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Notations

T - GK algebra

P - GK Sub algebra

® - Binary operation on T

D - GK ideal
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Kero - Kernel of o

0 - Multiplier of GK algebra
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Abstract

The construction of this research work has been mainly focused on evolving the
new concept of algebraic structure, namely GK algebra. The newly constructed algebraic
structure is named from the first letters of the authors’ name. In this work, the
characteristics of GK algebra are studied and showed that GK algebra is different from all
other algebraic structures such as BCK/BCI/BM/C/BE/TM/BG/Z/AB/B/BRK
/ KUS / KU/ Q/ QS /PS/ SP, etc. with suitable illustrations. The GK sub algebra,
GK ideal, self-distributivity, commutativity, and associativity of GK algebra are defined
and their respective properties are expounded. Homomorphism and anti-homomorphism of
GK algebra are introduced and discussed the relationship between homomorphism, anti-
homomorphism, ideal, and kernel of GK algebra in detail. The theory of multipliers and
kernel of multipliers of GK algebra are introduced and investigated their properties. The
concept of the direct product of GK algebra is studied. The theory of derivation in
GK algebra is initiated and particularly (left-right) and (right-left) derivation respectively
are investigated. The concept of the symmetric bi derivation of GK algebra is deliberated.
The newly constructed algebraic structure, GK algebra is fuzzified and investigated their
aspects. The fuzzy GK sub algebra, fuzzy GK ideal, fuzzy GK homomorphism, and fuzzy
GK anti-homomorphism, fuzzy GK anti-ideal are developed and explored their properties.
The Cartesian product along with fuzzy GK algebra is examined and in continuation, few

interesting results relevant to these are obtained.
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CHAPTER 1 INTRODUCTION

CHAPTER 1

INTRODUCTION

1.1 Algebraic structure

The term “algebra” has been coined only in the 19" Century. The word algebra
was used first time in the book entitled Hisab al-JabrW al-mugabala”
a Mathematician, who lived in the city of Baghdad, knowingly, Jafar Muhammad
I.M. Al-Khwaizmi. His area of interest was solving the algebraic equation, particularly
quadratic equations. His method of finding the solution for an equation was quite
different. He applied a transformation to the given equation and substituted it in a
standard form and attained the method of solution to that equation. In connection
with this, through the 19" Century the meaning of “algebra” was only solving the
equations, on which, mainly focused on the 4™ degree or less than that. In this regard,
the method of finding the solution to an equation is known as Classical algebra. It was

first developed by Babylonian. They were distinctly known for efficient “algebraists”.

In the early decennium of the 20" Century, algebra had progressed in the
axiomatic approach. This approach is known as modern or abstract algebra. At the
end of the 19" Century, the transformation from Classical algebra to modern algebra
was developed. The axiomatic approach is used while learning abstract mathematics.

This leads to taking a group of N objects and presuming some conditions about their
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structure. These conditions are named axioms. Using this, we shall derive other

formats about N by using logical statements.

The algebraic structure is a structure that can arise in the problem of
Mathematics. It is defined through distinct order of axioms. In the field of
Mathematics, the algebraic structure takes a part in an indispensable role with
comprehensive application in several areas namely Engineering, Physics, Information

Technology and Computer Science etc.

1.2 Fuzzy Structure

In 1965, the fuzzy set theory was coined by Zadeh [74]. In the observation of
fuzzy sets, the word fuzzy generally represents the word, formless or unclear. He has
initiated an analytical technique of decision making with fuzzy elucidation of some
kind of information became possible. The concept of fuzzy set theory offered a
gradient to perceive and explore the relationship between the sets and the
corresponding elements in the set. Fuzzy set theory was followed by the presumption
that classical sets were not realistic, applicable, or useful concepts in exploring real-
life problems because everything confronted in this world carries a degree of

fuzziness. Further, the concept of grade of membership is not a probabilistic concept.

It is very difficult to describe the concept of vagueness. At that time, the grade
of membership has introduced. A fuzzy set is characteristics by a membership
function that assigns to each object a degree of membership ranging from zero and
one. Basically, fuzzy logic is a multi-valued logic that allows intermediate values to

be defined between conventional evaluations like true or false, yes or no, high or low
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etc. Hence fuzzy set has become a wide area of research in Engineering, Medical

science, Social science, Graph theory etc.

The fuzzy subgroups are introduced in a seminal paper which was delivered
by Rosenfeld, in 1971[64]. This paper is one of the initiatives of attaining the new
content in abstract algebra and also in fuzzy mathematics. In continuation of that,
many researchers have come forward to do their research work with fuzzy concepts.
Fuzzy algebraic structures, fuzzy topological spaces, and fuzzy graphs are some fuzzy
extensions of the vital theories in the field of mathematics such as Algebra, Topology,

and Graph theory respectively.

1.3 Literature Review

A review of the literature provides the fundamental facts, a clear graph of the
subject under investigation, the research gaps that remain, and the path forward. This

section provides the Chronological facts of the researches state of the art.

BCK-algebras and BCl-algebras are abridged to two B-algebras. The
BCK algebra has been coined in 1966 by the Japanese mathematicians, Y. Imai and
K. Iseki [24]. Two B-algebras have been created from two different provenances. One
of the instigations is gleaned from set theory. The necessary and rudimentary
operations on set theory are the union, intersection, and set difference. In addition
that, the Boolean algebra is attained from these three operations and their aspects, and
also their generalization. Considering the union and intersection both together then as
an algebra, the concept of distributive lattices is attained. In addition, the observation
of any one of the operations such as either union or intersection alone, the concept of

upper semi-lattices is attained, otherwise, lower semi-lattices has appeared. Despite



CHAPTER 1 INTRODUCTION

this, the set difference along with its aspects have not been observed as methodically

before Iseki [24].

Later, in 1980, another class of algebraic structure was initiated by Iseki [25]
named as BCI algebra and analyzed some of its aspects. It is shown that the
BCK algebra is a proper subclass of the BCl-algebra. These two algebras are the
paramount classes of logical- based algebras. In 1983, a wide range of abstract
algebra named as, BCH- algebras was initiated by Hu and Li [23] and which is shown

that the class of BCI algebras is a proper subclass of the class of BCH-algebras.

In 1990, the concept of BCC algebra has explored by Dudek [17]. Meanwhile,
in 1998, the new idea which is called as BH algebra introduced by Jun Y.B,
Roh, E. H, Kim, H. S. [27] as a generalization of BCH / BCI/BCK- algebras. In 1999,
the new algebraic structure, which is named as d algebra has initiated by Neggers and
Kim [53], which is another generalization of BCK-algebras and studied the relation

between d algebra and BCK algebra.

At the same period of time, in 1999, one more new algebraic structure namely
QS algebra which is also a generalization of BCK/BCI algebras, was explored by
Ahn and Kim [6] and derived various results in terms of subalgebras, ideals,
implicative, etc. In 2001, Q- algebras which is a generalization of BCH / BCI / BCK-
algebras, and analyzed several theorems on BCI algebras, by Neggers, J, Ahn, S.S and
Kim, H.S [52]. Then after, in 2002, the new notion called B algebra was introduced
by Neggers and Kim [50] which is another generalization of the class of

BCK/BCI/BCH —algebras.
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During the same period of time, in 2002, a new concept which is called as
B-algebras established by Neggers and Kim [51], where two operations are combined
in this way as to reflect the logical reasoning which exists between the typical group

operation and its associated B-algebra which is interpreted by it.

In 2006, the notion of BM algebra was introduced by Kim C. B and Kim H. S
[30] which is a special class of B-algebras. They established that the class of
BM algebras is a proper subclass of B-algebras and also derived that 0 commutative

B-algebra is equivalent to BM algebra.

In 2006, the concept of theory of BE algebra was introduced by H. S. Kim and
Y. H. Kim [32] as a generalization of a BCK-algebra which is intensely analyzed by
S.S. Ahnand Y. H. Kim and K. S. So[7] and A. Walendziak [71]. In 2007, the new
algebraic structure which is said to be BF algebra, was explored by Andrze J
Walendziak [70] which is a generalization of BCI/BCK/B-algebras. In 2008, the

generalization of B algebra called as BG algebra was initiated by Kim and Kim [31].

In 2009, Meng [40] has initiated the CI algebra in which the generalization of
BG algebra and dual BCK/BCH/BCI are investigated and also discussed the relation
between CI algebra and BE algebras. It is proved that the transitive BE algebra, the
notion of ideals is equivalent to one of the filters. In the same year of 20009,
KU algebra was introduced by Prabayak and Leerawat [54] which also a
generalization of BCK / BCI / BCC —algebras and analysed its characteristics by
using ideals and congruences. In 2010, TM algebra was explored by Megalai and
Tamilarasi [37,38], and also, they showed that the TM algebra is a generalization of Q
/ BCK / BCI / BCH algebras and they derived that the TM-algebra fulfilled the

several conditions framed in the Q / BCH / BCI /BCK / BCC algebras.
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In 2012, the new concept which is called as BRK algebra, which is a
generalization of BCK/BCI/BCH/Q/QS/BM algebras, was explored by Bandaru [12].
In 2013, a new notion KUS algebra was introduced by Samy M Mostafa, Naby,
M.A.A and Elgendy, O.R [46], which is a generalization of BCK /BCI/BCH /BCC/
Q / KU-algebras and explored related aspects. In 2014, a new algebraic structure,
namely PS algebra initiated by Priya and Ramachandran [63], as a generalization of
BCK /BCIl/d/Q/ KU algebras and studied its characteristics. Recently, in 2017, the
notion which is called as Z algebra established by M. Chandramouleeswaran,

P. Muralikrishna, K.Sujatha and S. Sabarinathan [15] and studied its characteristics.

Fuzzification of abstract algebras, which are useful to the successful progress

of this thesis are analysed and listed the review of published works.

In 1991, the fuzzification of BCK algebras was introduced by O.G.Xi [72]
discussed its characteristics and its properties. In 1993, the concept of Fuzzy
BCI algebra was introduced by B. Ahamed [3], in this study he explored the
properties of Fuzzy BCI algebras. In 2004, Ahn and Hu.lee [5] have been classified
the sub algebra by their family of level sets in BG algebra. In 2010, R. Muthuraj,
M.Sridharan, M.S. Muthuraman, and  P. M. SitharSelvam [49] have initiated the
notion of the anti-Q fuzzy BG ideal of BG algebra. The lower-level cuts and upper-
level cuts are introduced and proved some results. In 2014, the characterization of
anti-fuzzy PS ideals was introduced and discussed along with ideal and

homomorphism by Priya. T and Ramachandran. T [61].
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Recently, many researchers have initiated the algebras with subalgebras,
ideals, Filter, G-part, medial, implicative ideals, derivation, symmetric bi derivation,
multipliers, hyper structure, homomorphism, and relations, etc. and also investigated
the fuzzification of algebras. In this more enthrallingly, they studied pseudo,
Intuitionistic, bipolar, Neutrosophic structure, Smarandache structure, and cubic
structures of the algebras and also their aspects. These are all induced us to study the

new algebraic structure which is different from all other algebraic structures.

1.4 Organisation of the Thesis

This section deals with the arrangement of the research work which is to be needed

for this thesis.

Chapter | deals with the introduction of research, literature review, basic definitions
of both algebraic structure and fuzzy structure that are used to motivate the study of

this thesis.

Chapter 11 deals with the introduction of a new class of algebraic structure, named as
GK algebra. It is studied about the properties of GK algebra through GK sub algebra,
self-distributive, associative law, ideal, Homomorphism, Kernel of GK algebra, and
also, anti-homomorphism and investigated some of its aspects. Some of the

paramount results in this chapter are

» In GK algebra left cancellation law and right cancellation law holds.
() Rightcancellationlaw: ifi ®j =k ®j then i=k.
(i) Leftcancellationlaw: ifk ®i =k ®j theni =j.

> LetT be a GK algebra. A relation < on T is defined asi < j if
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i ®j = 1.Then (T, <)is a partially ordered set.
> Let (T,®r,1) and (P,®p,1") be a GK algebra and the mapping ¢:T — P is a

GK homomorphism. Let M be a GK ideal of B then o~1(M)is a GK ideal of T.

Chapter 111 establishes the concept of multipliers of GK algebra and the direct
product of GK algebra. The right and left multipliers of GK algebra are defined and
attained some interesting results and also, studied about its direct product. Some of

the obtained results are given here,

> Let T be a GK algebra and @ be a regular multiplier. Then the self-mapping @
is an identity mapping if it satisfies the multiplier (left) is equal to the
multiplier (right) thatis () ®j=i® O() Vi, j€ET.

» Direct product of any two GK algebras is again a GK algebra.

Chapter 1V expresses the concept of the derivation of newly defined GK algebra and
expounded about GK-LR derivation, GK-RL derivation, and regular in the derivation

of GK algebra. Some of the interesting outcomes are,

> Let (T,®,1) be a GK-algebra and ¢ be a (GK-LR) derivation of T. Then the
following hold Vi,j €T
) SEON=5DO)
(i) If £ isregular then &(i) <i
» Let & T—T be a derivation of T. Then & is a regular derivation if & is either a

(GK-LR) derivation or a (GK-RL) derivation.

Chapter V exhibits the concept of the symmetric bi derivation of GK algebra and
some of the properties are studied and obtained enthralling results. Some emerged

results are,
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> Let (T,®,1) be a GK algebra. Let 2 be a GK-RL symmetric bi derivation on
T. Then the following holds
i) 26@HN=020Hr(®0Q,)))forall i,jeT.
(i) N(i,1) = 6() ® i where 6 is the trace of 1.
(i) 2@, N=0G)H)®iVvijET.
(iv) 00G,1D)=02(DAjVYjinTif 2 isd —regular.
(V) N(,1) =1 VjinTif Q iscomponent wise regular.
» Let T be the GK algebra and § be the trace of the GK-RL symmetric bi
derivation on T. Then
i s()=0(1)®i.
i) =M AE®NRGL)
i) If0@,i))=0@1,j) Vij €T then §is1—1.

(iv) & isregulariff 2(1,i) =i.

Chapter VI explicates the concept of the fuzzification of GK algebra and discussed
the terms, fuzzy GK algebra, fuzzy GK sub algebra, fuzzy GK ideal, Fuzzy
homomorphism, anti- fuzzy Homomorphism, anti-fuzzy GK ideals and attained

enthralling results such as,

» Every fuzzy GK ideal of a GK-algebra T is order overturn.

» In GK-algebra, the intersection of family of sets on fuzzy GK-ideals is also a
fuzzy GK-ideal.

> Let pg and ag, be fuzzy GK ideals of GK algebra X. Then pgy X gy is a
fuzzy GKideal of T X T.

> A fuzzy set p,, in GK algebra is an anti-fuzzy sub algebra iff for every g in

[0,1], T'(pgr. q) is either @ or a sub algebra of T.
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1.5 Preliminaries

This section deals with the basic and necessary definitions of this current work
that have been expressed. Particularly, basic definitions of BCK, BCI, BCH, BM, BG,
BRK, d, Bl, BE CI, BF, BH, QS, Q, KU, KUS, TM, BRK, KUS, and PS algebras, etc.
presented by the researchers are listed and described their works which are already
done related to derivation, symmetric bi derivation, multipliers, Cartesian product,
anti-hnomomorphism, fuzzy sub algebra, fuzzy ideals, fuzzy homomorphism, anti-
fuzzy sub algebra, and Anti fuzzy ideals, which are to be needed to the progress of

this current work has emerged from a survey of the literature.

Definition 1.5.1 [41]

An algebra is called BCK algebra (M,*,0) of type (2,0) satisfying the following

axioms

(D 1*q) * (prx1m) < (1 * q1)

(i) p*x(P1*q)<q

(i) py <p,

(V) pp<sqrandy spy=p1 =

(v) 0 <p;=p1=0,wherep, <q,isdefined byp, * q; =
0,Vpi,q1, 1 EM.

