv in the end vertex graph is dg_ (uv) = de(E) - X n(E;)
where the summation in the second term runs over all edges E; which are

incident on the middle-end vertices of E.

Proof:
The edges adjacent to E in G are the edges incident on the end vertices

u and v and on the middle-end vertices of E.

Therefore

dee (U) =) wzu puw) +), wzv p(vw)
ue€E(Ge) ve€E(Ge)

=X E;#E n(E) +X E;i=E n(E)

Ejisincidentonu Ejisincidentonv
= X E=E  NE)X Ei*E n(E)
Ejis adjacentto E Ejis incident on me—vertex of E

= d G(E) B ZEiis incident on n(El)

me—-vertexof E

Theorem 5.5.14
The degree of an edge is preserved under an isomorphism, end vertex
iIsomorphism, edge isomorphism and adjacency isomorphism.
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Theorem 5.5.15
The degree of an edge is preserved under a co-weak isomorphism, co-
weak end vertex isomorphism, co-weak edge isomorphism and co-weak

adjacency isomorphism.

Remark 5.5.16

The degree of an edge need not be preserved under any weak

isomorphism.
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Chapter 6

Various Regular
Properties of Fuzzy
Semigraphs



CHAPTER -6

VARIOUS REGULAR PROPERTIES OF FUZZY
SEMIGRAPHS

Various regular properties of fuzzy semigraphs are studied. The regular,
edge degree regular, adjacency regular and consecutive adjacency regular
fuzzy semigraphs are introduced and some of their properties are studied. Also
biregular fuzzy semigraphs and totally regular fuzzy semigraphs are defined

and their properties are studied.

6.1. REGULAR FUZZY SEMIGRAPHS
Definition 6.1.1

Let G: (o, u,n) be a fuzzy semigraph on semigraph ¢*: (V,£,X). Gisa
regular fuzzy semigraph of degree r or r-regular fuzzy semigraph if the degree

of each vertex isr.
Definition 6.1.2

Let G: (o, u,n) be afuzzy semigraph on semigraph G*: (V, £, X). G is a v-edge
degree regular fuzzy semigraph of vertex edge degree r or r- v-edge degree

regular fuzzy semigraph if the edge degree of each vertex is .
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Definition 6.1.3
Let G: (o, u,n) be a fuzzy semigraph on semigraph G*: (V,£,X). Gisan
adjacent regular fuzzy semigraph of adjacent degree r or r- adjacent regular

fuzzy semigraph if the adjacent degree of each vertex isr.

Definition 6.1.4

Let G: (o, u,n) be a fuzzy semigraph on semigraph ¢*: (V,£,X). Gisa
consecutive adjacent regular fuzzy semigraph of consecutive adjacent degree
r or r- consecutive adjacent regular fuzzy semigraph if the consecutive adjacent

degree of each vertex is .

Theorem 6.1.5
Let G:(o,u,n) be a fuzzy semigraph on a r-regular semigraph
G*: (V,£,X) such that pis a constant function. Then the end vertex fuzzy graph

G, is regular.

Proof :

Let u(e) = c forevery .

Then n(E) = c for every EeX

Let E be an edge in G with end vertices u and v.

Then u,(uv) =n(E) =c

This is true for every edge uv in the end vertex fuzzy graph G, .

Therefore u, is also a constant function of constant value c.

AISO, dGe* (U) = dG* =T
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Now dg,(U) = Yyver(c,) H(uv)
= ZuveE(Ge) ¢
= CdGe*(u)
=cr

This is true for every vertex u in G,.

Hence G, is cr-regular.

Corollary 6.1.6
If G(o, 1, n)is a fuzzy semigraph of stage ¢ on an r-regular semigraph,

then its end vertex fuzzy graph is regular.

Proof:
Since G is a fuzzy semigraph of stage c, u is a constant function of

constant value c. Therefore the result follows from theorem 6.1.5.

Theorem 6.1.7
Let G:(o,u,n) be an effective fuzzy semigraph on a r-regular
semigraphG*: (V, £, X) such that o is a constant function. Then the end vertex

fuzzy graph G, is regular.

Proof :
Let o(u) = ¢ for every ueV .
Let E be any edge of G with end vertices u and v.

Since G is an effective fuzzy semigraph, n(E) = oc(u)Ao(v) =c
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Therefore u,(uv) =n(E) =c
This is true for every edge uv in the end vertex fuzzy graph G, .

Then proceeding as in theorem 6.1.5, G.is cr-regular.

Theorem 6.1.8
Let G: (o, u,n) be a fuzzy semigraph on a semigraph ¢*: (V,£,X). Then

G is a r-regular fuzzy semigraph if and only if G, is a r-regular fuzzy graph.

Proof:
The degree of an end vertex u of G is
dq(u) = Y n(E), the summation runs over all edges E with u as
an end vertex.
= Y,..nexNW, .., v)
= ZuveE(Ge) p(uv)
= dae (w)
This is true for every end verex u of G.

Hence the fuzzy semigraph G is r-regular if and only if its end vertex fuzzy

graph is r-regular.

Theorem 6.1.9
Let G: (o, u,n) be afuzzy semigraph on a semigraph G*: (V, £, X). Then
G is a r-consecutive adjacent regular fuzzy semigraph if and only if its

consecutive adjacency fuzzy graph G, is r-regular.
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Proof:
The consecutive adjacent degree of a vertex uin G is
d¢* (W) = ZuveE(Gca) p(uv)
=dg,,(u)
= the degree of uin G, .
Hence the fuzzy semigraph G is r- consecutive adjacent regular if and only if

its consecutive adjacency fuzzy graph G., is r-regular.

Theorem 6.1.10
Let G: (o, u,n) be a fuzzy semigraph on a semigraph G*: (V, £, X) such
that u is a constant function and its end vertex graph G.* is a cycle. Then G is

a regular fuzzy semigraph. The end vertex fuzzy graph G is also regular.

Proof:

Let E;, E2, -+, En be the edges of G such that its end vertex graph G, *
is a cycle.

Since u is a constant function, the degree of each edge E; in G is 2c.
Therefore G is 2c — regular. Similarly the end vertex fuzzy graph G is 2c-

regular.
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6.2 BIREGULAR FUZZY SEMIGRAPHS
Definition 6.2.1

Let G: (o, u,n) be a fuzzy semigraph on semigraph ¢*: (V,£,X). Gis a
biregular fuzzy semigraph of degree (k, r) or (k, r)-biregular fuzzy semigraph

if the degree of each vertex is either k or r.

Definition 6.2.2

Let G: (o, u,n) be a fuzzy semigraph on semigraph ¢*: (V,£,X). Gisa
v-edge degree biregular fuzzy semigraph of vertex edge degree (k, r) or (k, r)-
v-edge degree biregular fuzzy semigraph if the edge degree of each vertex is

either korr.

Definition 6.2.3
Let G: (o, u,n) be afuzzy semigraph on semigraph G*: (V,£,X). Gisan
adjacent biregular fuzzy semigraph of adjacent degree (k, r) or (k, r)- adjacent

biregular fuzzy semigraph if the adjacent degree of each vertex is either k or r.

Definition 6.2.4

Let G: (o, u,n) be a fuzzy semigraph on semigraph ¢*: (V,£,X). Gisa
consecutive adjacent biregular fuzzy semigraph of consecutive adjacent degree
(k, r) or (k, r)- consecutive adjacent biregular fuzzy semigraph if the

consecutive adjacent degree of each vertex is either k or r.
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Theorem 6.2.5
Let G:(o,u,m) be a k-uniform fuzzy semigraph on a semigraph
G*:(V,£,X) such that u is a constant function, with no middle-end vertex and
its end vertex graph G,* is a star.
. The semigraph G is a v-edge degree biregular and adjacent biregular
I, G is a consecutive adjacent biregular fuzzy semigraph if and only if

the number of edges is 2.

Proof:

Let E;, Eo, -+, En be the edges of G with a common end vertex u such
that its end vertex graph G,.* is a star with u as an apex vertex.

Let u be a constant function of constant value c. G is k-uniform.

. The edge degree of the vertex u in G is mc. The edge degree of all the
other vertices is ¢. Hence G is a (mc, c)- v-edge degree biregular fuzzy
semigraph.

The adjacent degree of the vertex u in G is mc(k — 1). The adjacent
degree of all the other vertices is c(k—1). Hence G is a (mc(k — 1), c(k —
1))- adjacent biregular fuzzy semigraph.

ii. The consecutive adjacent degree of the vertex u in G is mc. The
consecutive adjacent degree of the end vertices is c. The consecutive
adjacent degree of the middle vertices vertices is 2c.

Hence G is a biregular fuzzy semigraph if and only if mc = 2¢

ifand only if m =2
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Theorem 6.2.6
Let G:(o,u,m) be a k-uniform fuzzy semigraph on a semigraph
G*: (V,£,X) such that u is a constant function and its end vertex graph G,* is

a cycle. Then the adjacency fuzzy graph G, of G is a biregular fuzzy graph.

Proof:

Let uyuy,---,uy, be the end vertices of G such that its end vertex graph
G.* isacycle ujuy---uyug,

Since G is k-uniform, the fuzzy subgraph induced by the k vertices of
each edge (u;,--+, Ui+1) is complete in the adjacency graph G, *.

The adjacency graph G,* has the cycle uju,:--unu; together with the n
complete graphs formed by the vertices of the edge (ui, -+, Ui+1), 1<i<n, where
Un+1=U1.

Therefore dg: (v;) = 2(k—1),i = 1,2,--,n
If u is any middle vertex, dg-(u) =k - 1.
Let u(e) = c for every e€E. Then u,(e) = yu(e)=c for every ec E,,.

Now

do, ) = ) ttg(uv)

uveE,

=cdg;(u)
Therefore dg_(u) = 2c(k — 1), if u is an end vertex of an edge in G
and dg_(u) = ¢ (k-1), if u is a middle vertex of an edge in G.
Therefore G, is (2c(k-1),c(k-1))- biregular.
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6.3 TOTALLY REGULAR FUZZY SEMIGRAPHS
Definition 6.3.1

Let G: (o, u,n) be a fuzzy semigraph on semigraph ¢*: (V,£,X). Gis a
regular fuzzy semigraph of total degree r or r-totally regular fuzzy semigraph

If the total degree of each vertex is r.

Definition 6.3.2

Let G: (o, u,n) be a fuzzy semigraph on semigraph ¢*: (V,£,X). Gisa
v-edge degree totally regular fuzzy semigraph of total vertex edge degree r or
r- v- total edge degree regular fuzzy semigraph if the total edge degree of each

vertex isr.

Definition 6.3.3

Let G: (o, u,n) be afuzzy semigraph on semigraph G*: (V,£,X). Gisan
adjacent totally regular fuzzy semigraph of adjacent total degree r or r-
adjacent totally regular fuzzy semigraph if the adjacent total degree of each

vertex is r.

Definition 6.3.4

Let G: (o, u,n) be a fuzzy semigraph on semigraph ¢*: (V,£,X). Gisa
consecutive adjacent totally regular fuzzy semigraph of consecutive adjacent
total degree r or r- consecutive adjacent totally regular fuzzy semigraph if the

consecutive adjacent total degree of each vertex is r.
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Theorem 6.3.5
Let G(o, u, 1) is a fuzzy semigraph on G*(V, £, X). Then ¢ is a constant
function if and only if the following are equivalent.
1). G is a regular fuzzy semigraph.

if). G is a totally regular fuzzy semigraph.

Proof
Suppose o is a constant function of constant value c.
Assume that G is a k-regular fuzzy semigraph.
Then de(u) =k, forallue V
tde(u) = de(u) + o (uw)
=k +p, forallueV
Therefore G is a (k + p)-totally regular fuzzy semigraph.
Hence (i) implies (ii).
Suppose that Ge is a g- totally regular fuzzy semigraph.
Therefore tde(u) = q, V ueV
de(u) + o(u) =q,V ueV
de(u) =q-a(u), Vuev
=Qq-p
Hence G is a (q - p)-regular fuzzy semigraph.
Hence (ii) implies (i).
Therefore (i) and (ii) are equivalent.

Conversely assume that (i) and (ii) are equivalent.
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That is, G is a regular fuzzy semigraph if and only if it is a totally regular fuzzy
semigraph.
Assume that ¢ is not a constant function.
Therefore o(u) # o(v) for atleast one pair of vertices u, veV

tde(u) = de(u) + o (u)

tde(V) = de(V) + (V)
If G is a regular fuzzy semigraph, the above two equation imply that tde(u) =
tde(V)
Hence G is not a totally regular fuzzy semigraph which is a contradiction.
Hence o is a constant function.