Definition 1.5.2 [41]

Let (M ,*,0) be a BCK algebra. A non-empty subset | of M is called an ideal of

M if it satisfies the following conditions
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(i) 0€el
(i) p *xqu€ landq, € | = p, € I forallp;,q, € M.

Definition 1.5.3 [25]

A BCl-algebra is an algebra (M, *, 0) of type (2, 0) satisfying the following

conditions:

) (1 *aq)*@1 * 1)) * (1 % q)) =0

(ii) (P1 * (pp * CI1)) *q; =0

(iii) pyxp, =0

(iv) pr*qu=0andq;*p1 = p1 =1V p1,9,11 € M.

Definition 1.5.4 [1, 23]

A BCH - algebra is an algebra (M,*, 0) of type (2, 0) satisfying the following

axioms

(i) p1*p1=0
(i) p1 * qu = O0andq, *p; =0 =p; = q4
(iii) (o1 * q)x 1y = (p1 * 2) * qq forallp;,q;,71 € M.

Definition 1.5.5 [27]

A BH-algebra is an algebra(M,*,0), where M is a nonempty set, * is a binary

operation and 0 is a constant, satisfying the following axioms

(i) pr*p =0
(i) pr *q = 0andq, *p; =0 =p, = ¢,

(i) py x 0 =p;,Vpy,q, €EM.
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Definition 1.5.6 [53]

A d-algebra is an algebra (M ,*,0) of type (2, 0) satisfying the following
conditions

(i) pr*p1 =0
(i) 0*xp; =0
(i) py xq = 0andqy *xp; = 0 = p; = qq,forallp;,q, € M.

Definition 1.5.7[53]

Let (M,*,0) be a d—algebra. A non-empty subset | of M is called a d ideal of M

if it satisfies the following conditions

(i) 0 eI
(i) pp e landq, € M = p; * q; € I,thatis,] * M < I.
Definition 1.5.8 [52]

A Q - algebra is an algebra (M,x,0) of type (2, 0) satisfying the following
conditions

() pr*p1=0

(ii) p1 * 0 = py

(iii) (py * q1) *ry = (p1 * 1) * q, where p; < q, is defined by
p1*q1 =0, forallp,,q;, 1y € M.

Definition 1.5.9 [52]

Let (M,*,0) be a Q — algebra. A non-empty subset | of M is called a Q- ideal of

M if it satisfies the following conditions:

) 0€l

(i) (p, *xq)*r, €landq, €1 = p, *1r, € 1,forallp,;,q, 71 € M.
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Definition 1.5.10 [50]

A B-algebra is a non-empty set M with a constant 0 and a binary operation =

satisfying the following axioms

(i) pr*xpr =0
(i) py * 0 =p,
(ifi) (p1 * q1) * 11 = p1 * (1 * (0 xqq)), forallpy,q;,71 €M.

Definition 1.5.11 [51]

A B-algebra is a non-empty set M with constant 0 and two binary operations +

and — satisfying the following axioms

(i) pr—0=p
(i) 0 —p)+p, =0
(iii) (1 — q1) — 1 = p1— (1 +q1), for allpy, qy, 1y in M.

Definition 1.5.12 [51]

A non-empty set | of anp algebra is called a B —ideal of M, if it satisfies the

following conditions

(i) 0¢€l,
(i) p, + q1 € 1,Vpy,q1 € I,and
(iit) if py — quand q, € I thenp, € [V py,q; € M.

Definition 1.5.13 [30]

An algebra is said to be a BM-algebra with a non-empty set M and a constant 0,

a binary operation * satisfying the following axioms
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(1) pr* 0 =pg

(i) *py) * (n*xqq) = qu*py, foranyp;,q,,1m € M.
Note 1.5.14 [30]

(i) Every BM-algebra is a B-algebra.

(i) If (M,*,0) is a BM-algebra, then it is a 0-commutative B-algebra.

Definition 1.5.15 [32]

An algebra (M, 1) of type (2, 0) is called a BE-algebra if it satisfiesthe

following conditions:

(i) pi*xpr = 1forallpy €M
(i) pp*1 =1forallp, E M
(it1) 1 * p; = py forallpy €M
(V) pr * (@1 * 1) = q1 * (p1 * 1) forallp,,q,1n €M

Here the relation < on M is defined by p; < q, ifandonlyifp, *q, = 1.

Definition 1.5.16 [32]

Let (M,*,1) be a BE-algebra and let F be a non-empty subset of M. Then F is

said to be a filter of M if

(i) 1€eF
(i) py x q1 € Fandp, € Fimplyq, € F.

Definition 1.5.17 [70]

A non-empty set M’ with a constant 0 and a single binary operation =, is said to be

a BF-algebra if it satisfies the following
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(1) p1*p1 =0
(i) py*x 0 =p;
(iii) 0 = (py*q1) = qq xpy, forallpy,q, € M.

Definition 1.5.18[31]

A BG-algebra is a non-empty set M with a constant 0 and a binary operation x*

satisfying the following axioms:

(1) pr*p1 =0
(if) pr x 0 = py
(iii) (p1 * q1) * (0 * q1) =py, forallp;,q; € M.

Definition 1.5.19 [29,40]

An algebraic system (M ,*, 1) of type (2, 0) is called a CI -algebra if itsatisfies the

following axioms.

(i) ppxpr=1

(i) 1+ p =py

(iii) p; * (qq *11) = q1 * (py *1y), forallpy,q,, 11 € M.
In M, we define a binary operation < by p; < q, if and only if

p1*q=1forallp;,qu € M.

Definition 1.5.20 [54]

A KU - algebra is an algebra (M,*, 0) of type (2,0) satisfying the following

conditions

() (pr*q) *» ((qn*1) * (pp*x1)) =0
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(i) p *0 =0
(ili) 0 *p; = py
(iv)p; * ¢ = Oand q; *xp; = O0implyp, = q,,forallpy,q, 7y € M.

Definition 1.5.21 [54]

Let (M,*,0) be a KU-algebra. A non-empty subset | of M is called KU ideal of

M if it satisfies the following conditions

(i) 0 €l
(i)yp, * (g xrp)E€landq, €1 = p, *1, € I forallp,,q., 7, € M.

Definition 1.5.22 [37,38]

A non-empty set M with a constant 0 and a binary operation * is calleda TM -

algebra if it satisfies the following axioms.

() pr * 0 =py
(i) (1 *q1) x (p1 *11) = z * qq, forallp;,q,, 71 €EM

In M we can define a binary operation < by p; < gq, ifandonlyifp; * q; = 0.

Definition 1.5.23 [12]

A BRK-algebra is a nonempty set M with a constant 0 and a binaryoperation =

satisfying axioms

(1) prx 0 = py,
(i1) (1 *q1) *p1 = 0 *qq for any p;,q; € A.

In M, we can define a binary relation < by p; < g, ifandonlyifp, * g; = 0.
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Definition 1.5.24 [46]

Let (M ,*,0) be an algebra of type (2,0) with a binary Operation = is called KUS-

algebra if it satisfies the following axioms

(i) (ri*q) * (ri* p1) = (q1* p1)

(i) 0x p; = py

@) p1*p1 =0

(V) p1* (@1 *7m1) = q1* (p1* 1), foranyp,,q;,1n EM,

In M, we define a binary relation < by p; < ¢, ifandonlyifq, * p; = 0.

Definition 1.5.25 [46]

A nonempty subset | of a KUS-algebra M is called a KUS-ideal of M if it

satisfies:

(i) 0 €1

(i)r,* g, € Tand q, *xp, € Iimplyr, * p, €1, for p;,q,, 71 € M.

Definition 1.5.26 [63]

A non-empty set M with a constant O and a binary operation * is called PS—

algebra if it satisfies the following axioms

(i) p1*p1 =0
(i) p, *0 =0
(i) py *q1 = 0andq, * p1=0 =p; = q1,Vp1,q1 €EM.

In M, we define a binary relation < by p; < g, ifandonlyifg; * p; = 0.
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Definition 1.5.27 [63]

Let M be a PS-algebra and | be a subset of M, then | is called a PS -ideal of M if

it satisfies the following conditions:

(i) 0 el
(i)g, *pp € landq, €1 = p; € I, forallp;,q; € M.

Definition 1.5.28 [1]

Let M be a BCH-algebra and | be an ideal of M. Then | is called a closed
ideal with respect to an element § € M (denoted a-closed ideal) if £ * (0 xp,) €

IVp €L

Definition 1.5.29 [5]

In QS-algebra M, the set B(M') = {p; € M such that 0 x p; = 0} is called a

p-radical of M. A QS-algebra M is said to be p-semi simple if B (M) = {0}.

Definition 1.5.30 [5]

Let M be a QS-algebra. For any subset Q@ of M, we define
G(Q) ={p1 € Q/0 * p; = py}. In particular, if Q = M then we say that G(M) is the

G-part of a QS -algebra M. The following property is obvious. G(M)NB(M) = {0}.

Definition 1.5.31 [5]

A QS-algebra X satisfying (x*y)*(z*xu) = (x*z)*(y*u) for any

X, Y, z, u € Xis called a medial QS-algebra.
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Definition 1.5.32 [11]

Let X be a B-algebra. By a (I, r )derivation of X, we mean a self-map d of X
satisfying the identity d(x *y) = (d(x) *y) A(x xd(y)) for all x,y €X . If X
satisfies the identity d(x * y) = (x xd(y)) A (d(x) *y) for all x,y € X then we say
that d is a (r,1) - derivation of X . Moreover, if d is both a (I,r)and a (r,1) -

derivation, we say that d is a derivation of X.

Definition 1.5.33 [47]

Let X be a BCl-algebra. Then for any t € X, aself map d;: X - X is

called a left-right t-derivation or (I,r) t-derivation of X if it satisfies the identity

de(x *y) = (de(x) * y) A (x x di(y)) forallx,y € X.

Definition 1.5.34 [65]

Let X be a BCl-algebra and D(.,.) : X x X — X be a symmetric mapping.
If D satisfies the identity D(x * y,z) = (D(x,z) * y) A(x * D(y,z)) for all
x,¥,Z € X, then D is called left — right symmetric bi — derivation (briefly (I,

r)—symmetric bi—derivation). If D satisfies the identity

D(x * y,z) =(x * D(y,2)) A(D(x,z) = y)forall x,y,z € X,

then we say that D is right — left symmetric bi — derivation (briefly (r, 1) — symmetric
bi — derivation). Moreover if d is both an (r, 1) — and a (I, r) — symmetric bi —

derivation, it is said that D is symmetric bi — derivation.
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Definition 1.5.35 [74,75]

Let D be a non-empty set (to be called the universe of discourse or domain or
universal set). A classical set on D is a mapping whose co -domain is 0 and 1. (i.e.)

f: D — {0, 1}.

Definition 1.5.36 [74]

Let X be a non-empty set. A fuzzy set A in X is characterized by its
membership function u,: X — [0,1]and p,(x) is interpreted as the degree of
membership of element x in fuzzy set A for each x € X. It is clear that A is

completely determined by the set of tuples A = {(x, u(x)) / x € X}.

Definition 1.5.37 [74,75]

The membership function of the intersection of two fuzzy sets A and B is

defined as panp (x) = min {uy (%), up ()}

Definition 1.5.38 [9]

A fuzzy set u in d-algebra X is called a fuzzy subalgebra of X if it satisfies

H(X * y) > min {u(x), u(y)}, forall x, y € X.

Definition 1.5.39 [74,75]

The membership function of union of two fuzzy sets A and B is defined as

Haup (x) = max {p (%), up (X)}.
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Definition 1.5.40 [74,75]

Let u be a fuzzy set in D. Then the complement of u is the fuzzysubset of D,

which is given by u€ (x) = 1 — u(x).

Definition 1.5.41 [74,75]

Let A and B be two fuzzy sets in D. Then A is said to be equal to B, denoted

byA = Bifu, (x) = ug (x) forevery x in D.

Definition 1.5.42 [74,75]

The set of elements that belong to the fuzzy set u at least to the degree « is

called the « - level set. It is represented by u, = {x € X /u(x) = a}.

Definition 1.5.43 [72]

A fuzzy set 4 in a BCK-algebra X is called a fuzzy subalgebra of X if

ulx * y) = min{u(x),u(y)} forall x,y € X.

Definition 1.5.44 [72]

Let X be a BCK-algebra. A fuzzy subset u in X is called a fuzzy ideal of X if it

satisfies the following conditions:

(i) u(0) = u(x)

(ii) u(x) =2 min{u(x * y),u(y)}, forallx,y € X.
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Definition 1.5.45 [74]

The set of elements that belong to the fuzzy set p at least to the degree t is

called the t-level set. It is represented by u* = {x € X /u(x) = t}.

Definition 1.5.46 [38, 42]

A fuzzy set u in a TM-algebra X is called an anti-fuzzy sub algebra of X if

ulx * y) < max {u(x),u(y)} forall x,y € X.

Definition 1.5.47 [43]

A fuzzy subset u of a TM-algebra X is called an anti-fuzzy ideal of X,If

(1) w0) < p(x)
(it) uCx) <max{u(x = y),u(y)}, forallx,y € X.

Definition 1.5.48 [43]

Let (X,x,0) and (Y ,A,0") be TM-algebras. A mapping f: X — Y is said to

be an anti-homomorphism if f(x * y) = f(y) A f(x) forall x,y € X.

Definition 1.5.49[6]

A fuzzy set p in X is called a fuzzy BE-algebra of X if it satisfies for all x, y € X.

p(x *y) = min{(u(x), u(y)}.

A fuzzy set pu in X is a function p : X — [0, 1]. We note that x = x = 1 for all

X € X and so if p is a fuzzy BE-algebra of X, then p(1) > p(x) for all x € X.
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Definition 1.5.50[6]

A fuzzy BE-algebra p of X is said to be normal if there exists x € X such that
M(x) = 1.

Definition 1.5.51 [71]
A fuzzy set p in X is called fuzzy BCK-ideal of X if it satisfies the following
inequalities
(1) 1(0) = pu(x).
(ii) u(x) = min{ u(x *y),u(y)} forall x,y € X.
Definition 1.5.52 [18]
A fuzzy set L in a BCC-algebra X is called a fuzzy sub algebra of X if
p(x *y) = min{u(x), u(y)} vx,y € X.
Definition 1.5.53 [7]

A fuzzy set u in Xis called a fuzzy BE-algebra of X if it satisfies: for all x,y €

u(x * y) = minfu (x), u(y)}-
A fuzzy set u in X is a function u: X — [0,1], we note that x * x = 1 for

all x € X andso if u is a fuzzy BE-algebra of X, then (1) > u(x) forall x in X.
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CHAPTER 2

THE STRUCTURE OF GK ALGEBRA

In this chapter, a new algebraic structure which is called as GK algebra is
introduced and analyzed its properties. It is expressed that the newly introduced
notion of GK algebra is fully different from the previously defined algebraic structure
suchas BCK/BCI/BE/CI/BG/K/QS/PMS/KUS/KU/TM/PS/Q/KUS/
SP / Z algebras etc. The basic concepts in which commutativity, associativity and
distributivity of GK algebra are defined and investigated their properties. GK sub
algebra, GK ideal, homomorphism and anti-homomorphism of GK algebra are

initiated and discussed its aspects.
2.1 The structure of GK algebra

In this section, the new algebraic structure, namely GK algebra is introduced
and investigated its properties and also, discussed GK sub algebra and GK ideals with
necessary illustrations.