The following theorems hold similarly under the same reasoning

Theorem 6.3.6
Let G(a, u, 1) is a fuzzy semigraph on G*(V, £, X). Then ¢ is a constant
function if and only if the following are equivalent.
1). G is a v-edge degree regular fuzzy semigraph.

ii). G is a v-edge degree totally regular fuzzy semigraph.

Theorem 6.3.7
Let G(a, u, 1) is a fuzzy semigraph on G*(V, £, X). Then ¢ is a constant
function if and only if the following are equivalent.
1). G is an adjacent regular fuzzy semigraph.

i1). G is an adjacent totally regular fuzzy semigraph.
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Theorem 6.3.8
Let G(o, u,n) is a fuzzy semigraph on G*(V, £, X). Then ¢ is a constant
function if and only if the following are equivalent.
1). G is a consecutive adjacent regular fuzzy semigraph.

I1). G is a consecutive adjacent totally regular fuzzy semigraph.

Theorem 6.3.9
Let G(o, u,n) is a fuzzy semigraph on G*(V,E,X). Then ¢ is a constant
function if and only if the following are equivalent.
I. The end vertex fuzzy graph G, of G is a regular fuzzy graph.

Il. Ge Is a totally regular fuzzy graph.

Theorem 6.3.10
Let G(o, 1, 1) is a fuzzy semigraph on G*(V,E,X). Then ¢ is a constant
function if and only if the following are equivalent.
I. The adjacency fuzzy graph G, of G is a regular fuzzy graph.

Ii. G, is a totally regular fuzzy graph.

Theorem 6.3.11
Let G(o, 1, 1) is a fuzzy semigraph on G*(V,E,X). Then ¢ is a constant
function if and only if the following are equivalent.
I. The consecutive adjacency fuzzy graph G, of G is a regular fuzzy graph.

Ii. Geq Is a totally regular fuzzy graph.
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Theorem 6.3.12
If G(o,u,n) is a fuzzy semigraph of stage ¢ on r-regular fuzzy

semigraph on G*(V,E,X), then its end vertex fuzzy graph G. is totally regular.

Proof:
Let Ge be the end vertex fuzzy graph of G. Then
tdg, (u) = dg,(w) + o(u)

= Zuzv  H(uv) +o(u)

=cr+c

=c(r+1)

Therefore Ge is c(r +1)-totally regular.
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Conclusion



CONCLUSION

The concept of fuzzy semigraph have been introduced. The definitions
of fuzzy sub semigraphs spanning fuzzy subsemigraph have been provided and

some definitions have also been illustrated with examples.

The concept of effective fuzzy semigraph is explained and properties
of effectiveness of the three associated fuzzy graphs of an effective fuzzy
semigraphs are also discussed which may be used for future studies and
research. Various degrees of a vertex of a fuzzy semigraph are defined and
some results on degrees of vertices in a fuzzy semigraph are studied. Different
types of isomorphisms on fuzzy semigraphs are studied. Complete fuzzy
semigraph is defined. Transport networks and telecommunication networks
can be modeled as fuzzy semigraphs. Hence our findings may be useful for

future studies and research.
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Abstract

In this paper, effective fuzzy and various concepts in fuzzy semigraphs are defined and
illustrated through examples. Some results on effective fuzzy semigraphs have been arrived.

1. Introduction

The theory of fuzzy graphs was introduced by Rosanfeld in 1975.
characteristics of Fuzzy graphs were dealt by Azriei Rosanfeld [7].
Bhattacharya [1] contributed some useful remarks on fuzzy graphs. Some
operations on fuzzy graphs were defined by J. N. Modeson and C. S. Peng [3].
The concept of semigraph was introduced by E. Sampath Kumar [2]. K.
Radha [6] introduced the concept of Fuzzy semigraph. Fuzzy semigraphs
have applications in road network, railway network and telecommunications.

In this paper we have defined effective edge and effective fuzzy semigraphs.

2. Preliminaries

Definition 2.1. A graph G is a pair (V, E) where Vis a non empty set of

2010 Mathematics Subject Classification: 03E72, 05C72.

Keywords: effective fuzzy graphs, strong fuzzy graphs fuzzy semigraphs, fuzzy subsemigraphs
end vertices middle vertices, middle-end vertices, connected fuzzy graph.
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896 K. RADHA and P. RENGANATHAN

points which are called vertices and E is a set of ordered pairs of elements of
V which are called edges of G.

Definition 2.2. A simple graph is an undirected graph without self loops
and parallel edges.

Definition 2.3. A complete graph is a simple graph in which every pair of
distinct vertices is connected by an edge. A graph G is connected if there

exists a path between every pair of vertices.

Definition 2.4 [7]. Let V be a non-empty finite set and £ c VxV. A
fuzzy graph G : (o, p) is a pair of functions 6 : V — [0, 1] and p : E — [0, 1]
such that u(xy) < o(x) A o(y) for all x, y € V. Underlying crisp graph is
denoted by G* : (V, E).

Definition 2.5. G is an effective fuzzy graph if p(xy)=o(x)Ac(y) for all
xy € E.

Definition 2.6. G is a complete fuzzy graph if u(xy) = o(x) A o(y) for all
x,yeV.

Definition 2.7 [7]. If u(xy) > 0, then x and y are called neighbours, x and

y are said to lie on the edge e = xy.

Definition 2.8. A path p in a fuzzy graph G : (o, u) is a sequence of
distinct vertices vg, vy, Vg, ..., U, such that u(v;_;, v;) > 0,1 < i < n. Here ‘n’
is called the length of the path. The consecutive pairs (v;_;, v;) are called

arcs of the path.

n
Definition 2.9 [7]. The strength of that path is defined as A p(v;_;v;)
i=1
1.e., it 1s the Weight of the weakest edge. If u, v are connected by means of

paths of length ‘%, then p*(wv) = sup {u(uo, u(vve)u(vgvs)... n(Up_1v)/u, vy,
Vg, «oey Up_1 € V, U;_q0; € E}.

Definition 2.10 [7]. The strength of connectedness between u and v is
n(u, v) = sup {u*(w, v)/k =1, 2, 3, ...,). A fuzzy graph G is connected if

u?@w, v) >0 for all u,veV. An edge xy is said to be a strong edge if

Advances and Applications in Mathematical Sciences, Volume 20, Issue 5, March 2021
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wlx, y) > pu”(x, y). A node x is said to be an isolated node if
u(x, y) =0, vy = X.