Definition 2.1.1
A non-empty set T with fixed constant 1 and a binary operation ® is called
GK algebra if it satisfying the following axioms
(i) i®i=1
(i) i®1=i
(itl) i®j=1land j®i=1impliesi =j
(iv) OK®I®K)=j®I
V) >(®HEA®)=i VijkeT.
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Example 2.1.2

Consider the set T={1,2,3}. The binary operation & is defined as follows

© 1] 2 | 3

1 1 3 2

2 2 1 3

3 3 2 1
Table 2.1

Hence (T, ®,1) is a GK algebra.
Note 2.1.3
1. AGKalgebraneed notbeaBE algebrafor2® 1=2+#1and 3®1=3 # 1.
2. GKalgebraneednotbeaClalgebrafor1®3=2#1, 1®2 =3 # 2.
Example 2.1.4

Let us consider T = {1, I, m, n} be the set, then the following table,

® 1 I m n

1 1 I m n

I I 1 n m

m m n 1 |

n n m | 1
Table 2.2

Hence (T, ®,1) is a GK algebra.
Example 2.1.5

Consider the set T={1,2,3,4,5} be set with the following table
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® 1 2 3 4 5

1 1 5 4 3 2

2 2 1 5 4 3

3 3 2 1 5 4

4 4 3 2 1 5

5 5 4 3 2 1
Table 2.3

Hence (T, ®,1) is a GK algebra.
Example 2.1.6

Consider the set T={1,2,0}. The binary operation ® is defined as follows

® | 4 2 0

1 1 0 2

2 2 1 0

0 0 2 1
Table 2.4

Hence (T, ®,1) is a GK algebra.
Note 2.1.7
1. A GKalgebrais said to be a Cl algebra if
1®i=iand i®({O®k)=j® (®k).
2. A GK algebra is said to be a BE algebra if

i®1=11@i=iad i®(OKk) =j® (® k).
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Definition 2.1.8
Let T be a GK algebra and D be a subset of T, then D is called a GK ideal of T if
it satisfying the following conditions
(i) 1eD
(i) j®keDand i®keD= j®ieD V ijkeT.
Example 2.1.9
Consider the Example 2.1.4 in that D = {1, |, m} is a GK ideal.
Proposition 2.1.10
In GK algebra (T, ® ,1) with i < j, the following holds for all i,j,k € T.
i) 1eQ®)=I
(i) (EHELI={(1HJIGI)
(iii) j@1eA®H =1
Proof
Weknowthat (i ®j) ® (1 ®j) =i inaxiomV of definition
Replacing j by i
(i) Wehave (i®i)®A®Ii) =i
1® (1 ®i)=1i byaxiom () of definition.
(it) We know that i ®1=1i byaxiom (I)
Similarly, (i®j)®1=i®]j
SLORVNON(AONY)
Therefore (i) E®1=I(®1H®JH®1)
(iii) By (i) of proposition 2.1.10
Wehavel® (1 ®j) =]
Now,j® (1® (1 ®))=j®]j
jO(1eUe®N)=1
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Hence the proof.
Proposition 2.1.11
In GK algebra (T, ® ,1), the following holds for all i,j,k € T,
(i) If 1@i=1®j theni=j
(i) (AEN)®i=i
(iii) i®eN=i=j=j60>0®1)
(iv) i®@(OD=i=j=j0>0O®10)
Proof
(i) Letusconsider1 ®i=1®j
Now i=1® (1 ® i)
=100®)) “1®i=1®)

=j by proposition 2.1.10

(i) Now(i®(A®i))®i

=11 UGD)

= i®1 by axiom (1V)

=1

(iii) Consideri ® (i ®H=i®1 by axiom (111)

=i by axiom (111)
= j by axiom (I11)
=j®1 by axiom (1)
=j@E®D)

(iv)  The proof of (iv) is similar to the proof of (iii).
Proposition 2.1.12

In GK algebra (T, ® ,1), the following holds

(i) 10eH=j®i
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(iIf 1®i=i®1=1theni=1foranyijeET.
Proof
(1) WeknowthatG ® k) ® (I ®k)=j® i
Replacing k by j
Wehave, @) ®UE®))=]®
10EeH=j0L
Hence the result.
(i Let1®i=i®1=1
when i=1,1®i=i®1=1.
Hence the result.
Theorem 2.1.13
If every GK algebra T satisfiesi ® ® i) =i®j Vi,jET
algebra.
Proof
Let (T,®,1) be a GK algebra.
Putj=i in i®@(O®N=i®j
=2 i®I®)=Ii®i
= i®l1=1
= i=1
This shows that T is a trivial algebra.
Theorem 2.1.14
In GK algebra left cancellation law and right cancellation law holds.
(1) Rightcancellationlaw: if i ®j=k®j then i=k.

(if) Leftcancellationlaw: ifk ®i =k ®j theni =j.

is a trivial
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Proof
Q) Letus consider i ®j =k ® j
From the definition, we know that
i=(®HOA®))
i=k®)®A))
i=k®1
i =k.
(i)  Assumethatk ®i=k®j
Nowk ®(k®i)=i® (k® k)
=i®1 =i
andk®(k®j) =j®@ *k®k)
=j®1=j
Fromthisk®i=k®j=1i=]j.
Hence the proof.
Definition 2.1.15
A GKalgebra (T, ®, 1) is said to be associative if it satisfies
(®)N®k=I0(®KY iLjkeT
Theorem 2.1.16
Every GK algebra (T, ® ,1) satisfying the associative law
(®)H)®k=i® (® k) isagroup under ®.
Proof
Let (T, ®,1) be a GK-algebra
Puti = j = k in associative law,
(®NO®k=Ii®({®L
S(O®)OI=I®I®I)
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=1®i=i®l=i
This exhibits that 1 is the identity element of T.
By the definition, we geti ® i = 1.
This shows that every element i of T has its own inverse.
Now,

(OHNOI®K=j]0*k®(®k)
=j® IO *k®k)
=j®I®1)

GODOI®K)=j®IL

and (®@)HAOHN=I600060A®))

=i®1 =i

Therefore (T, ®,1) is a group.
Theorem 2.1.17

Let T be a GK algebra. A relation < on T isdefinedasi < j if
i ®j=1.Then (T,<) is a partially ordered set.
Proof

Let T be a GK algebraand leti,j, k € T.

By definition of GK algebra, we know thati ® i = 1

=i<i

~ <is reflexive.

Supposeif i<jand j<i,theni®j=1and j®»i=1.

By definition of GK algebra
ij=landj®i=1=i=j
~ < 1S anti-symmetric.

Suppose i <j and j<k,theni®j=1and j® k=1.
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Now,i ®k=(®k) ®1

=(®HOJIO®K
=i®)

i®k =1

= i<k

=~ < is transitive.
Hence (T, <) is a partially ordered set.
Theorem 2.1.18
Let (T, ®,1) be a GK algebra with identity
(0N)Ok=i®@(10(1®)Ok)VijkeT.
Then (T, ®, 1) is a group derived.
Proof
Define a binary operationoonThyioj=i® (1 ® j)
Then iol=i®A®1D)=i®1=i
loi=1A®i) =i by proposition 2.1.10
Therefore 1 acts as an identity.
Also io(1®ND=i®(1®A®D))
—i®i=1
and (1®i)i=10)®A®i) =1
Here 1 ® i acts like a multiplicative inverse.

Therefore (T, ¢) is a semi group.

Now, i+ (jok)=i® (1@ (i ® 1 ®k))

iPAE1IeA®N)®A®kK)

(®UL®NH®A®K)
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=(iof)ok

Therefore it satisfies the associative law.

Theorem 2.1.19

Proof

If i®j=1and j®i=1 theni=j.

Let i ®@j=1and j®i=1
Now, i®1=1i
=i®({®i)=i
=jOI®) =i
=ji®1=i
=j=i

Now, j®1=j
=j®I®)) =]
=iO(®)) =]
=Si®l=j

=i=]j

Hence the theorem.

Theorem 2.1.20

Proof

Let (T, ®,1) be a group with respecttoi ® j = ij ™1, then T is a GK algebra.

Let us consider i ® j = ij !
Now,i®i=ii"t=1land i®1=il1"1 =
Forany i,j € T,thenwe have i ® j = ij !
Put i = j in RHS

i®j =it
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e R 1)
j@i=jit

=ji~!

e e )

From(l)and (2) i®j=j ®i
Forany i,j,k € T,thenwehave i ® j = ij !
(ORN®E®K =Gk HiekH™
= (k™D ki™)
=j(k~ k)i~
= ji~
=j®i
Forany i,j €T
(OHEA®)H =G HAH!
= ((7HG1™
=i(~)1
=171
=i®1=1
Hence (T, ® ,1) is a GK algebra.
Definition 2.1.21
A GK algebra (T, ® ,1) is a self-distributive if the operation ® satisfies
(i) Rightdistributivelaw: ( ® ) ® k= ® k) ® ( ® k) foralli,j k € T.
(i) Leftdistributivelaw: i® (® k) =({®j)) ® (i ® k) foralli,j,k €T.
Definition 2.1.22

In a GK-algebra, an element i € T is said to commute if
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(®HE®j=(®i)®i, Yi,jeT. If this condition is true for all i,j,€ T, then
(T, ®,1) is said to be a commutative GK-algebra.
Theorem 2.1.23

In GK algebra, for any i,j,k € T if associativity holds then the following are
equivalent

) i (eN=>0(0KHG)

(i) ONOI®N=®I
Proof

() = (i)

Letusassumei ® ® k)= ®k)® ]

Now, (@ k)®@((®k) =((®KN®KOI
=(®k®K))®I
=(®1)®I
=j®i

(i) = O

Assume k) ®(I®k)=j®i

IOON=00KN®®kK ®k

=(®HNOJOKk®K)
=(OHOEIG
=((®kHO)
Proposition 2.1.24
Let TheaGKalgebra. If i #jandi ®j=1 then j®i*1
Proposition 2.1.25

Let (T, ®,1) be a GK algebra. Then forany i,j,k € T,

(i) i) =1
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(i) je(jeEeN) =1
(i) (@HEOI=(O)E)
(iv) (ONBj=00)®I
(V) (ONEI=>IO)O)
(Vi) (®NO=®)®I
Proof
(i) Letusconsider i® (i® (j ®i))
=i ® (i ® 1)by axiom (iii) of GK algebra
=i®i
=1
(it) This proof is similar as of (i)
(iii) Consider (i®j) @i
=1®i
=1®j
=(®HEj (or) (®DH®)
(iv) Consider (i®j) ®j
=1®j
—1®i
=((®HOL (or) (®)®I
This proof shows that the commutativity of GK algebra.
(V)Consider(i®j)®i=1®1i
=1®jJ
=((®)E)

(vi) The proof of this is similar to (V).
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Definition 2.1.26
Let (T, ®,1) be a GK algebra. A non-empty subset P of T is called a sub
algebraof Tif i®j€P foranyi,j € P.
Theorem 2.1.27
Let (T,®»,1) be a GK algebra and P+ @,P < T then the following are
equivalent
(i) Pisasub algebra.
M i®A®j),1®j€eEP foranyi,j €P.
Proof
@) = (iD)
Let P be a sub algebra of T. Since P is a subset of T, 3 an element
i €EP suchthati ®i=1€P.
Since Tisclosedunder ®,j EP,1®jEP =2i® (1 ®]j) €P.
(i) = ()
We know that, i ® j =i ® (1 ® (1 ® j)) by proposition 2.1.9.
= i®jEP foranyi,j € P.
~ Pisasub algebra of T.
Theorem 2.1.28
Every GK ideal of GK algebra (T, ® ,1) is a GK sub algebra.
Proof
Let D be a GK ideal of GK algebra T such that,
i,jET,theni ®1€D,j®1€DVi,jkeET.
By definition of GK algebra,
(OO =Ii®jEeD

Hence D is the GK sub algebra.
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Theorem 2.1.29
Let T be a GK algebra and D be a non-empty subset of T containing 1. Then D
isa GK ideal of T if and only if
jJ®keD andj®i&¢D,=i® k& D foreveryli,jkeT.
Proof
LetDbeaGKidealof Tandj® k€D andj ®i ¢ D.
Let us consider i ® k € D
Since D isa GK algebra, j ® i € D, which leads the contradiction.
Conversely,
Let us assume that
j®keDandj®ieD=>i®keDVijkeT.
Ifj®keD,i®keD,itisobviousthatj ® i € D.
Therefore, D is a GK ideal of T.
Theorem 2.1.30
The intersection of family of GK- ideals on GK algebra T is again GK ideal.
Proof
Let us assume that {D,,/n € T} be a family of GK ideals on GK algebra T.
Then,
(i) 1eD, forallneT=>1€eND,VneT.
(it) Forany i,j,k € T,supposej ® k € D,andi ® k € D, foralln € T.
Since D, isaGKidealof TVn €T thenj® i €D, forallneT.
This impliesthat j ® i en D,, foralln €T.
Therefore N, D, is a GK ideal.

Corollary 2.1.31

Let T be a GK algebra and D be a non-empty subset of T then,
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e DisaGKidealof Tif j®keDandi ®k¢D=j®i¢DVijkeT.
e DisaGKidealof Tif j®ke€eDandj®i€eD =i®keDVijkeT.
e DisaGKidealof Tif i®keDandj®ieD=j®keDVijkeT.
2.2  Homomorphism and Anti-homomorphism of GK algebra
In this section, homomorphism and anti-homomorphism of GK algebra are
discussed and important results of kernel of GK algebra are explored.
Definition 2.2.1
Let (T,®7,1) and (P,®p,1") be a GK algebra. Then the mapping o: T — P of
GK algebra is called homomorphism if
o(i®r D=0 ®po()VijeT.
Theorem 2.2.2
If 6: T - P is a GK homomorphism of GK algebra then
(i) () =1
(il Ifi<jtheno(i) <o(j) foranyi,jE€T
(or)
Ifi®j=1Vi,j €Ttheno(i) ®po(j)=1'
Proof
(i) Let o be GK homomorphism.
Weknowthat1 ® 1 = 1.
This impliesthat ¢(1) = (1 ®; 1) =0(1) ®po(1) =1".
@iy fi<jtheni®j=1.
o) ®pa(j) = a(i®rj)=0(1) =1
= o(i) ®pa(j) =1.

Then, we can write itas o (i) < a(j).
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Theorem 2.2.3

Let (T,®,1) and (P,®p,1") be a GK algebra and the mapping o: T — P is a
GK homomorphism. Let M be a GK ideal of B then =1 (M)is a GK ideal of T.
Proof

The definition of o™ *(M)isc (M) ={i € T/ a(i) =j for j € M}
Since M isa GK ideal of P, then 1’ e M and o(1) = 1' = 1 € a1 (M).
Assumethatj ® k € 071 (M) and i ® k € 6~ 1(M) then

cj®k)EManda(i®k)EM

Since ¢ is a homomorphism, a(j ®+ k) = a(j) ®p a(k) € M.
Since M is a GK ideal of P, o(j ® i) € M
= j®i€ac }(M).
~ o~ (M) is a GK ideal of T.
Definition 2.2.4

Let (T,®, 1) and (P,®p, 1) be a GK algebra. Then the mapping o: T — P of
GK algebra is called anti- homomorphism if

o(i®r HD=0()®po(@VijeT.

Definition 2.2.5

Let (T,®,1) and (P,®p,1") be a GK algebra and the mapping w: T — P be a
GK homomorphism. Then the subset kerw = {i € T/w(i) = 1'} of T is called the
kernel of w.
Theorem 2.2.6

If o: T — P is an anti- homomorphism of GK algebra then ker o is a GK ideal
of T.
Proof

Itis clear that 1 € kero



CHAPTER 2 THE STRUCTURE OF GK ALGEBRA

41

>d(1)=1

Letif j@k Ekercandi ® k € ker o

Thisimpliesthat c(j ® k) = 1" and (i ® k) € 1
50(®)=0((®k)®r (i ®k)) bydefinition of GK algebra
> (0l ®K) ®p (6 ® K))

=>1®p1

=1

=j@®i€kero

Hence ker o is a GK ideal of T.

2.3 Summary

This chapter has been elaborated the content of newly defined GK algebra.
The GK algebra and GK subalgebra with their adequate illustrations are explored. It is
shown that this algebraic structure, GK algebra is different from BE algebra and CI
algebra. The GK algebra satisfied the associativity, self-distributivity law,
Commutativity law and also its properties are investigated. GK ideal, the kernel of
GK algebra, anti-homomorphism of GK algebra are defined and attained remarkable
results such as every GK ideal is a GK sub algebra, the intersection of the family of

GK- ideals on GK algebra T is again GK ideal.
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CHAPTER 3
MULTIPLIERS AND THE DIRECT PRODUCT OF GK

ALGEBRA

This Chapter is separated into two sections. In the first section, the theory of
Multipliers in GK algebra is introduced. In that, the left multipliers, the right
multipliers, and regular multipliers of GK algebra are initiated, and also, some of the
interesting properties of the regular multiplier and kernel of multipliers in GK algebra
are discussed. In the second section, the concept of the direct product of GK algebra is

explored and derived some paramount results.
3.1 Multipliers in GK algebra

This section deals with the concept of Multipliers of GK algebra. The right
multipliers, the left multipliers are explained with the necessary illustrations, and also
in this section, the results of composition of multipliers, regular multipliers and kernel
of multipliers of GK algebra are obtained.

Definition 3.1.1

Let (T,®,1) be a GK algebra. A self-map @ is said to be a multiplier (right)
of TiIf @i ®j)=i® O() forall i,je T.

Example 3.1.2

Consider T = {1, 2,3} in which ‘®’ is defined by

®
1
2
3

Nl WD
W (N W

WNFP-

Table 3.1
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Then T is a GK algebra.

Define a mapping ®: T — T by

1 ifi=1
Ol ={2 ifi=2
3 ifi=3

It is clearly shown that ® is a multiplier (right) of GK algebra.
Definition 3.1.3
Let (T,®,1) be a GK algebra. A self-map O is called a multiplier (left) of T if
Oi®j) =031 ®j forall i,je T.
Note 3.1.4
The above said Example 3.1.2 is also an example of the multiplier (left) of
GK algebra. In this example, the surjectiveness (onto) is exists and also the defined
mapping is identity mapping ( one-one and onto). If the surjectiveness (onto) does not
exists in the self-mapping which is defined in the above example, then it will affect
the regularity condition in GK algebra.
Definition 3.1.5
A map © of a GK algebra T is called regular if (1) = 1.

Proposition 3.1.6

Let ® be a multiplier (left) of T', then

(i) ForeveryiinT, 6(1) =0() ® i.

(i) ®is1-1.
Proof

(1) LetieT. Theni®i=1.

Wehave ®(1) =0 ® i) =0() ® i forall i €T.
(ii) Let i,j € T suchthat @(i) = @(j)

Then by (i), we have (1) = 0(i ® i)
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=0() ®i and
() =0(®)=060()®]J.
ThenO(i) ®i=0() ®j.
By cancellation law, i = j.
~ Ois1—-1
Proposition 3.1.7
Let ® be a multiplier (right) ofT, then
(i) ForeveryiinT, @ (1) =i® 0O (i).
(i) ®is1-1.
Proof
(i) LetieT. Theni®i=1.
Wehave ® (1) =0 (i® 1)
=i®0O() forall i eT.
(i) Let i,j € T suchthat @(i) = O(j).
Then by (i),
we have ©(1) = 0@ ® i)
=i®O() and
0(1) =0(®j)
=j ®o()).
Then i®OG) =) ® 60().
By cancellation law, i = j.
. 0 is1-—1.
Example 3.1.8

Let us consider T ={1,2,3,4} in which ® is defined by
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® 1 ]2 3 4

1 1 2 3 4

2 2 1 4 3

3 3 4 1 2

4 4 3 2 1
Table 3.2

It can be checked that T is a GK algebra.

Now define a mapping ©: T — T by

2 ifi=1
)1 ifi=2
OW =94 ifi=3
3 ifi=4

It is clear that ® is a multiplier of GK algebra.
This example shows that ® is one-to-one and onto. But it is not regular,
since ®(1) # 1. Even surjectiveness exists here, it is not regular.

Consider the another mapping ®: T — T by

3 ifi=1
Ol ={1 ifi=2
3 ifi=3

in GK algebra example 3.1.2. Here © is one-to-one but not surjective (onto). Hence ®

is not multiplier of GK algebra and also not regular.

Hence, in GK algebra © should be an identity mapping (which means one-to-one and

surjective (onto)).Then only ® is regular. If surjectiveness does not exists, the

regularity condition of GK algebra may be affected.

Theorem 3.1.9

Let ® be a multiplier (left) of T. Then ©(i) = i if and only if @ is regular.
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Proof
Let ® isregular. Since (1) = 1.
Thenwe have ©(1) =0 ® i) =0(() ®i=1.
By definition of GK algebra, O (i) = i.
Conversely, let @(i) =i fori in T.
It is clear that ©(1) = 1.
Hence O is regular.
Proposition 3.1.10
Let T be GK algebra and © be a multiplier (left) of T.
If ©(i) ®i=1 foreveryT,then @ is regular.
Proof
Let @(i)) ®i=1and O be amultiplier (left) of T.
By definition of GK algebra,
Wehave ®(1) =0({i®i)=00() ®i=1.
Hence ® is regular.
Proposition 3.1.11
Let ® be a multiplier (left) of T. Then the following holds
(i) If3anelementi € T 2:0(i) =i, O is the identity.
(i) If3anelementi €T 2:0() ®i =1 forevery j€Tthen O(j) = i.
Proof
(i) Let ©(i) =iforsomei€T.
ThenO() ®i=i®i
>0()®i=1.
Hence ©(1) = 1 by the proposition 3.1.10 which implies that @ is regular.

(if) By the definition of GK algebra,
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O(i®)=0(®i) =06(1)
=0 ®j=0()®i=0(01)
>0(0)®j=1
= 0) =].
Proposition 3.1.12
Let T be GK algebra and @ be a multiplier (left) of T. Then @(0@(i) ® i) =1Vi€T
Proof
Leti € T. Thenwe have @(O(i)) ®i) =0(() ® 0>) = 1.
Proposition 3.1.13
Let T be a GK algebra and @ be a regular multiplier. Then the self-mapping ©
is an identity mapping if it satisfies multiplier (left) is equal to the multiplier (right)
thatisO()) ®j=i®O()VijeT.
Proof
Since 6O is regular, we have ©(1) = 1.
Let 0()®j=i®OG)Vij€ET
ThenO() =0(®1D=0()®1=i®OQ)=Ii®1=I
Hence @ is an identity map.
Theorem 3.1.14
Let (T,® ,1) be a GK-algebraand @ be a multiplier. Then
(i) 1<0@),forall ieT.
(i)i <j=i<0@(), forall i,jeT
Proof
(i) Wehavei®i=1,forall i eT.So, O ®i)=0(1)
i® 0. = 0(1)

= i®o)=1
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=i <0()
(i) Wehavei < j,i®j=1
i®03G() = 0(1)
= i®o(j)=1
=i<0()
Definition 3.1.15
Let ® be a multiplier of GK algebra. A set Hg(T) , the set of all invariant
points of T, is defined by
He(T)={ieT/OG() =i VieT.}
Proposition 3.1.16
Let T be a GK algebra and @ be a multiplier (left) on T.If j € H,(T), we have
INjEH,(T)VIi,jET.
Proof
Let ©@ be a left multiplier on T and let j € H, (T).
Now 0(iAj) =0(j ® (j ® 1))
=0()®(U®I)
=j®(®I)
=i Aj.
Hence i Aj € Hy(T).
Proposition 3.1.17
Let T be a GK algebra and @ be a multiplier (right) on T.If j € H(T), we
havei AjE Ho(T)Vi,jET.
Proof

Let @ be a multiplier (right) on T and let j € H (T).

Now, @(iA)) =0(j ® (G ® 1))
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=j®oe(®i)
=j®(®ewM)
=j®J®I)
=i Aj.
Hence i A j € Hy(T).
Definition 3.1.18
Let T be a GK algebra and ©,, ®, two self maps. We define a mapping
@, °0,:T - Thy (0, © ©,)(i) = ©,(0,(i) VieT.
Proposition 3.1.19
Let T be a GK algebra and ©,,0, two multipliers [right (left)] of T.
The 0, o 0, is also multiplier [right (left)] of T.
Proof
Let T be a GK algebra and 4, ®, two multipliers (right) of T. Then we have
(01°02)(I ®)) = 0:1(0:(i ® j))
=0,(i ® 0,()))
=i ® 0:1(0:2()))
=i® (01°02)())
Let T be an GK algebra and @,, ©, two multipliers (left) of T. Then we have
(01°0,)( ®)) = 0,(0,({ ®)))
=01(0:(1)) ®j
=(01°0,)() ®].
Definition 3.1.20

Let T be a GK algebra and ®,, ®, two self maps. We define (6, A®,): T > T

by (01 A ©,)(i) = ©1(i) A O,(i).
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Proposition 3.1.21
Let T be a GK algebra and @,, ©, two multipliers (left) of T. Then &; A 0, is
also multiplier (left) of T.
Proof
Let T be a GK algebra and 0, ©, two multipliers (left) of T.
(01 20)(®J)=0,(®HA0(®))
=(0:() ® ) A (6:() ® )
=(0:() ®)) ® ((6.() ®)) ® (6:() ®)))
=0.()®J i (1)
(01X 0,)() ®)=(01()A0:() ® )
=(6,() ® (6:() ® 6,:(D) B
=0,() @ oo 2)
From (1) and (2)
(01 A0)(®)) =(0:20)() ® .
Hence 0, A 0, is a multiplier (left) .
Definition 3.1.22
Consider the set of multipliers Q(T), forany w € Q(T), the Kernel of w is as
follows X, = {i € T/w(i) = 1}.
Proposition 3.1.23
Let w be a multiplier and 1 — 1.Then X, is {1}
Proof
Let w be one-to-one.
Let i € K,.So w(i) =1=w(1). Thus i =1.

So, ker (w) = {1}.
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3.2 Direct product of GK algebra

This section deals with the concept of the direct product of GK algebra. Some
important results in which direct product of two GK algebra is again GK algebra as a
particular case are derived, and also, the general case of the same is explored then
after investigated the direct product of kernel of GK algebra.

Definition 3.2.1

Let (M,®,1y) and (N,®,1y) be GK algebras. Direct product M X N is
defined as a structure M XN = (M X N;® ;(1y; 1y)), where M X N is the set
{(m,n)/me M,n € N} and ® is given by

(my,n)®(my,ny) = (M ® my,ny ® ny)

This shows that the direct product of two sets of GK algebra M and N is

denoted by M x N, which each (m, n) is an ordered pair.
Theorem 3.2.2

The direct product of any two GK algebras is again a GK algebra.
Proof

Let M and N be GK algebras, let m;,m, € M and n,n, € N
We know that M X N = (M X N;® ;(15; 1x))
Sincel, e M,1y €N
This implies that (1,,,1y) € M X N
~ M X N is non — empty.
Now let us prove it is GK algebra.
Letm,,m, € M and n,n, EN

Q) (my,n))®(my,ny) =(m; ®my,n; ®ny)
= (1, 1y)by definition of GK algebra

(i) (my,n)®(1y, 1y) =(my ® 1y,ny ® 1)
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= (my, ny)by definition of GK algebra
(iii)  If (my, 7)) ®(my, nz) = (1, 1y) and
(M, n2)®(my,ny) = (1y, 1y)
then (my ®@ my, ny @ ny) = (1, 1y)
S m @my=1y and i, ®n, = 1
= m; = m, and n; = n, by definition GK algebra.
(iv)  [((mz,nz)®(m3,13)|®[(My, n1)® (M3, 113)]
= (my ® m3,n, ® nz)@(Mmy; ® mz,ny @ nz)
= {[(m; ®m3) ® (M ® m3)] ® [(n, ® n3) ® (0, ® n3)]}
= (my, ® my,n, ®ny)
= (M, 1)@ (My, ny).
V) [(my,n)®(my, 1) |®[(1y, 1n) B (M2, n2)]
= [(m; ® my), (n; ® 1) ]®[(1y ® my), (1y ® ny)]
= [(m ®my) ® (Iy ® MR)], [(ny ®7ny) ® (1y ® ny)]
= (M ®1y,n ® 1y)
= (my,ny)
Hence M x N is a GK algebra.
Theorem 3.2.3
Let {M; /(M;®;1):i=123...n} and {N; /(N;®; 1) :i=1273...n}
be the family of GK algebras and let {;: M; — N;,i = 1,2,3.....n be the set of
isomorphism. If ¢ from [[tM; — [IT N; given by (m;) = ¢;(my),i =1,2,....n,

then ¢ is also an isomorphism.
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Let {M;/(M;;®;1):i=123....n} and {N; /(N;®;1):i=123...n}
be the family of GK algebras and let {;: M; — N;,i = 1,2,3.....n be the set of
isomorphism.
Let ¢ from [[TM; —[ITN; given by J(my),(i=123..n)=(m),i=
1,2,3..n.
We have to prove ¢ is an isomorphism.
If (m;,n;) € [T M; then {[(my,my, .....mM, )R Ny, Ny, ... ... n,)]
={[m ®n,my; ®n, ... m, ® n,]
= (C1(my ® ny), (M @ n) ... Gu(My @ y))
= (((1(m1) ® {1 (n1)), ((2(M2) ® (o (n2)) ... (Cn(My) ® Cn(ny))
= [¢1(m1), {2(M2), v e . G (M) @ [$1(11), 2 (112)), v e G ()]
={(my,my,....my) ® {(ng,ny, ... ny,)
This implies that ¢ is a homomorphism.
We have to prove ¢ is onto, we have ¢; is onto, where i=1,2,3....n.
Let (nq,ny, ... ... n,) € Ny X Ny X ....X N,
= Since { is onto, n; € N;, there exists m; € M; such that {;(m;) =n; fori=123..n
= (g, Ny, wen oo n,) = [(1(My), (M), ... ... .(u(my)] = ((my,my, .....my)
= ( is onto.
Now, to prove { is 1 — 1.
{(my,my, .....my) = {(ng, Ny, ... ... n,)
[(1(m1), G2 (M), wov oo Cu(MR)] = [G1 (1), 2 (), e vov - ()]
= §i(my) = i(ny)
= m; =n; ,wherei=1,2,3....n, since {; is 1-1.

= (M, my, .....my,) = (ng,ny, ... ... n,)
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= (is1—1.
Hence ¢ is an isomorphism.
Theorem 3.2.4
Let M;, N;,i = 1,2 be GK algebras. Consider the mapping {;: M; — N; and
{y: M, — N,where {;,{, are homomorphisms. If the map {: M; X M, — N; X N,
given by ¢{(my,m,) = {;(m,), {o(m,), then
(i) ¢is a homomorphism.
(i) ker { = ker{; X ker (.
Proof
Let us consider the mapping {;: M; — Nyand{,: M, — N, where {;,{, are
homomorphisms.
If the map {: M; X M, — N; X N, given by {(m{,n,) = ({;(my), ((ny)),
form,,m, € M; and n,;,n, € M, then
(i) ¢[imy,n)@(my,ny)] = {(my ® my,n; ®ny)
= (¢1(my ® my), {(ny ® ny))
= (61(my) ® $1(My2), (2 (1) ® $(n2))
= (611, & (1) ® (§1(m2), §> ()
= ¢1(my, 1) ®C2 (M2, 1)
Therefore ¢ is a homomorphism.
(ii) Let (m,n) € ker{ & {(m,n) = (1M1,1M2)
S ((1(m), () = (1M1' 1M2)
& (m) = 1y, () = 1y,
< mekerl;, n €ker(,
< (m,n) € Ker(; XKkerd,.