Definition 2.11 [8]. A semigraph is a pair (V, X), where V is a non-

empty set of elements called vertices and X is a set of n-tuples called edges of

distinct vertices for various n > 2 satisfying the conditions
1. Any two edges have at most one vertex in common

2. Two edges E; = (g, ug, ..., u,), Ey = (vq, vy, ..., U,,) are considered
to be equal if and only if (a) m =n (b) either u; =v; for i =1 to n or

u; =v,_j41 for i =1 ton.

In the edge E = (v, uy, ..., u,), u; and u, are called called the end

vertices and all vertices in between them are called middle vertices. (m-
vertices). If a middle vertex is an end vertex of some other edge, it is called

middle end vertex.

Definition 2.12 [6]. Consider a semigraph G* :(V, X). A fuzzy

semigraph on G* : (V, X) is defined as (o, u, m) where o:V — [0, 1],
pu:VxV —>][0,1],n: X — [0, 1] are such that

@) wu, v) <ow)roc)V(u,v) e VxV

(i)  mle) = wluy, ug) A wlug, ug) Ao A Wiy, up) < olug) Aolw,) if

e = (uj, ug, ..., u,), n > 2 is an edge in G.
Here (o, ) is a fuzzy graph.

Example 2.13 [6]. Consider the fuzzy semigraph in Figure 2.1. Here

U1, V3 and vg are end vertices vy is a middle vertex v, and vg are middle-
end vertices. Here E; = (v;, vg, U5), Eg = (v1, vg, v3), E3 = (v3, v4, U5) and

E, = (v4, vg) are the edges of the semigraph.

Advances and Applications in Mathematical Sciences, Volume 20, Issue 5, March 2021
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Figure 2.1. Fuzzy semi graph G :(o, u, n).

Definition 2.14 [6]. The fuzzy semigraph H = (y, p, §) is called a fuzzy
subsemigraph of G = (o, u, n) if

(1) all the edges of H are subedges of G,
() y(u) < o(u) forall u e V,
(i) p(uv) < p(wv) for all (v, v) e VxV,
(iv) 8(e) < n(e) for all e € X.

Definition 2.15 [6]. The fuzzy subsemigraph H = (y, p, §) is called a
spanning fuzzy subsemigraph of the fuzzy semi graph G = (o, u, n) if
y(u) = o(u) forall u e V.

In this case the fuzzy semigraph and its spanning fuzzy semigraph differ
in the weights of their edges. Spanning fuzzy sub semi graph H = (y, p, 8) of

the fuzzy semigraph G : (o, u, n) is given in Figure 2.

Vsf0.4)

v1(0.3) V3(0.5)

Figure 2.2. Fuzzy subsemigraph of the graph in 2.1.

Advances and Applications in Mathematical Sciences, Volume 20, Issue 5, March 2021



EFFECTIVE FUZZY SEMIGRAPHS 899

V(0.5 )
// \\
s N
/S N
03 4 ™, 0.1
. @
/el 0.9) \
0.5 N\
/ 02 AN

/ N,
rd N, Vi 0.6)
& a

V(0.3 )
Figure 2.3. Spanning fuzzy subsemigraph of figure 2.1.

Definition 2.16 [6]. A subedge (fs-edge) of an edge
E = (v, vg, vg, ..., U,) is a k-tuple (v, vy, ..., V) where 1< <ig <

w<ip<norl<ip<ipqg<..<ip <n
Definition 2.17 [6]. A partial edge (fp-edge) of an edge
E = (vy, vy, 03, ...,0,) is a (j—i+n)tuple E = (v;, vj_q,...,v;) where

1<i<n.
3. Fuzzy Graphs Associated with Semigraphs

In this section, we define three fuzzy graphs associated with given fuzzy

semigraph and discuss some of their properties.

Definition 3.1. End Vertex Fuzzy Graph (e-Fuzzy Graph) G, :

Let G :(o,p, n) be a fuzzy semigraph G*(V, X). The fuzzy graph
G, : (c,, n,) with vertex set Vin which two vertices are adjacent if and only
if they are end vertices of an edge in G such that o,(«) = o(u) for every u in
Vand n,(uv) = n(uv) for every pair of end vertices u and v in G is called the

end vertex fuzzy graph associated with G.

Definition 3.2. Adjacency Fuzzy Graph (a-Fuzzy Graph) G, :

The fuzzy graph G, : (6, n,) With vertex set V in which two vertices
are adjacent if and only if they are adjacent in G such that c,(«) = o(u) for
every u in Vand p,(uv) = p(uv;) A p(v;visq)A, ..., A uvjv) for every pair of

adjacent vertices u and v in G, where (u, v;, v;,1, ..., Vj, v) is an edge or a

Advances and Applications in Mathematical Sciences, Volume 20, Issue 5, March 2021
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partial edge of G, is called the adjacency vertex fuzzy graph associated with
G.

Definition 3.3. Consecutive adjacency fuzzy graph (ca-fuzzy graph)
G

ca -°

Let G: (o, p,m) be a fuzzy semigraph G*(V, X). The fuzzy graph
G, : (Cey» Meg) With vertex set V in which two vertices are adjacent if and
only if they are consecutively adjacent in G such that c.,(«) = o(u) for every
win Vand p,,(uv) = p(uv) for every pair of consecutive adjacent vertices u

and v in G is called the consecutive adjacency vertex fuzzy graph associated
with G.

4. Various Concepts in Fuzzy Semigraphs

Definition 4.1. Two vertices in a fuzzy semigraph G are said to be
adjacent if they belong to the same edge and are consecutively adjacent if in

addition they are consecutive in order as well.

Definition 4.2. Any two edges in a fuzzy semigraph are adjacent if they

have a vertex in common.
Definition 4.3. Any two edges in a fuzzy semigraph are said to be

(1) ee-adjacent if common vertex of the edges is end vertex in both the

edges,

(i1) em-adjacent if common vertex of the edges is an end vertex of one edge

and middle vertex of the other edge and

(i11)) mm-adjacent if common vertex of the edges is a middle vertex in both
the edges.

Definition 4.4. Cardinality of an edge in a semigraph is said to be % if

the edge contains & number of vertices.

Definition 4.5. An edge in a semigraph G is said to be an s-edge if its
cardinality K > 3.

Example 4.6. Consider Figure 2.1.

Advances and Applications in Mathematical Sciences, Volume 20, Issue 5, March 2021
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1. v; and v; are adjacent vertices since they belong to the same edge

E;, v; and v are consecutively adjacent.
2. E; and Ej3 are ee-adjacent. E; and E, are em-adjacent.