Hence ker { = ker {; X ker (,.
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3.3 Summary

The study of multipliers (left and right) on GK algebra had been explored. It is
derived that the composition of two multipliers is again a multiplier of GK algebra. In
the second part of this chapter, the direct of GK algebras is introduced. In that, some
important theorem such as the direct product of any two GK algebras is again a GK

algebra and ker { = ker {; X ker ¢, where {3, {, are homomorphism is obtained.



CHAPTER 4

DERIVATIONS IN GK ALGEBRA

e This chapter has been published in Infokara Research, Vol 8 (11), (2019) 1720-1726, entitled
“Derivations on GK algebra”.



CHAPTER 4 DERIVATIONS IN GK ALGEBRA

CHAPTER 4

DERIVATIONS IN GK ALGEBRA

The theory of derivations in GK algebra is initiated in this Chapter. This new
concept deals with some interesting properties of derivations in GK algebra and also,
investigated the (GK-LR) (left-right) and (GK-RL) (Right Ileft) derivations
respectively, regular of GK derivations in GK algebra with necessary examples. It is
showed that the set all GK-LR derivations is associative and also brought that few
adequate results.

4.1 Derivations in GK algebra

This section explained about the concept of derivation in GK algebra. The
concept of GK derivations, GK-LR derivation, GK-RL derivation are explained with
the examples. The properties of GK (LR and RL) are scrutinized and obtained
interesting results.

Definition 4.1.1

Let (T,®,1) be a GK algebra. A map &:T — T is called a left-right derivation
(Simply (GK-LR) derivation) of T if
EON=COONA[IO®EM)ViLjET.

Definition 4.1.2

Let (T,®,1) be a GK-algebra. A map &: T — T is called a right-left

derivation (Simply (GK-RL) derivation) of T if

SGON=>0TOGNACO®HVLjET.
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Remark 4.1.3

A map &T - T is said to be a derivation of T if ¢ is both a (GK-LR)
derivation and a (GK-RL) derivation of T.
Note 4.1.4

Let (T,®,1) beaGK-algebraT,i,j €T.WedenoteiAj=j® (j®i).
Example 4.1.5

Let T = {1,2,3} be a GK-algebra. The operation ® is defined as follows

® 1 2 3
1 1 3 2
2 2 1 3
3 3 2 1
Table 4.1
Defineamap &:T — T by
1 ifi=1
§i) =42 ifi =2
3 ifi=3

Then it is so clear that & is a derivation of T.
Definition 4.1.6
Let (T,®,1) beaGK-algebraand é:T — T be a map of a GK-algebra, then
& is called regular if £(1) =1.
Note 4.1.7

In GK-algebra, we can observethati A j=j® (®i)=iVi,jeT.
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Proposition 4.1.8
Let € be a self-map of GK algebra T, then
(i) If & isregular (GK-LR) derivation of T, then &(i) = () Ai V i€T
(ii) If & isregular (GK-RL) derivation of T, then &(i) = i A&(i) Vi€ET
Proof
(i) Let & bearegular (GK-LR) derivation of T. Then
HOEX{GORY)

=COODAIOID)
X{OPNUCK{EY)
=EMAEOD
= &) A

(i) Let & be aregular (GK-RL) derivation of T, then

£ =¢® D

SEUCHENPNHOIOR!
=(@DAEHOD
=i AE(@D)

Conversely,

Let & be a (GK-RL) derivation of Tand (i) = i A&(i) Vi € T, then

we get, £(1) = 1AE(1)
={eEMOD iAj=j@ (@D
=) @ &)
= 1.

Hence & is regular.
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Lemma 4.1.9
Let (T,®,1) bea GK-algebra and ¢ be a (GK-LR) derivation of T. Then the
following hold Vi,j €T
) $G®H =506
(it) If &isregularthen &(i) < i.
Proof
(i) Let (T,®,1) beaGKalgebraand ¢ be a (GK-LR) derivation of T.
Then, G @ ) = GO ® )N A1 ® W)
= (@M O ((0{)N)®EO®N)
=¢(M®)
~SE®)) =5 ® ).
(if) Let & be aregular derivation of T.
Then & (1) =1.
Now £ ® i) =¢(1)
D®i=1
NIOES?
Lemma 4.1.10
Let (T,®,1) be a GK algebra and € be a (GK-RL) derivation of T.
Then,
i) SGCE®H=i®L0)
(i) If & isregularthen i < &(i)
Proof
(i) Let (T,®,1) beaGKalgebraand ¢ be a (GK-RL) derivation of T.

Then, SE®)H)=0EGEWMIAED ®))
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spdelehlel(qolchlciuci{)
=i®&U)
~SE @) =1®EM.
(ii) Let & bearegular derivation of T.
Then & (1) =1.
Now, (i ® 1) = ¢(1)
@M =1
Therefore, i < &(i).
Note 4.1.11
(i) From the above lemma 4.1.10
HUOHER{OIO)N]
and SE®)) =i ®S0)
>N =S0®j=1®5())
(if) Let & be the regular derivation then by lemma 4.1.10
(@) <iand i <&(D)
= i =£&(1).
Remark 4.1.12
Amap & T — T isregular derivation of Tthen é(i) =i V i €T.
Lemma 4.1.13
Leté: T — T be aderivation of T. Then ¢ is a regular derivation if £ is either
a (GK-LR) derivation or a (GK-RL) derivation.
Proof
Let ¢ is (GK-LR) derivation, thenforalli e T,é(i)) ®i=1
Now (1) =$(i ® )
=S ®i
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~&1) =1,
« & is regular.
Now if & is (GK-RL) derivation, then for all i € T,
i®S@) =1
Now, ¢(1)=¢0®i)
=i®E)
“E(D) =1
« &is regular,

Theorem 4.1.14

Let (T,®,1) be a GK algebra and ¢ be a regular (GK-RL) derivation of T.

Then the following hold, v i,j € T.
(i) ¢@=i
(i) SO =i® &Y
(i) E®@NH =50 ®@j=i®{() =50 ® LY
Proof
(i) Since ¢ is regular (GK-RL) derivation of T, we have
S =¢®1)
=i®ED)
=i®1
=i
NIOES?
(ii) Since ¢ is regular (GK-RL) derivation of T, then we have
SE®H=i®0)
L®j=i®{() - (1)

and in (GK-LR) derivation
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ELON=¢D)®)
i@j=¢0) @] > (2)
From (1) & (2)
ED@j=i®j=i®(.
(iii) Since §()) =i Vi€ET
EEON=¢D®j=¢0) ®EM)
SEON=10LN =50 ®L0)
SEION=(DOj=i®E) =0 @M.
Lemma 4.1.15
Let (T,®,1) be a GK algebra and ¢ be a derivation on T. If
i<jVij e Tthen& (i)=¢ (j).
Proof
INGK algebra, i ®j=j®i=1i<]j.
Then ¢ =¢G®D
=¢(® (D)
= £(.
Proposition 4.1.16
Let € be a derivation on GK algebra and let i € T, then
IPIOIM)=¢OOEH .
Proof
We know that £(i) = E(Q) A
i@ =i®EWDAD
=i®(I®&0)) CiAj=j® GO
and i ®$(@) =i ® (EAE@E)
=iOEMHOCEO®Y) ~irAj=j0(ODH
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=i@(I®>(I®{))=i® (D6 EW) D)
By cancellation law,
i@IEIM)={DOEOOD.
Lemma 4.1.17
If & isaregular (GK-RL) derivation on GK algebra, then £(i ® £(i)) = 1.
Proof
Since & isaregular (GK-RL) derivation on GK algebra, i ® &(i)=1.
SEI@EM) = =1
~Ei®EM)=1.
Lemma4.1.18
If & is aregular (GK-LR) derivation on GK algebra, then (¢£(i) ® i) = 1.
Proof
Since ¢ is a regular (GK-LR) derivation on GK algebra, &(i) ® i=1.
~EEMH®D =S =1
~EEMH®D =1,
Definition 4.1.19
Let &;,&, be aself-map on GK algebra T. We define §&;°&, as follows
(§1°62) (1) = &2(5:1(D)
Lemma 4.1.20
Let ¢&,,¢, be self-maps on a GK algebra. Let ¢&;,¢, be two (GK-LR)
derivations on T. Then &;°¢, is also a (GK-LR) derivation on T.
Proof
Given &;,&, istwo (GK-LR) derivationson T.

By lemma 4.1.9, we know that
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HUEN =4O ®jand &) =80 @)
Now, (§1°62)(i ® ) = &:(5:(E ® )
=&EO ®)
= &EM)®)
=(61%62)(D) ® )
Hence &,°¢, isa (GK-LR) derivation on GK algebra.
Lemma4.1.21
Let &;,&, be self-maps on a GK algebra. Let ¢&;,¢, be two (GK-RL)
derivations on T. Then &;°¢, is also a (GK-RL) derivation on T.
Proof
Given &;,¢&, istwo (GK-RL) derivationson T.
Now, (§:°¢2)(i ® ) = (5 ® )
=& ®&3))
= 1 ®&(60)
=1L® (61%62)0)
Hence &,°&, isa (GK-RL) derivation on GK algebra.
By the above two lemmas 4.1.20 and 4.1.21, we get the following theorem.
Theorem 4.1.22
Let (T,®,1) beaGKalgebraand &;,&, be two derivations on T, then
£1°6 = £,
Proof
Since &;,¢&, be two derivations on T, §&;,¢&, are both (GK-LR) and (GK-RL)
derivations on T.
Now, (§:°62)(i ® ) = &(5H G ® /)
=&EEO ® )
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=6O®LM. (1)
Also, (£2°61)(1 ® ) = &5 ® )

=5 ®&(0)

=§1(1) ® &2 (). )

From (1) & (2) (§1°62)(( ® )=(£°6)( ® ))

This gives that (&,°¢,)=(§,°¢;).
Definition 4.1.23

Let &;,¢&,be a self-map on a GK algebra T. We define & ® &,:T - T as
follows (§1 ® §)() = &:(D) ® & (DVi €T,
Theorem 4.1.24

Let (T,®,1) be a GK algebra and &;, £,be two derivations of T, then

$1® =8 @ 6.

Proof

(51052)(1' @j) = 52(51(1' @j))

=60 ®))
aEFLONOX710) AN
(61°62)(E ®)) = &6 ® )
=& ®60())
=W®&aHG). (2
From the above
§1(D) ® &()=5() ® &(). 3)

Substituting j =i in (3)
$1(1) ® &2(1)=5:(1) ® &1.(D)
By definition 4.1.23,

¢ ® 51)(1') = (1 ® fz)(i)
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This gives (&1 ® &) = (§2 ® &y).

Definition 4.1.25
Let LD (€) denotes the set of all (GK-LR) derivations on T. Define the
operation A on LD (&) as follows. For &;,&, € LD (&), define
EAE)D) =& () AE, ()forallie T.
Lemma 4.1.26
If £, and &, are (GK-LR) derivations on T, then & A€, is also a (GK-LR) derivation on T.
Proof
To Prove: (§5A;) (i ® )= (§1A&)(1) ® j
($1A8&)(E ® ) = 6 ® A ® )
= ($1() ® NAE(D) ® )
= (60 ®) ® (0 ®) 6 G0 ®)))

€ir&)N) @@= (DA 1) ®J
=005 M) G

From (1) and (2), (§1A82)(0 ® )= (§1A82)(1) ® .
Hence, &; and &, are (GK-LR) derivations on T, then & A, is also a (GK-LR)
derivationon T.
Lemma 4.1.27
The operator A defined on LD (&) is associative.
Proof
Let T be a GK algebra.

Let &;,&,, &5 are (GK-LR) derivations in GK algebra.

To Prove: (§1A&;) Aé3 = &1A (§2A83)
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Now, ((§1A&2) A&3)(1 ® J) = (§1AE)(E® J) Aé3 (( ® )
= (6O ®NHA GO ®))
= () ®)) ® (60 ®)) ® (60 ®)))

Now, (§1A (§2A83)) (1 ®J) =& (i ®)) A ((§2A83)(1 ® )

=) ®@H A GO ®))

= (620 ®) ® (500 ®)) ® 0 ®))

=81 (1) ® J e )
From (1) and (2), (§1AE,) A&3=&E1A (E,AE3).
4.2 Summary

In the algebraic structure, derivation always takes a part of very enthralling

and paramount topic of research in the field of Mathematics. In this Chapter, the
notion of (GK-LR) (GK-RL) respectively) derivations of a GK algebra initiated and
attained some remarkable results such as &;, ¢, are self-maps on a GK algebra, &;,¢,
two (GK-RL and GK- LR) derivations on T. Then &,°&, is also a (GK-RL and GK-

LR) derivation on T.
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CHAPTER 5

SYMMETRIC Bl DERIVATION OF GK ALGEBRA

In this Chapter, the concept of symmetric bi derivation (GK-LR derivation and
GK-RL derivation) of GK algebra is initiated and also the trace of GK algebra and
regular, component wise regular in GK algebra are investigated and obtained some of
its interesting properties which is related to them.

5.1 Symmetric bi derivation of GK algebra

This section explored about the concept of symmetric bi derivation of GK
algebra. It is scrutinized about the left and right symmetric bi derivation of GK
algebra and attained enthralling results of them.

Definition 5.1.1

Let (T,®,1) be a GK algebra. A mapping Q:TXT—T is said to be a left
right symmetric bi derivation (simply GK- LR symmetric bi derivation) of T, if it is
satisfying the following identity Q(i ® j, k) = (2(i, k) ® j) A (i ® 2(, k)) for, i, |,
keT.

Definition 5.1.2

Let (T,®,1) be a GK algebra. A mapping 2:TxT—T is said to be a right left
symmetric bi derivation (simply GK- RL symmetric bi derivation) of T, if it is
satisfying the following identity

QGO k) = Q30 ®k)AG®NR3GK)) fori, j,keT.
In general, if 2 is both GK-LR and GK-RL symmetric bi derivation then it is called as

0 is symmetric bi derivation.
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Definition 5.1.3
Let T be a GK algebra. A map 2:TXT—T is said to be symmetric if
0(i,j) =02(,i) Vpairsofi, jeT.
Definition 5.1.4
Let T be a GK algebra and the mapping 2:TXT—T be a symmetric mapping.
Amap é:T —» T be defined as 6(i) = 2(i, i) is called trace of .
Example 5.1.5

Consider the following Cayley’s table for GK algebra

®» 1 2 3 4

1 1 2 3 4

2 2 1 4 3

3 3 4 1 2

4 4 3 2 1
Table 5.1

Define a mapping 2:TXT—T by

L)) = 11),(22),(33),(44)
2,(i,/) =(12),(21,34),43)
3,0, /) =(1,3),(24),31),(42)
4,(1,)) = (1,4),(2,3),(3,2), (41)

2(,)) =

From this 2 is symmetric bi derivation of T.
Remark 5.1.6

In above example, 2(i,i) = {1} when i = 1,2,3,4 is called trace of Q.
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Definition 5.1.7
Let T be a GK algebra. The map Q2:TXT—T be a symmetric mapping. 12 is
called component wise regular if 2(i,1) = 2(1,i) = 1 for some i € T. In specific if
N(1,1) =6(1) = 1then N is called § —regular.
Proposition 5.1.8
Let (T,® ,1) be a GK algebra. Let 2 be an GK-LR symmetric bi derivation on
T. Then the following holds
i) 26N =020Hr(®0Q,)))forall i,jeT.
(i) 2(1,i) = 8(i) ® i where § is the trace of 1.
(i) (1, j))=0@G,j)®iVvij€eT.
(iv) 2(G,1) =02(, D AjVYjinTif 2 isd —regular .
V) 2(G,1) =1 VjinTif 2 is component wise regular
Proof
(i) Letusconsider i,jinT.
By the definition of GK-LR symmetric bi derivation,
we have, N3G,) =20 ®1,))
=(QELNH O DA QN)
By axiom (ii) of GK algebra
= QM AC® QO N)
(i) Leti,jinT
Now, N,D)=Q0®Iii)
=QELH®HAM® QD))
=OONAIOs®D)
=((®@61)® ((®s1)® BH) ®D)
=M ®0
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(iii) Leti, jin T.
We have, 2(1,/) = Q(i ® i,))
= QLN O HAE® QM)
=((®Qi,))® Qi) ® Qi) ® D)
=Q0L) ®I
(iv) Let i,jinT.
Now, 2(j,1) =Q( ® 1,1)
=QUDOEDAG®QAL)
=(QGDIAJ® D))
=Q(,DAG®)
=QQU, 1D Aj
(v) Leti,jinT
Now, 03,1) =Q( ® 1,1)
=(QUDEDAJ®QALL)
=(QGAJ® D))
=Q0,DAG®I
=QU, 1D Aj
=1Aj
=1 since iAj=i.