3. E{, e5 and E3 have cardinality 3. E, has cardinality 2.

5. Effective Edges

Definition 5.1. An effective edge in a fuzzy semigraph.

An edge “¢” of a fuzzy semigraph is called an effective edge if
n(e) = n(uy, ug, ..., u,) = o(u) A o(u,) for Ve e X and p(uv) = o(u) A o(v)
for every uv € E. An edge “e” of a fuzzy semigraph is called an e-effective
edge if n(e) = n(yy, ug, ..., u,) = o(u;) A o(u,) for n > 2.

Definition 5.2. Effective fuzzy semigraph.

A fuzzy semigraph G : (o, p, n) is said to be an Effective Fuzzy
semigraph if all the edges of G are effective edges. In other words
n(e) = n(uy, ug, ..., u,) = o(uy) A o(u,)ve € X and p(uv) = o(u) A o(v) for
every edge uv € E.

An effective fuzzy semigraph is shown in Figure 5.1.

Vi (0.8)

-
(0.6) (0.7)
((0.5))
©.6)) B (0.6))
Vs (0.0) V3 (0.7)

.5)

- -
V1 (0.5) ((0.5)) 7 (0.6)

Figure 5.1. Effective semigraph.
Definition 5.3. Fuzzy effective subsemigraph.

A fuzzy subsemigraph H of a fuzzy semigraph G : (o, y, 1) is said to be a

fuzzy effective sub semigraph if all its edges are effective edges.

Example 5.4. Consider the fuzzy semigraph in Figure 5.2, the fuzzy
subsemigraph of (5.2) is given in the figure 5.3.

Advances and Applications in Mathematical Sciences, Volume 20, Issue 5, March 2021
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(V2 0.7) Vs (0.6) Vi(0.5)

(0.5)

Vi (0.6)

Figure 5.2. Fuzzy semigraph.

V3 (0.6) Ve (0.5)
e O O e
(0.6) (0.5) 0.4)

Vs (0.7) Vs (0.4)

v, (0.6)

Figure 5.3. Fuzzy effective subsemigraph of the fuzzy semigraph in Figure
5.2.

6. Some Properties

Remark 6.1. Fuzzy sub semigraphs and spanning fuzzy sub semigraphs

of an effective fuzzy semigraph need not be effective.

Theorem 6.2. Induced subsemigraphs of an effective fuzzy semigraph are

effective.

Proof. Since membership values are preserved in induced fuzzy
subsemigraphs, induced subsemigraphs of an effective fuzzy semigraph are
effective.

Theorem 6.3. End vertex fuzzy graph of an effective fuzzy semigraph is
an effective fuzzy graph.
Proof. In the end vertex fuzzy graph associated with G, G, : (c,, n,)

with vertex set V, two vertices are adjacent if and only if they are end vertices

of an edge in G such that o,(x) = o(u) for every v in V and p,(wv) = p(uwv)

for every pair of end vertices u and v in G.

If G is an effective fuzzy semigraph, then n(uv) = o(u) A o(v) for every

pair of end vertices u and v in G.

Advances and Applications in Mathematical Sciences, Volume 20, Issue 5, March 2021
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Therefore n,(wv) = n(wv) = o(u) A 6(v) = 6,(u) A 6,(v) for every edge uv
in G,. Hence G, is an effective fuzzy graph.

Theorem 6.4. End vertex fuzzy graph of an e-effective fuzzy semigraph is
an effective fuzzy graph.

Proof. If G is an e-effective fuzzy semigraph, then n(uv) = o(u) A o(v) for

every pair of end vertices u and v in G and hence the theorem follows.

Remark 6.4. Adjacency fuzzy graph (ea-Fuzzy Graph) of an e-effective
fuzzy semigraph need not be effective.

Remark 6.5. Consecutive adjacency fuzzy graph of an e-effective fuzzy
semigraph need not be effective.

Remark 6.6. Adjacency fuzzy graph of an effective fuzzy semigraph need
not be effective.

Theorem 6.7. If G is an effective fuzzy semigraph, then the consecutive

adjacency fuzzy graph of G is an effective fuzzy graph.

Proof. In the consecutive adjacency vertex fuzzy graph associated with
G, Gy : (Cpq» Heq) With vertex set V, two vertices are adjacent if and only if
they are consecutively adjacent in G.

Also 6.4(u) = o(u) for every u in Vand p,(wv) = p(wv) for every pair of

consecutive adjacent vertices # and v in G.
Hence G is effective = p(uv) = o(u) A o(v)
= Hea (uv) = GOca (u) A Gcq (U)

= G, 1s effective.

7. Conclusion

In this paper we have introduced the concept of effective fuzzy
semigraph. Some properties of effectiveness of the three associated fuzzy
graphs of an effective fuzzy semigraphs are also discussed which may be used
for future studies and research. Neural networks and transportation
networks can be modeled into fuzzy semigraphs and effective fuzzy

semigraphs.
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Abstract

In this paper, isomorphism, weak isomorphism and co-weak isomorphism of fuzzy
semigraphs are introduced and some of their properties are studied. End vertex isomorphism
(ev-isomorphism), edge isomorphism (e-isomorphism) and adjacency isomorphism (a-
isomorphism) of fuzzy semigraphs are defined. Properties of effective edges and effective fuzzy
semigraphs under isomorphism are studied. Also, it is proved that isomorphism is an
equivalence relation and week isomorphism is a partial order relation.

1. Introduction

In the year 1975 Rosenfeld introduced the theory of fuzzy graphs.
Characteristics of fuzzy graphs were dealt by him. Some wonderful results
and remarks on fuzzy graphs were contributed by Bhattacharya. Some
operations on fuzzy graphs were defined by Modeson and J. N. Peng. A.
Nagoor Gani and K. Radha studied the regularity properties of fuzzy graphs.
The concept of semigraph was introduced by E. Sampath Kumar. The
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Concept of fuzzy semigraphs was introduced by K. Radha and P.
Renganathan, K. Radha and P. Renganathan defined effective fuzzy
semigraph and studied some properties of it. The order, size and the degree of
isomorphic fuzzy graphs were studied by A. Nagoor Gani and J. Malarvizhi.
The degree sequence and the degree set of fuzzy graphs and their properties
were studied by K. Radha and A. Rosemine. Fuzzy K. Radhaand P.
Renganathan semigraphs have wide range of applications in Railway
network, Road network, telecommunication system, etc. In this paper
isomorphism, weak isomorphism and co-weak isomorphism of fuzzy
semigraphs are introduced. Also, some isomorphic properties of fuzzy

semigraphs are discussed.
2. Preliminaries

Definition 2.1. A graph G is a pair (V, E), where Vis a non-empty set of
points which are called the vertices and FE is a set of ordered pairs of elements
of V which are called edges of G.