Proposition 5.1.9

Let (T,® ,1) be a GK algebra. Let 2 be an GK-RL symmetric bi derivation on T.

Then the following holds
0 26GH=20Hr(®0Q,)))forall i,jeT.
(i) N(i,1) = 6(i)) ® i where § is the trace of .

(i) 21,)H=0G)®iVvijeT.
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(iv), 23G1D=0G,DAjYjinTif Q2 isé —regular.
(v) Q@G,1)=1 VjinTif 0 is component wise regular
Proof
(i)  Letusconsideri,jinT.
By the definition of GK-RL symmetric bi derivation,
We have, 2(i,j) =Q(,j ® 1)
= QLN O DAGO QI 1)
By axiom (ii) of GK algebra
= QN A GO QG 1)
= QUHAGOD
= Q(ij) A
(ii) Leti,jinT
Now, NG, =Q0i®I)
= QGO D AE® QM)
=MOHA(I®8®D)
=(i®M)®(1®1)® 61 G D)
=6 ® 1)
(iii) Leti,jinT
Wehave, 02(,1) =9Q(,i ® i)
=(QG,H @D A>IE® QD)
= (i ®Q3,1)) ® (( ® QG 1) ® Q1) @ D))
=Q(,1) @i
(iv) Leti, jinT.
21,) =1, ®1)

=QLHODHAGEQAD)
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=@QMLNAG®EA)
=QALHAGO®D
=Q(Lj)Aj
(v) Leti,jinT
NG, )=Q(0®1,1)
=QUDODAGOQAD)
=(QG A ® ()
=QDAG®D
= QG DAJ
=1IAj=j® ( ® =L
Proposition 5.1.10
Let T be the GK algebra and § be the trace of the GK- LR symmetric bi
derivation on T. Then
(i) 6() =031 ..
(i) IfQ2@,1)=0@,1) Vij €T then §is1— 1.
(iii) & is regular if and only if 2(i,1) = i.
Proof
(i) LetieT. We knowthat i®i=1
We have, 6(1) =02(1,1)
=0GE®i,1)
=QEHOHAEGLG 1)
=@QEH O
(if) Leti, j € Tsuchthat 6(i) = ().
We have, §(1) = 2(,1) ® i

andé6(1) =02, 1) ® .
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This implies that 2(i,1) ® i = 02(,1) ® .
Since 2(i,1) = 2(j, 1) and by using cancellation law, we get i=j.
Hence, we get § is 1-1.
(iii) Let & be regular.
We have 6(1) = 2(i,1) ® i
Since § is regular, §(1) = 1 implies 2(i,1) ®i=1.
By axiom (iii) of GK algebra we have 2(i,1) =i
Conversely, Let 2(i,1) =i forsomeiinT.
> 0(1D)EiIi=i@i
> 26D Ei=1
= 6(1)=1
Hence 6 is regular.
Proposition 5.1.11
Let T be the GK algebra and & be the trace of the GK-RL symmetric bi derivation
on T. Then
) s()=0210)®I.
(i) §() =8 A (I ®LNGID))
(i) If 2(1,) =0(1,j) Vi,j €T then §is1— 1.
(iv) 6 isregular ifand only if 2(1,i) = i.
Proof
(i) LetieT. We knowthat i ®i=1
we have, 6(1) =0(1,1)
=0(1,i® i)
=1L HEHAIEG (D)
=ALH®IH)
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(i) LetiinT.
() =1020,10)
=0,i®1)
=GO AEG23GD)
=EMHOEHAEG LG D)
=5(MAE®N3G,1)
If it is component wise regular, we get §(i) A i.
(iii) Let i, j € T such that (i) = 6(j).
We have,6(1) = 2(1,i)) ® i
and §(1) =001,j)) ®].
This implies that 2(1,i)) ® i = 2(1,)) ®J.
Since 2(1,i) = 2(1,)) and by using cancellation law, we get i=j.
Hence, we get § is 1-1.
(iv) Let & be regular.
We have §(1) = 2(1,i)) ® i
Since § is regular, (1) = 1 implies 2(1,i)) ®i=1.
By axiom (iii) of GK algebra we have 2(1,i) =i
Conversely,
Let 2(1,i) =i forsomeiinT.
> 0(L)EIi=i®i
> 001,)®i=1
= 61 =1

Hence 6 is regular.
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5.2 Summary

In this Chapter, the concept of symmetric bi derivation (GK-LR derivation and
GK-RL derivation) of GK algebra is established and also, brought some important
and at the same time interesting results about the trace of GK algebra and regular,
component wise regular in GK algebra. Some theorems which is to be needed for

further studies are derived.
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CHAPTER 6
FUZZY SUB ALGEBRA AND ANTI-FUZZY SUB ALGEBRA OF

GK ALGEBRA

This Chapter is separated into three sections.

In the first section, the newly defined algebraic structure GK-algebra is
fuzzified and fuzzy GK subalgebra of GK algebra is defined, and by using this, some
of its features are investigated and attained captivating results.

In the second section, fuzzy GK ideal is established and discussed roughly
about its features and also, explored the Cartesian product of fuzzy GK algebra.

In the third section, initiated the concept of Anti-fuzzy GK sub algebra, Anti-
fuzzy GK ideals. The properties of anti-fuzzy GK algebra is discussed and obtained
some enthralling results.

6.1 Fuzzy sub algebra of GK algebra
This section explored the concept of fuzzified newly initiated algebraic structure of
GK algebra.
Definition 6.1.1
A fuzzy subset pg, of a GK algebra (T,®,1) is called a fuzzy GK sub

algebra of T, if the following conditions are satisfied

Pgr(i ®j) = min{pgk(i),pgk(j)} foralli,jinT.
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Example 6.1.2

Consider T={1, 2, 3, 4} is a GK algebra

Table 6.1
Define a mapping pgx: T — [0,1] by
09 ifi=12
pgk(i) =
0.5 if otherwise

Then pgy is a fuzzy GK sub algebra of T.

Theorem 6.1.3

Intersection of any two fuzzy GK sub algebras of T is again a fuzzy GK
algebra.
Proof

Let pgx and oy be any two fuzzy GK sub algebras of T. Then,
(PgrMNogr) (i ® j) = min{pg (i @ /), agi(i ® )}
> min{min{p g (©), pgr (N}, min{oy, (D, 55D}
= min{min{p, (i), ogx ()}, min{p g, §), 35 ) }}
= min{(pg M0z (), (kM) (1}

(pgkl_lo-gk)(i ®]) = min{(pgk Hng)(i), (pgkrlo-gk)(j)}v i’j eT.

Hence pgillog is fuzzy sub algebra of T.
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Definition 6.1.4

Let pgi be any fuzzy subset of a GK algebra and let y € [0,1]. The set

T(pgi,y) = {i € T:pgi (i) = y} is called a level subset of pg, in T.

Lemma6.1.5

Let (T,®,1) be a GK algebra. Let pg, be a fuzzy GK sub algebra of T. Let

€ [0,

1]. Then,

(i) ifandonlyif I'(pgy, ) is either @ or a GK sub algebra of T.

(i) pgr(1) = pgr(i) forall i€T.

Proof

(i) Foranyt € [0,1], assume that I'(pgy, T) is non-empty.

Let i,j € I"(pgk,r). Then pgr(i) =7 and pg () = 7.

We need to prove F(pgk,r) is a GK sub algebra, for that we have to prove

i®jeE F(pgk,T).

i.e., we need to prove pg (i ® j) = 7.

Now , pgi (i ® J) = min{pgi (), pgr ()}

> min{r,t} =71
Lpgi®)) =1

Hence I"(pgk, r) is a GK sub algebra.
Conversely, assume that I'(p ., 7) is a GK sub algebra of T.
Let i,j € T. Take T =min {pgx (i), pgr ()}
Then by assumption I'(py, 7) is a GK sub algebra of T, (i ® j) € I'(pg, 7)
P ® j) = T =min{pgi (D), pgr (D}

Hence I'(pgy., 7) is a fuzzy GK Sub algebra of T.
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(i) Toprove pgic(1) = pgi(i)
Pgk(1) = pgi(i ® )
> min{pgr (D), pgr (D} = pgrc (D)
Hence pgi (1) = pgr(D)foralli €T.
Hence the proof.
Theorem 6.1.6

If Pgk and Pgk, are fuzzy GK sub algebras of T, then Pgk, X Pgk, is a

fuzzy GK algebraof T x T.
Proof

For any (iy, i) and (j;,j,) € T X T.

NOW,ng((ipiz) ® (1j2)) = Pgk (i1 ® j1,i; ® J2)
= ('ng1 X ngz) (i1 ® j1, i ® jz)
=min{pg (i1 ® j1), Pk, (iz ® j2)}
= min {min(pgx (i1), Pgic, (1)), min(pgi., (i2), pgk., (j2)}
= min {min(pgk (i1), Pk, (i2)), min(pgr (1), Pgk., (2)}
= min{ ((pgr, X Pgk,) (i1 ® i), (Pgic, X Pgk,) U1 ® Jj2)}
= min{pgy (i1 ® i2), pgr 1 ® j2)}

Hence pgy is a fuzzy GK sub algebraof T X T.

Theorem 6.1.7

Let I'(pgx,p)and I'(pgy, q)be level sub algebras in fuzzy GK algebras are
equal if and only if there isno i € T suchthat p < pg, (i) < q.

Proof

Let F(pgk,p) = F(pgk,q)for p <q.
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If there exist i € T such that p < pgi (i) < q, then I'(pgr,p) < I'(pgr. q),
which tends to contradiction.
Conversely,

Let us assume, there isno i € T such that p < pg (i) < g, since

P <4, T (pgrp) © T'(Pgrrq)
Ifi € I'(pgr, q) then pyi (i) = q and so py (i) =p , because pyi (D) € (p, q)
Hence i € I'(pgx, p), this implies I'(pgx, q) S I'(pgi, )
Hence the proof.
6.2 Fuzzy ideals of GK algebra
This section explained about the Fuzzy GK ideal with necessary illustration
and talked over about its characteristics and attained some fascinating results of the
same.
Definition 6.2.1
Let T be a GK algebra. A fuzzy set pg, in T is called fuzzy GK ideal of T if it
satisfies the following conditions.
) pgr(1) = pgi(D)
(i) pg(i ® k) = min{py G @ k), pg  ® D} Vi,j,k €T.
Example 6.2.2
Consider the above Example (6.1.2). This is an example of fuzzy GK ideal.
Theorem 6.2.3
In GK-algebra, the intersection of family of sets on fuzzy GK-ideals is also a
fuzzy GK-ideal.
Proof

Let {pgkz } be a set of all fuzzy GK ideals of GK algebras T.
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Thenforany,j, k€T,
( Mpgk,) (1) = Inf (pgi, (1))
2 Inf (pgx, (1))
= (Npgk; ) ()
(Mogr)) (0 ® k) = Inf ((Mpgx, (i ® k))

> Inf {min {(NMpgx, (' ® k), (Mpgr, G ® i)}

min {Inf (Hpgki (] ® k)), Inf (l_lpgki (] ® l))}

min {(Mpge, G @ k) ), (Mpgre, G ® D)}
Hence the proof.
Theorem 6.2.4
Every fuzzy GK ideal of a GK-algebra T is order overturn.
Proof
Let pgi be a fuzzy GK ideal of a GK algebra T.
Leti,jeTbesuchthati <jthen i®j=j®i=1.
Now, we know that i ® 1 =i.
pgk(D) = pgr (i ® 1) 2 min{pg,(j ® 1), pgi G ® D)}
2 min{pgx (j), pgi (1)}
= pgr(J)
Therefore pgy is order overturn.
Theorem 6.2.5
If pgy is a fuzzy ideal of GK algebra (T,® Dandpg (i) = min{z, pg (D}V i €T

and T € [0,1] then pgkr(i) is fuzzy GK ideal of T.
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Proof

Let pgi be a fuzzy ideal of GK algebra and 7 € [0,1].

Therefore pgr(1) = pgr(i)) Vi€T.

Now, pgi_(1) = min{z, pyi (1)} = min{z, pyi (D)} = pgk, () VIET.
and we know that

Pgr(i ® k) = min{pg G ® k), pgu G ® D}

Now ,

Pk (1 ® k) = min{r, pg;(i ® k)}
> min{ 7, min( pg G ® k), pgre G ® ))}
= min { min (T, pg(U ® k)) ,min(7, pg G ® i)}
=min{pgr_(j ® k), pgr_(j ® )}

Hence pgkr(i) is fuzzy GK ideal of T.

Proposition 6.2.6

Let pgy be fuzzy GK ideal of GK algebra. If the inequality j ® i < k holds in

T, then pg, (i) = min{pgk(j),pgk(k)}v i,j,k€T.
Proof

Assume that the inequality j ® i < k holdsin T,
Then by theorem ,pg (j ® ) = pgy (k)------------- 1)
By the definition fuzzy GK ideal

Pgk(i ® k) = min{pg(j @ k), pgre G ® )}

Put k=1

Then pgr (i ® 1) = min{pyj ® 1), pgr G ® i)}
pgi (D) = min{pg(j), pgr G ® i)} ------------ 2

From (1) and (2),
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P (D) = minfp g (), pgi (k)}.
Definition 6.2.7

Let pgr and gy, be fuzzy subsets of a set T. The Cartesian product of
pgi and agy is defined by
(Pgr X agic) (i, ) = min{pg (D), g (D} V i, j €T
Theorem 6.2.8

Let pgx and oy be fuzzy GK ideals of GK algebra X. Then pg X g is a

fuzzy GK ideal of T x T.
Proof

Let us consider(i,j) €T X T
(pgr X 041)(1,1) = min{py (1), a4 (1)}
> min{pgr (D), 95k (N} = (Pgr X 941 (i, )

Now let (iy, i), (1,j2), (k1, k) €T X T

(g X 041 ) (ih ® ky, iy ® ky) = min{pyi(iy ® ky), 05, (iz @ k2)}
= min{min{pgi (j1 ® k1), pgi(1 ® i)}, min{ag,(j, ® k2), 05k (j2 @ i2)}}
= min{min{pg, (j1 ® k1),05x(jz ® k2)}, min {pgx(j1 ® i), gk (j2 ® i2)}}
= min{(pgr X ogi) G1 ® k1,j2 ® kz), (Pgr X 0gi) 1 ® i1,j2 ® i2)}

Therefore pg, X oy is a fuzzy GK ideal of T X T.