Definition 2.2. A fuzzy graph G:(o,p) on G:(V, E) is a pair of
functions 6: V —[0,1] and p: V xV — [0, 1] such that p(uv) < o(u) A o(v),
Yuv e E.

Definition 2.3. G is an effective fuzzy graph if n(wv) = o(u) A o(v) for all
uv e E and G is a complete fuzzy graph if wuv)= o(u) A o(v) for all

u,veV.

Definition 2.4 [3]. A semigraph is a pair (V, X), where V is a non-

empty set of elements called vertices and X is a set of n-tuples called edges of
distinct vertices for various n > 2 satsfying the conditions

(1) Any two edges have at most one vertex in common

(2) Two edges x; = (i, us,...,u,) and x9 =(vy,vg,...,0,) are
considered to be equal if and only if (a) m =n (b) either u; =v; for

i=1,2 ...,nory =v,_ ;1 fori=12 ..., n

In the edge x = (yg, ug, ..., 4, ), 4y and u, are called the end vertices and

Advances and Applications in Mathematical Sciences, Volume 21, Issue 6, April 2022
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all the vertices in between them are called middle vertices (m-vertices). If a
middle vertex is an end vertex of some other edge, then it is called a middle
end vertex.

Definition 2.5 [3]. A subedge (fs-edge) of an edge x = (vy, vg, Us, ..., Up,)
is a k-tuple x' = (vy, v, ..., V) where 1<4 <iy<..<ip<n or 1<j,
<ip1<..<ih <n and a partial edge (fp-edge) of an edge
x = (v, vg, U3, ...,0,) is a (j—i+1)-tuple x"=(v;, vjyy,...,v;) where
1<i<n.

If E <V xV istaken as the set of all uv which is a partial edge of some

edge x € X, then a semigraph can be taken as a triple (V, E, X).

Definition 2.6 [5]. A fuzzy semigraph on G* : (V, E, X) is defined as
G:(o,um) where 6:V —>[0,1], u: VxV —[0,1], n: X - [0, 1] are such
that

(1) wuw) < o(u) A o(v), Vuv € E

(i) nlx) = wgue) Ao A U, 1u,) < ofw) A oluy,), Vx = (g, ug, ..., uy,)
e X, nx=2.

Definition 2.7 [6]. An edge x = (i, Us, ..., u,) of a fuzzy semigraph is
called an effective edge, if n(x)= u(yus) A wugus) A ... A Wuy,_1uy,)
= o(uy) A o(u,) and Wy, ,) = o(w;) A o(w;,p) for all i.

Definition 2.8 [6]. A fuzzy semigraph G : (o, p. m) is said to be an
effective fuzzy semigraph if all the edges of G are effective edges.

Definition 2.9 [4]. A homomorphism of fuzzy graphs f: G —» G' is a
map f:V — V' such that o(u) = o'(f(w)) for all u eV, w(uw) < W'(fw)f(v))

forall u,v e V.

Definition 2.10 [4]. An isomorphism of fuzzy graphs f:G — G' is a
bijective map f:V - V' such that o(u)=0o(f(w), Yu eV, w(uv)

= H'(f(u)f(v)), u,veV.
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Definition 2.11 [4]. A weak isomorphism of fuzzy graphs f : G —> G' is a
map [ :V — V' which is bijective and satisfies o(x) = &'(f(u)) for all u e V
and p(ww) < W(f(w)f()) for all u, v e V.

Definition 2.12 [4]. A co-weak isomorphism of fuzzy graphs f : G > G’
is a map f:V — V' which is bijective and satisfies o(u) = o'(f(u)) for all
ueV and wuv) < W (f(w)f(v)) forall u,v e V.

Definition 2.13 [3]. Let G;:(Vj, X;) and Gy :(V,, X5) be two
semigraphs and f is a bijection from V; to V5. Let x = (vy, vg, ..., U,) be an
edge in Gj, f is an isomorphism if (v, vg, ..., U,) is an edge in G; then
(f(vy), f(Wg), ..., f(v,)) is an edge in Gy, f is an end vertex isomorphism (ev-
isomorphism) if the set {f(v;), f(vg), ..., f(v,)} forms an edge in Gy with end
vertices f(v;) and f(v,). fis an edge isomorphism (e-isomorphism) if the set
{f(v)), fg), ..., f(v,)} forms an edge in Gy and f is an adjacency
isomorphism (a-isomorphism) if the adjacent vertices in G; are mapped onto

adjacent vertices in Gg.

3. Isomorphisms on Fuzzy Semigraphs

Definition 3.1. Let G:(o,u,m) and G :(c, W, n) be two fuzzy
semigraphs with underlying semigraphs G*: (V, E, X) and G : (V', E', X').
A homomorphism of fuzzy semigraphs f:G — G’ is a map denoted by
f:V —> V' which satisfies o(u) < 6'(f(w)) for all u e V, p(wv) < W'(f(w)f(v))
for all u, v € V and n(x) < n(f(x)), for all x € X.

Definition 3.2. Let G:(o,u,m) and G :(d, W, n) be two fuzzy

semigraphs with underlying semigraphs G*: (V, E, X) and G : (V', E', X').
An isomorphism of fuzzy semigraphs f : G — G’ is a bijective map denoted

by f:V — V' which satisfies (1). If x = (v, v9, ..., v,) is an edge in G, then
(f(w), f(3), ..., f(v,)) is an edge in G (2). o(u) = &'(f(v)) for all u € V

3). wwv) < Y(f(w)f()) for all uve E and 4. n(x) < n(f(x)), for all
x e X.
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Definition 3.3. An end vertex isomorphism (ev-isomorphism) of fuzzy
semigraphs f : G — G’ is a bijective map [ : V — V' which satisfies (1). If
x = (v, Vg, ..., Uy) 1is an edge in G, then {f(v;), f(v3), ..., f(v,)} forms an
edge in G' with end vertices f(v;) and f(v,) (2). o(w) = o'(f(x)) for all
ueV (3). wuv) < W (f(wf(v)) for all uv € E, and (4). n(x) < n'(f(x)), for all
x e X.

Definition 3.4. An edge isomorphism (e-isomorphism) of fuzzy
semigraphs f: G — G' is a bijective map f:V — V' such that 1. If
x = (v, Vg, ..., v,) is an edge in G, then {f(v;), f(v3), ..., f(v,)} forms an
edge in G. (2) ou)=d(f(v), Vvu eV, 3. wwv) <y (f(w)f®)), w € E, 4.
nx) <'(f(x)), x € X.

Definition 3.5. An adjacency isomorphism (a-isomorphism) of fuzzy
semigraphs f : G — G’ is a bijective map f : V — V' which satisfies (1). The
adjacent vertices in G are mapped onto adjacent vertices in G', (2).
o(u) = o'(f(w)) for all u eV, (3). wuv) < W(f(w)f(v)) for all uv € E and (4).
nx) < n'(f(x)), for all x € X.

Theorem 3.6. Isomorphisms between fuzzy semigraphs is an equivalence
relation.

Proof of Theorem 3.6. Let G:(o,u 1), G :(d,w,n) and
G":(o", 1, n") be fuzzy semigraphs with vertex sets V,V’ and V'

respectively.

Let f:V -V be such that f(v)=uv, Vve V. This mapping f is a
bijection. Also o(u) = o(f(u)) for all uw eV, u(uv) = u(f(u), wv)) for all
uv € E and n(x) < n(f(x)), for all x € X. Thus f is an isomorphism from G to
itself.

Hence isomorphism is a reflexive relation.

Let f: G —> G’ be an isomorphism between the fuzzy semigraphs G and

G' Then the mapping [ : V — V' satisfies

o(u) = o'(f(w)) for all u € V and (1)
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w(wo) = w(f(w), w)) for all uv € E 2)

n(x) < N'(f(x)), for all x € X. 3)
Since f is bijective, for u' in V', there exists u in V such that f1(«') = u

Hence by (1) o(f () = &'(f(u)) = &'(&') for all u' € V'. From this it
follows that n(x') = n'(f 1(x")), for all ' in X".

Also (77 @)f (V) = (f(w)f©)) = (@) for all u'v' e E' 4)
Hence we get a 1-1, onto map f1: V' 5>V whichis an isomorphism.

Thus G’ is isomorphic to G. Hence isomorphism is the symmetric.

Let f:V >V and g:V'—> V" be isomorphisms from fuzzy
semigraphs G to G’ and from G’ to G" respectively.

Then g o f is 1-1 and onto map from V — V" where (g o f)u = g(f(u)),
forall u e V.

Then o(u) = o'(f(v)) = o"(g(f(v))) for all win V
) = W(f(w), o)) = w(g(f@) guo) vuw  E

n(x) = '(g(f(x))) for all x € X.

Therefore g o f is an isomorphism between G and G”

Hence isomorphism is transitive and hence it is an equivalence relation.

Theorem 3.7. Let G: (o, n, m) and G :(c, W, ) be two isomorphic
fuzzy semigraphs. Then an edge in G is an effective edge if and only if the

corresponding image edge in G' is effective.

Proof of Theorem 3.7. Let f : G —> G’ be an isomorphism between the

fuzzy semigraphs G and G' with underlying sets Vand V'.

x is an effective edge in G

< ) = wuup) A plugug) Ao A Wp1ti,) = o) A oluy,),
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x =y, ug, ..., )

& N(fx) = W(f @) fug)) Ao AWy 1) ) = o/ () A ' (Fuy))
& f(x) is an effective edge in G'.

Also for any e = uv in E,
(uv) = ofw) A Ao(v) < W(f)f ) = o'(f(w) A ().
Theorem 3.8. If G and G' are isomorphic fuzzy semigraphs then G is an
effective fuzzy semigraph if and only if G' is also effective.

Proof of Theorem 3.8. Since G is isomorphic to G’, there is an
isomorphism f : G — G'. Therefore G is an effective fuzzy semigraph <

Each edge in G is effective < The image of each edge in G is effective < Each

edge in G' is effective < G’ is an effective fuzzy semigraph.

Definition 3.9. An edge x = (yg, Uy, ..., u,) of a fuzzy semigraph is
called an e-effective edge if

n(x) = wwgug) A ... A Wy, _quy,) = o(uy ) A o(w,,) for n > 2.

An edge x = (i, Uy, ..., u,) of a fuzzy semigraph is called a semi-effective
edge if w(w;y; 1) = o(y;) A o(y;,;) for all i.

Definition 3.10. A fuzzy semigraph G: (o, u, ) is said to be an e-
effective fuzzy semigraph if all the edges of G are e-effective edges.

G is said to be a semi-effective fuzzy semigraph if all the edges of G are

semi-effective edges.

Theorem 38.11. Let G : (o, u, m) and G : (o, W, n') be two isomorphic
fuzzy semigraphs. Then an edge in G is an e-effective edge if and only if the

corresponding image edge in G' is e-effective.

Theorem 3.12. Let G : (o, u, M) and G : (¢, W, n) be two isomorphic

fuzzy semigraphs. Then an edge in G is a semi-effective edge if and only if the
corresponding image edge in G' is semi-effective.

Theorem 3.13. Let G : (5, u, M) and G : (c, W, n) be two isomorphic
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fuzzy semigraphs. Then G is an e-effective fuzzy semigraph if and only if G' is
e-effective.
Theorem 3.14. Let G : (o, u, m) and G : (d, W, n') be two isomorphic

fuzzy semigraphs. Then G is a semi-effective fuzzy semigraph if and only G' is

semi-effective.
4. Weak Isomorphisms

Definition 4.1. Let G:(o,n,m) and G :(c, W, n) be two fuzzy
semigraphs with underlying semigraphs G*: (V, E, X) and G : (V', E', X').

A weak isomorphism of fuzzy semigraphs [ :G — G' is a bijective map
f:V —» V' which satisfies (1). If e = (v, v, ..., v,) is an edge in G, then
{f(v)), f(vg), ..., f(v,)} forms an edge in G'. (2). o(u) = &'(f(u)) for all vertices
ueV 3). wuw) < W(f(w)f@)) for all uv € E.

A  weak-end vertex isomorphism (weak-ev-isomorphism) of fuzzy
semigraphs f : G —» G' is a bijective map f : V — V' which satisfies, (1). If
e = (v, g, ..., U,) 1s an edge in G then {f(v;), f(vg), ..., f(v,)} forms an edge
in G' with end vertices f(v;) and f(v,), (2). o(u) = &'(f(w)) for all u € V, (3).

w(wo) < W(f(w)f(v)) for all uv € E.