Theorem 6.2.9
Let pgi and oy, be fuzzy subsets of GK algebra T such that pg X gy is a
fuzzy GKideal of T X T. Then foralli € T,
(i) either pgy (1) = pgr (i) or o4 (1) = 0 (i)
(i) pgr(1) = pgk () Vi €T then either a5 (1) = pgy (i) or o4, (1) =

O-gk(i)'
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(ii)) If o4k (1) = 04 (i) Vi € T, then either pg(1) = pgi(i) or pgi(1) = 0 (D).
(iv) either pgy or agy is a fuzzy GK ideal of T.
Proof
(1) Suppose that pgx (i) > pgr(1andaoy, () > agx (1) for some j € T.
Then (pgic X o) (i, j) = min{p g (1), o1 ()}
> min{ pgr(1), ogi (1)} = (pgi X gg1)(1,1)
This is a contradiction, since pg, X gy is a fuzzy GKideal of T X T.
Hence, we obtain (i).
(if) Assumethati,j €T
Pgi(1) > 04, (1) and ogi(j) > 04 (1)
Then we have, (pgi X 04¢)(1,1) = min{p gy (1), 04 (1)}
> min{agk(l),agk(l)} = 04 (1)
This implies that (pg X a4x)(i,)) = min{px (i), 04 ()}
> min {ng(l),agk(l)} = 04, (1)
> (P X agi)(1,1)
This is a contradiction.
Hence, we obtain (ii)
(iii) By the similar way to part (ii)
(iv) In (i) we have
Either pgi (1) = pgi (i) or 0, (1) 2 04 (D VIET.
We assume that g, (1) = a4 (), without loss of generality,
It is from (iii) such that

Either pgi(1) = pgi () or pgi(1) = 0y (i)
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If  pgi(1) = gy, (i) forany i € T, then
( Pgk X ng)(l, )= min{ pgk(l)ragk(i)} = 04y (1)------------ (1)
Now we have to prove g is a fuzzy GK ideal.
For that, let us consider (iy,i,), (j1,j2), (k1, ky) € T X T,we have
Since pgx X gy is a fuzzy GK ideal of T x T, we have
( Pgre X 0gi) (12 ® ky,ia ® k)
= min{( pgr X gi) (1 ® ki,j2 @ k2), ( pgk X 0g1) (1 ® iy,j, ® i3)}
Now, if we take i; = j; = k; =1, then
( gk X 0gi) (L iz ® k3)
= min{( pgr X ggr) (Lj2 ® k), ( pgr X 0gi)(L,j2 ® iz)}
Since by (1), LHS becomes,
ogi(iz ® k3)
2 min{( pgr X o) (1,j2 @ k2), ( pgr X og1) (L, ® iz)}
> min{min{ pgx(1), 04k (j2 ® kz)}, min{ pgi (1), 04 (G ® i)}
> min{og(j, ® k2),0gik(> ® iz)}
ogi(iz ® k3) = min{og,(j, ® k3), 0402 ® i)}
This proves that o,y is a fuzzy GK ideal of T.
Now we consider pgx (1) = pgr(0).
Suppose let us consider
pgr(1) < pgr(j)forsomej €T
Then i (1) = g, (j) > pgr(1)
Sincepgr (1) = pgi (i) Vi € T, thenog, (1) = pgi (i)
Hence (pgi x B)(i,1) = min{pg, (D), BV} = pgi (I)-----=-- (2)

Taking i, = j, =k, =1in(1)
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(pgr X 041 )iy ® ky, 1)

= min{(pgx X ggr) (1 ® k1, 1), (Pgr X dgi) (1 ® iy, D}
By (2)

Pgk(in ® kq) = min{(pgi X gg) (1 ® k1, 1), (g X o) (1 ® iy, 1)}

= min{min{p g, ((j1 ® k1), 04, (1)}, min{p g, (j1 ® iy), o4 (1)}
= min{pg ((1 ® k1), pgr (1 ® i1)}

Pk (s ® k1) = min{pg((1 ® k1), pgr (1 ® i1)}
This proves that pg is a fuzzy GK ideal of GK algebra.
Therefore eitherpgoray, is a fuzzy GK ideal of GK algebra T.
6.3 Anti-fuzzy GK sub algebra and anti-fuzzy GK ideal

In this section, the theory of Anti-fuzzy GK sub algebra and anti-fuzzy GK
ideal are established and analyzed its properties. The lower-level set of GK algebra is
initiated and discussed some of its aspects in this section.
Definition 6.3.1

A fuzzy set pgiin GK algebra T is said to be an anti-fuzzy sub algebra of T if

Pae(i @ ) <max { pge (i), pge ()} foralli, jeT.

Theorem 6.3.2

Let pgiis an anti-fuzzy sub algebra of GK algebra. Prove that

Pgr(1) < pgx(i) forany iinT.

Proof

We know that ,i ® i = 1 from the definition of GK algebra

Now, pgr(1) = pgi(i ® i)

< max{pgr (i), pgr (D) }

= pgk(i)-
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Therefore pgi (1) < pgi (D).
Definition 6.3.3
Let pgi be any fuzzy subset of a GK algebra and let g € [0,1]. The set
T(pgi,q) = {i € T: pgi(i) < q}is called a lower-level subset of pg in T.
Theorem 6.3.4
A fuzzy set pg in GK algebra is an anti-fuzzy sub algebra if and only if for
every g in [0,1], T(pgx, q) is either @ or a sub algebra of T.
Proof
Let us assume pg is an anti -fuzzy sub algebra of T and also lower level
subset is non-empty. Then for any i,j € T'(pgx, q)
we have, pgi(i ® j) < max { pgi (i), pgr ()} < q
Therefore i ® j € T(pgr, q).
Hence T'(pgx, q) is a sub algebra.
Conversely, Now consider i,j € T
Take g = max { pgi (i), pgr ()}-
Since T'(pgx, q) is a sub algebra of T,
= i®j€Tl(pg q)
Therefore pg(i @ j) < q =max { pgic (). Py ()}
Hence pg is an anti-fuzzy sub algebra.

Definition 6.3.5

Let T be a GK algebra. A fuzzy set pgy in T is called anti-fuzzy GK ideal of T if it
satisfies the following conditions.

(1) pgr(1) < pgi (D)

(“) ng(i ® k) < max {pgk(j ® k).ng(j ® l)} v i:j:k eT.
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Definition 6.3.6

Let (T,®,1) and (P,®p,1) be a GK algebra. Then the mapping o: T — P of
GK algebra is called anti- homomorphism if c(i ®¢ j) = 0(j) ®pa(i)) Vi,jET.
Definition 6.3.7

Let 0:T — T be an endomorphism and pg;, be a fuzzy set in T. We define

fuzzy setin T by (pgx)s inT as (ng)o(i) = (pgk)(a(i)) foreveryi €T.
Theorem 6.3.8

Let pgi be an anti-fuzzy GK ideal of GK algebra of T and if < j , then
Pgr() < pgr (), foralli,jeT.
Proof

Letusconsider i< j,then i®j =1=j®1i,

and pgi(i ® 1) = pgie(1) < max {pg (i @ 1),p0 (G ® D}

= max {pgr(j), g (1)} = pgi(j)-

Hence pgi(x) < pgr(¥).
Theorem 6.3.9

Let pgr be an anti-fuzzy GK-ideal of GK algebraT. If the inequality
j®i<kcarryinT,then pg (i) <max {pgx (), pgk (k)}.
Proof

Let us consider the inequalityj ® i <k carryinT.
By theorem 6.3.8 pg(j ® i) < pgx(k) ------------- (1)
By definition of anti-fuzzy ideal of GK algebra
Par(t ® k) < max{pg(j ® k), pgr(j ® 1)}
Putk = 1,

then pgr (i ® 1) = pgi () < max{py G ® 1), p5 G ® 1)}
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= max {pg(j), pgr G ® 1)} ------------ )

From (1) and (2), we get
pgi(i) < max {pgk (), pgr(k)}.foralli,j,k €T
6.4 Summary

The fuzzification of GK algebra was introduced in this chapter. The
properties of fuzzy GK algebra are analyzed and attained some results which are very
interesting. The content of fuzzy GK ideal was explored and derived the results which
are related to their aspects. Finally, anti-fuzzy GK algebra, anti-fuzzy GK ideal are

introduced and attained the paramount results about its aspects.
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CONCLUSION

In this research work, the content of newly constructed algebraic structure namely
GK algebra has been introduced. It has been explored that this algebraic structure, GK
algebra is different from all other algebraic structures that are already defined.
Especially it is shown that GK algebra is totally different from BE algebra and CI
algebra, with sufficient illustrations. It is proved that the GK algebra is satisfied the
associative law, self-distributive law, Commutativity law and also investigated its
properties. The GK ideal, kernel of GK algebra, anti-hnomomorphism are defined and
attained remarkable results. The study of multipliers (left and right) on GK algebra
have been explored. The direct product of GK algebras is initiated and investigated its
nature. In this the notion of (GK-LR) (GK-RL) respectively) derivations of a GK
algebra initiated and attained some remarkable results such as Let &;,&, be self-maps
on a GK algebra. Let &;,&, be two (GK-RL) derivations on T. Then &,°&, is also a
(GK-RL) derivation on T. The concept of symmetric bi derivation (GK-LR derivation
and GK-RL derivation) of GK algebra has been developed. The fuzzification of GK
algebra has been introduced. The properties of fuzzy GK algebra are analyzed and
attained some results which are very interesting. Finally, anti-fuzzy GK algebra, anti-

fuzzy GK ideal are introduced and attained the paramount results about its aspects.



FUTURE SCOPE



FUTURE SCOPE

92

FUTURE SCOPE

The new algebraic structure GK algebra and its characteristics have been
explored in this thesis and also fuzzy structure of GK algebra and its aspects are
exhibited. Hope that this work would be a point of departure for further study of the

theory of GK algebra.

This work can be ensued in the following way:

o,

% In this study, the derivation of GK algebra and its properties have been
discussed. In connection with, concentrate on the concept of derivations such
as Jordan derivation in GK algebra, T- derivation in GK algebra, («, )
derivations in GK algebra and anti-symmetric bi derivation in GK algebra etc.,
to get more results.

% The fuzzy structure of GK algebra can be developed in the concept of the
intuitionistic fuzzy GK algebra, multi fuzzy sub algebra and multi fuzzy ideals
of GK algebra and analyzed its related aspects.

% The theory of Pseudo GK algebra, Soft GK algebra and Neutrosophic structure
in GK algebra can be studied.

% This work can be carried on the topological spaces in GK algebra and their

properties can be expounded.
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Abstract: In this paper, the new notion which is called GK algebra from a non-empty set is introduced. The basic properties of
GK algebra are analyzed.
Keywords: GK algebra, commutative, associative, self-distributive, subalgebra.

L. INTRODUCTION
In 1966, the concept of BCK and BCI algebras are introduced by Iseki [3]. Since Kim and Yon [8] studied on dual BCK
algebras and MV algebra, it is known that BCK algebras is a proper subclass of BCI algebras. The concept of BE algebra
which is a generalization dual BCK was introduced by Kim and Y.H. Kim [7]. Meng [9] introduced the concept of CI
algebra as a generalization of BE algebra and also discussed about some of its properties and relations with BE algebras.

1. PRELIMINARIES
A. Definition:2.1 [7] Analgebra (X;*,1) of type (2,0) is said to be a BE-algebra if it satisfies the following
1) xxx=1
2) xx1=1
3)  1xx=Xx
4)  xx(yxz)=y*(x*z) for all x,y,zeX

B. Definition:2.2 [9] A Cl-algebrais an algebra (X,x,1) of type (2,0) satisfying the following axioms
1) xxx=1

2) 1xx=X

3)  x*(y *z) = yx(x*z) for all x,y,z eX

C. Proposition:2.3[7] If (X,*,1) isa BE-algebra, then x x(y*x) =1
Definition:2.4 [7] A BE-algebra (X,*,1) is said to be self distributive if xx (y * z)=(x * y)* (x * z) forall x,y,z€eX.
E. Proposition:2.5[9] Any Cl algebra X satisfies the condition y=*((y*x)*x)=1 for anyx, y €X,

o

1. THE NOTION AND ELEMENTARY PROPERTIES OF GK ALGEBRA.

A. Definition:3.1
A non-empty set X with fixed constant 1 and a binary operation = is called GK-algebra if it satisfying the following axioms
X*Xx=1

(i) x *1=x

(iii) x*y=1 andy * x =1 impliesx =y

(iv) (y*2) *(x*2) =y* X

(V) (x*y)*(1=*y)=x forall x,y,zeX

B. Example:3.2
Consider the set X={1,2,3}. The binary operation = is defined as follows
Table:1
*11]12]3
) 11132
~(X;*,1) isa GK-algebra. 5121113
313|121
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C. Remark:3.3

1) A GK algebra need not be a BE algebra, for 2x1=2+#1,3%1=3#1.

2) A GKalgebra need not bea Clalgebra, for 1x3=2+#3,1%2=3£2.

3) A GK algebrais saidtobea CIl algebraifit satisfies the additional relations,
1xx = x and x*(y*z)=y*(x*Zz)

4) A GK algebra is said to be a BE algebra if it satisfies the additional relations,

xx1 =1, 1xx =X and xx(y*z) = y*(x*z).

D. Theorem:3.4 Let (X,*,1) be a GK-algebra. Then
1) 1x(1xx)=x

2)  (xxy)¥l = (xx1)*(yx1)

3) yx(1x(lxy)) =1

4) If 1xx =1xythen x =y for any x,yeX

5) x*(1*x) )*x = x for any xeX

6) xx(xxy) = x=y= yx(xxx) for any x,yeX

7)) xx*(yxX) =x =y =y*(x*x) for any x,yeX

8)  Lx(xxy)=y*x

Proof:
a) Inaxiom (v) (xxy)*(1xy)=x of GK-algebra,
replacing y by x,
we have (x#x)*(1*x) = X
=1x(1xx) =X by axiom (i) of definition:3.1
b) By axiom (ii) xx1=1 of GK algebra
we have (xxy)*1 = xxy
=(x*1)*(y*1) by axiom(ii) of definition:3.1
c) Intheorem 3.4 (i), we have 1%(1% X )=x
Now yx (1x(1xy) ) =yxy=1 by axiom (i) of definition:3.1
d) Let 1sx=1xy
Now X = 1x(1*X) by theorem 3.4 (i)
=1x(1xy) since lsx = 1lxy
=y by theorem 3.4 (i)
e)  (xx(1xx) )xx = (X*(1*x) )*(1*(1*x) ) by theorem 3.4 (i)
=x by axiom (v) of definition 3.1
f)  xx(xxy) =x 1 byaxiom (iii) of definition 3.1
=X by axiom (ii) of definition 3.1
=y by axiom (iii) of definition 3.1
=yx*1 byaxiom (i) of definition 3.1
=yx* (x*X) byaxiom (i) of definition 3.1
g) The proof is similar to previous proof of (vi).
h) In axiom (iv) (y*z)*(x*z)=y*x of GK algebra,
replacingz by y , we have (y*y)*(X*y)=y*X
=1x(xxy)=y*x by axiom (i) of definition 3.1.

E. Theorem:3.5

Left and Right cancellation law holds in GK-algebra
1) Right cancellation law : if x¥y = zxy then x =z
2) Left cancellation law : if zxx =zxy then x =y
Proof:
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a) Let us assume that xxy =zxy
Then, x = (xxy)*(1xy) by axiom (v) of definition 3.1
= (zxy)*(1xy)
=z by axiom (v) of definit ion 3.1
b) Assume that zxx =zxy
Now, zx(zxx) =x*(z+z) by theorem 3.4 (vi)
=x*1 by axiom (i) of definition 3.1
=x  byaxiom (ii) of definition 3.1
and, zx(zxy) = yx(z*z) by theorem 3.4 (vi)
=yx1 by axiom (i) of definition 3.1
=y  byaxiom (ii) of definition 3.1
Since zxx = zxy implies x = y.

F. Theorem:3.6
Let (X,*,1) be a group with respect to xxy = xy?, then (X,*,1) is a GK algebra.
Proof:
We see that x*+x = xx1=1
and xx1=x11=x
For any x,y €X, we have xxy = xy?
when x =y, then xxy= xy* =xx =1 =yy 1 =yx1 = y*X.
For any x,y,z eX,we have (y*z)*(x*z) = (yz1) (xz1)?
=(yz'?) (2x7)
=y(zzh)x?
:yx*l
=y*X
For any x,y €X, (xxy)x(1xy) = (xy?) (Iy )™
=(xy ) ()
=x(y'ty)
=X
Hence (X,*,1) is a GK-algebra.