A weak-edge isomorphism (weak-e isomorphism) of fuzzy semigraphs
f: G — G’ is a bijective map denoted by f : V — V' and which satisfies (1).

If e=(v,vy,...,V,) is an edge in G, then {f(v;), f(v3), ..., f(v,)} forms an
edge in G’ (2). o(u) = &'(f(w)) for all u eV, (3). wuv) < W (f(w)f()) for all

u,veV.

A weak-adjacency isomorphism (weak-a isomorphism) of fuzzy
semigraphs f : G — G' is a bijective map denoted by f : V — V' and which

satisfies (1). If the adjacent vertices in G are mapped onto adjacent vertices in
G', (2). o(u) = o'(f(w)) for all u € V, (3). wuv) < W(f(w)f(v)) for all uv € E.

Theorem 4.2. Weak isomorphism between fuzzy semigraphs is a partial
order relation.

Advances and Applications in Mathematical Sciences, Volume 21, Issue 6, April 2022



ISOMORPHIC PROPERTIES OF FUZZY SEMIGRAPHS 3379

Proof of Theorem 4.2. Let G:(o,u 1), G :(d, W, ) and
G":(c", 1", ") be fuzzy semigraphs with vertex sets V,V’' and V'

respectively.

Let f:V >V such that f(v)=v,VveV. Then f is a weak
isomorphism from G to itself. Thus G is weak isomorphic to itself. Hence
weak isomorphism satisfies reflexive relation.

Let f:V >V and g:V' >V be weak isomorphisms from fuzzy
semigraphs G to G' and from G’ to G respectively

Then f and g satisfies p(uwv) < W'(f(w)f(v))Vuv € E.

And p'@W'v') < w(g(f(w))g(f(v))), for all u'v' € E".

This can happen only when G and G' have the same number of edges
and the corresponding membership values of the edges are equal. Hence G
and G' are identical (apart from the naming of the vertices). Thus Weak

isomorphism between fuzzy semigraphs is anti symmetric.

Let f:V >V and g:V' > V" be weak isomorphisms on fuzzy
semigraphs G to G' and G’ to G" respectively.

Then o(v) = &'(f(w) = 6"(g(f(w))) for all win V

puv) < W(fwf©)) < W (f@)e(fO)), Vu, v eV

Thus gof is a weak isomorphism between G and G" and therefore

weak isomorphism between fuzzy semigraphs is transitive. Hence the weak

isomorphism between fuzzy semigraphs is a partial order relation.

Remark 4.3. When G : (o, b, 1) is weak isomorphic to G'(c/, i, i), then
the effectiveness of one fuzzy semigraph need not imply the effectiveness of
the other. The Fuzzy semigraph G in Figure 4.1 and the Fuzzy semigraph G’
in Figure 4.2 are weak isomorphic, G is effective but G' is not effective. Also
the Fuzzy semigraph G in Figure 4.3 and the Fuzzy semigraph G’ in Figure

4.4 are weak isomorphic, G’ is effective but G is not effective.
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Figure 4.3. G : (o, 1, M). Figure 4.4. G' : (6, W, 0).

Remark 4.4. Weak isomorphism need not preserve the e-effective and

the semi-effective properties of the edges.
5. Co-Weak Isomorphisms

Definition 5.1. Let G:(o,pu,m) and G :(d, W, n) be two fuzzy
semigraphs with underlying semigraphs G* : (V, E, X) and G™ : (V, E', X).
A co-weak isomorphism of fuzzy semigraphs f : G — G' is a bijective map
f:V —> V' which satisfies (1). If x = (v, vg, ..., v,,) 1s an edge in G, then
{f(vy), fg), ..., f(v,)} forms an edge in G' (2). o(u) = &'(f(w)) for all u eV
3). nwv) = W(fWf ), Yuv € E, n(x) =n(f(x)), Vx € X.

A co-weak end vertex isomorphism (co-weak ev-isomorphism) of fuzzy
semigraphs f : G — G' is a bijective map f :V — V' and which satisfies,

D). If x = (v, vg, ..., v,) is an edge in G then {f(v;), f(vg), ..., f(v,)} forms
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an edge in G' with end vertices f(v;) and f(v,), (2). o(w) = &'(f(v)) for all

ueV, 3). ww) < W(f(wf)) for all uv e E, (4). n(x)=n'(f(x)), for all
x e X.

A  co-weak edge isomorphism (co-weak e-isomorphism) of fuzzy
semigraphs f : G — G’ is a bijective map [ : V — V' and which satisfies (1).
If x = (v, vy, ...,0,) is an edge in G, then {f(v;), f(vg), ..., f(v,)} forms an
edge in G' (2). o(u) = o'(f(w)) for all u eV, (3). u(uwv) < W (f(w)f)) for all
uv € E and 4. n(x) = n'(f(x)), for all x € X.

A co-weak adjacency isomorphism (co-weak a-isomorphism) of fuzzy
semigraphs f : G —» G’ is a bijective map f : V — V' which satisfies, (1). If
the adjacent vertices in G are mapped onto adjacent vertices in G’ (2).
o(u) = o'(f(w)) for all uw € V, (3). w(wv) < W(f(w)f(v)) for all uv € E and (4).
n(x) = n'(f(x)), for all x € X.

Theorem 5.2. If f:G —> G' is a co-weak isomorphism on fuzzy
semigraphs G and G' and if G' is a semi-effective fuzzy semigraph, then G is

also a semi-effective fuzzy semigraph.

Proof of Theorem 5.2. Since G’ is an effective fuzzy semigraph and f is

a co-weak isomorphism,
Now p(uv) < W(f(w)f(v)) = o'(f(w)) A o'(f(v)) = o(u) A ov)
But w(uw) < o(u) A o(v). Hence pw(uwv) = o(u) A o(v), for all uv € E
Thus G is a semi-effective fuzzy semigraph.

Remark 5.3. The semi-effectiveness of G need not imply the semi-

effectiveness of G' when G is co-week isomorphic to G'.
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Figure 5.1. G : (o, , n). Figure 5.2. G' : (&, W, ).

Here G is co-weak isomorphic to G'. G is a semi-effective fuzzy semigraph

but G’ is not semi-effective.
6. Conclusion

In this work, isomorphism, weak isomorphism and co-weak isomorphism
of a fuzzy semigraph are introduced and their properties are discussed.
Transport networks and telecommunication networks can be modeled as
fuzzy semigraphs. Hence our findings may be useful for future Studies and
Research.
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