G. Definition:3.7
A GK algebra Xissaid to be associative if it satisfies (xxy)*z = xx(y=+z) for all x,y,z eX. Theorem:3.8 Every Gk algebra

(X,*,1) satisfying the associative law is group under the operation "x".
Proof:
Putting x =y =z in the associative law (Xxy)*z = x*(y*z)
we have (X*X)*X = X*(X*X)
= 1xx=xx1 byaxiom (i) of definition 3.1
=x by axiom (ii) of definition 3.1
= Lxx=xx1=x
This means that 1 acts as the identity element in X. By axiom (i) of definition 3.1, every element x of X has its own inverse.
Now, (y*z)*(x*z) = yx(z+(x+z) )
= yx(xx(z%2))
= y*X
and  (xxy)*(1xy) = X *(y*(1xy))
= x*((y*1)*y)
= X*(y*y)
=x*1
=X
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Therefore (X,*,1) is a group.

H. Definition:3.9

A GK-algebra (X,*,1) is a self-distributive if the operation = is

1) Right distributive law  (xxy)*z = (x*z)*(y=*z) for all x,y,z €X.
2) Left distributive law  xx*(yxz) = (x*y)*(x*z) for all x,y,z €X.

I.  Definition:3.10
A GK algebra X issaid to be commutative if it satisfies for all X,y €X, (x*y)xy = (y*X)*X.

J.  Proposition:3.11
Let X be a GKalgebra. If x#y andx *y =1 then y*x #1.

K. Proposition:3.12

Let (X,*,1) be a GK algebra. Then for any x,y,z €X,

1) xx(xx(y*x)) =1

2)  yx(yx(xxy)) =1

3)  (xxy)rx = (yxx)*y

4)  (xxy)xy = (y*x)*x

5)  (xxy)xx = (xxx)*y

6)  (xxy)xy = (yxy)*x

Proof:

a) Let us consider x*(x*(y*X) )
=xx(x*1) by axiom (iii) of definition 3.1
= X*X by axiom (ii) of definition 3.1

=1 by axiom (i) of definition 3.1.
b) The proof is similar to proof (i) in proposition 3.12 .
c) Consider (x*y)*x

=1xX
=1xy by axiom (iii) of definition 3.1
=(X*y)*y by axiom (iii) of definition 3.1
=(y*X)*y by axiom (iii) of definition 3.1
d) Consider (x*xy)*y
=1xy
=1xxX by axiom (iii) of definition 3.1
=(X*y)*X by axiom (iii) of definition 3.1
=(y*X)*X by axiom (iii) of definition 3.1

This proof shows that the commutativity of GK algebra.
(v) Consider (xxy)*x = 1xx = 1xy = (x*X)*y by axiom(i) & (iii) of definition 3.1
(vi) Proof is similar to (v) in proposition 3.12.

L. Theorem:3.13
In GK algebra X, for any x,y,z €X if associativity holds then the following are equivalent
1) xx(yxz) = (xx2)*y
2)  (yx2)x(xxz) = y*x
Proof
()=(ii) Assume xx(y*z) = (X*z)*y
Then  (y*2)+(xxz) = ((y*2)*2)*x
=(y*(z2))*x
=(yx1)*x by axiom (i) of definition 3.1
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=yxx by axiom (ii) of definition 3.1
(i)=>(1) Assume (yxz)*(x*z) =y*X
Then  xx(yxz) = (xx2)*((y*2)*z)
= (xx2)*(y*(2+2))
= (x*z)x(y*1) by axiom (i) of definition 3.1
= (X*Z)*y. by axiom (ii) of definition 3.1

M. Definition:3.14
Let (X,*,1) bea GK-algebra. Anon-empty subset A of X is calleda subalgebra of X if
xxy €A for any x,yeA.

N. Theorem:3.15
Let (X,*,1) be a GK algebra and A# ¢, ASX then the following are equivalent
1) Aisa subalgebra of X
2) xx(1xy), 1xy €A for any x,y €A
Proof:

(i)=(ii) Let A be a subalgebra of X. Since Ais a subset of X which is non-empty there exists an element xeA such
that xxx =1€A..
Since Xis closed under "', yeA, 1xy A= xx*(1xy)EA.

(ii)=(i) Since xxy=xx*(1x(1xy)) by theorem 3.4 (i)

which implies xxy €A for any x,yeA.
~ A is a subalgebra of X.

IV. CONCLUSION
In this paper the notion of GK algebra is introduced and studied about some of their properties. It may lead our future
study of GK algebra such as homomorphism of GK algebra, filter of GK algebra and Ideal theory on GK algebra.
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Abstract: In this paper, we introduce the concept of derivation of GK algebra
and also obtain some properties about this concept.

I. INTRODUCTION
The structure of GK algebra was introduced by us in 2018[4].A GK algebra

is an algebra of non-empty set X together with a binary operation * and a
constant 1,satisfying the following axioms

(i) x*x=1

(i) X*1=x

(iii) x*y=1 and y*x=1 implies x=y
(iv) (y*z)*(x*z)=y*x

(v) (x*y)*(1*y)=x for all x,y,z in X.

Let the commutative ring R with identity.Let X be an algebra over R. An
R linear mapping f:X—X is called a derivation if f(xy)=f(x)y+xf(y) for
all x,y in X.The derivation of ring is wide area, many researchers started
their work in this concept[1],[2],[3]. Inspired by these works, in a same
way, we introduce the concept of derivation on GK algebra and discuss
some properties in this paper.

Il.PRELIMINARIES
A. Definition:2.1[4]

A non-empty set X with fixed constant 1and a binary operation *is called
GK algebra if it satisfying the following axioms

(i) X*x=1

(ii) X*1=X

(iii) x*y=1 and y*x=1 implies x=y
(iv) (y*z)*(x*z)=y*x

(v) (x*y)*(1*y)=x for all x,y,z in X.

B. Definition:2.2[4]
GK algebra X is said to be commutative if it satisfies for all x,y in X,

(x*y)*y=(y*x)*x.

C. Definition:2.3[3]
Let X be ad-algebra. A map 6:X—X is a left-right derivation (I,r)- derivation
of X it satisfies the identity 0(x*y)=(0(x)*y)A(x*0(y)) for all x, y in X. If
0 satisfies the identity 0(x*y)=(x*0(y))A(06(x)*y) for all x,y in X then 0 is a
right-left derivation (r,l) derivation of X.

D. Definition:2.4[2]
Let (X,*,0) be a TM algebra.A self map d:X—X is said to be a (l,r) derivation
of X if d(x*y)=(d(x)*y)A(x*d(y)).A self map d:X—X is said to be (r,l)
derivation on X if d(x*y)=(x*d(y))A(d(x)*y).

Volume 8 Issue 11 2019 1720 http://infokara.com/
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IN.DERIVATIONS OF GK ALGEBRA.
A. Definition:3.1
Let (X,%1) be a GK algebra. A map n:X-> X is called a left-right derivation
(briefly (LR) derivation) of X if n(xxy) = ) * y)A(x *n(»))vx,y € X.

B. Definition:3.2
Let (X,x,1) be a GK-algebra. A map mX-Xis called a right-left derivation
(briefly (RL ) derivation) of X if n(x*y) = (x*n()DAN(x) *y)vx,y € X.

C. Remark:3.3
A map m:X->Xis called a derivation of X if nis both a (LR) derivation and
a (RL) derivation of X.

D. Note:3.4
Let (X,*,1) be a GK-algebra ,x,yeX. We denote xAy=y=*(y=*x).

E. Example:3.5
Let X={1,23} be a GK-algebra. The operation * is defined as follows

« |1 ]2 |3

1(11]13]2

212|113

31321

Define a map mX->Xby

1 if x=1
nx) =42 if x =2
3 if x=73

Then it is clear that nis a derivation of x.

F. Definition:3.6
Let (X,x,1) be a GK-algebra and m:X—->X be a map of a GK-algebra, then
nis called regular if n (1)=1.

G. Note:3.7
In GK-algebra[4], we can observe that xAy=yx*(y*x)=x Vx,y € X.

H. Proposition:3.8
Let nbe a self-map of GK algebra X,then

(a) I f nis regular (LR) derivation of X, then n(x)=n(x)Ax VxeX
(b) | nis regular (RL) derivation of X, then nx)=xAnx) vxex
Proof:
(a) Let n be a regular (LR) derivation of X. Then n() =n(xx*1)

= M0 * DA (x*n(D)

= 1) A (x xn(1))
=n()A(xx1)
=n(x)Ax
(b) Let n bearegular (RL) derivation of X, then
n(x) =n(x*1)
=@*n(A))AME) *1)
=@*DAMmK)*1)
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=x An(x)
Conversely ,
Let n be a (RL) derivation of X and n(x) = x An(x)vx € X,then we get

n(1) =1An()
=n(1) «(m(1) = 1) XNy =y (y*x)
=n(1) *n(D)

=1.
Hence n is regular.

l. Lemma:3.9
Let (X,*,1) be a GK-algebraand n be a (LR) derivation of X. Then the following hold V x,y € X

(@ n(x*y) =n(x) *y

(b) If n isregular then n(x) < x
Proof:
(@ Let (X,x,1) be a GK algebra and n be a (LR) derivation of X.
Then

n(x*y) = M) *y) A(x *n())
= (x 1)) * ((x 1) * G xy))
=n(x) *y
~nxy) =n(x) xy.
(b) Let n be a regular derivation of X.
Then 75 (1)=1.
Now
n(x*x) =n(1)
nx)*x=1
n(x) < x.

J.  Lemma:3.10
Let (X,x,1) be a GK algebra and n be a (RL) derivation of X. Then

(@) n(x *y) =x*n(y)

(b) If n is regular then x < n(x)
Proof:
(@) Let (X,*,1) be a GK algebra and n be a (RL) derivation of X.
Then

n(x*y) = (x*n() )Am(x) * )
= () *¥) * () * ) * (x *1 (1))
=x*n(y)
~n(xxy) = x*xn(y).
(b) Let n be a regular derivation of X.
Thenn (1)=1.
Now
n(x*x) =n(1)
x*xn(x)=1
x < n(x).
K. Note:3.11
(a) From the above lemma:3.9
n(xxy) =n(x) xy
And n(x *y) = x *n(y)
= nx*y)=nx)*y = x*n(y)
(b) Let n be the regular derivation then by lemma
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nx) <x and x <nx)
= x =n(x).

L. Remark:3.12 Amap n:X — X is regular derivation of X then n(x) =x vV x € X

M. Lemma:3.13
Let n:X—>X be aderivation of X. Then nis a regular derivation if 7 iseither a (LR) derivation or a
(RL) derivation.
Proof:
Let n is (LR) derivation, then for all x € X, n(x)*x =1
Now 7n(1) = n(x * x)
=n(x) *x
~n(1) =1.
~ n is regular.
Now if n is (RL) derivation, then for all x € X, x*n(x) =1
Now n(1) = n(x = x)
= x*n(x)
~n() =1.
~ n is regular.

N. Theorem:3.14

Let (X,*,1) be a GK algebra and 7 be a regular (RL) derivation of X. Then the following hold |,
Vx,y€X.

(a) n(x) =x

(b) nx) *y =x*n(y)

(c) nxxy) =nlx)*y =x*nly) =nx)*n®)
Proof:-

(@) Since n is regular (RL) derivation of X , we have

n(x) =nlx*1)
=xx*n(1)
=xx*1
=x
~7(x) = x.
(b) Since n is regular (RL) derivation of X, then we have
n(x*y) =xx*n(y)
x*xy=xx*n(y) - (1)
And in (LR) derivation
nlx*y) =n(x)*y
xxy=n(x)*y - (2)
From (1) & (2)

)y =xx*y=x*n(y).

(c) Since nx)=xVxeX
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n(x*y) =n(x) *y =n(x) *n(y)
nxxy) =x*xny) =nk) *ny)
=>nx*xy) =nkx)xy=x*n) =nx)*n).

O. Lemma:3.15
Let (X,x,1) be a GK algebra and n be a derivation on X. If x <y V x,y € X then
n (X)=n (y).
Proof:
In GK algebra, xxy=y*sx=1ox<y.
Then n () =n(*1)
=1 (y**x)
=n ().

P. Proposition:3.16
Let n be a derivation on GK algebra and let x € X, then
xx(xxn () =n () * (1 (x)*x).
Proof:
We knowthat n(x) =n()Ax
x 7 (x) =x* (1 (x) Ax)

=x*(xx*xn (x))) XAy =y (Y xx)
and
xx1m (x) =xx(xAn (x))
=xx(® (x) (@ (x) *x)) XAy =y (Y xx)

= xx(xx(xen @) =2+ (n @ *0 ) *2))
By cancellation law,
xx(xxn (@) =1 @) * @ @) *x).

Q. Lemma:3.16
If n isaregular (RL) derivation on GK algebra, then n (x *n (x)) = 1.
Proof:

Since n isaregular (RL) derivation on GK algebra, x *n (x)=1.
an (xxd@)=n 1) =1
tn (e () =1

R. Lemma:3.17
If nis a regular (LR) derivation on GK algebra, thenn (n (x) *x) = 1.
Proof:
Since n is aregular (LR) derivation on GK algebra, 7 (x) * x=1.
s *x)=n1)=1
s (@) xx) =1

S. Definition:3.18
Let n,,nm, be a self mapsona GK algebra X . We define n,°n, as follows

M1°n2)(x) =1, 1(x))
T. Lemma:3.19

Let n,,n, be self mapson a GK algebra. Let n 1,7 , be two (LR) derivations on X. Then n ,°n, is also a
(LR) derivation on X.
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Proof:
Given n 4,1, is two (LR) derivations on X.
By lemma (3.1),
We know that
niGxxy)=n.(x)*y
And
N2 xy) =n,(x) xy
Now
M1 ) *xy) =1, 1(x *¥))
=12 1(x) *y)
=n.m1(x) *y
=(M1°n ) (x) *y
Hence n :°n, is a (LR) derivation on GK algebra.

U. Lemma:3.20
Let 4,1, be self mapson a GK algebra. Let 7n 4,7, be two (RL) derivations on X. Then 5 ,°n , is also
a (RL) derivation on X.
Proof:
Given n 4, , is two (RL) derivations on X.
Now
M1 )x*y) =120 1(x *y))
=n2(x*n1()
= xx*n (1)

=xx(M1°n ).
Hence n 1°n, is a (RL) derivation on GK algebra.

By the above two lemmas 3.7 and 3.8 , we get the following theorem.

V. Theorem:3.21
Let (X,x,1) be a GK algebra and n,,17, be two derivations on X, then 1 :°n, =71,°;.
Proof:
Since n 4,1, be two derivations on X, n,,7n, are both (LR) and (RL) derivations on X.
Now
M1 2D xy) =1, 1(x *y))
=1 2(m1(x) *y)
=11(x) *n2(). @
Also
M2 DG xy) =11 (x *y))
=110 *n ()
=11(x) *n2(). )
From (1) & (2)
(1M 1°1 2)(x x y)=(n 2°n ) (x * )
This gives that (7 1°n )= ,°n 1).

W. Definition:3.22
Let n.,nm, be a self mapsona GK algebra X . We define n,*n,:X - X as follows

(M 11 2)x) =1,(x) *n,(x)Vx € X.

X. Theorem:3.23
Let (X,x,1) bea GK algebra and 1 ,,n , betwo derivations of X,then n,*n,=n,*n,.
Proof:

M1°n2)x*y) =n,(m1(x xy))
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=11 () *y)
=n()*n 0. (1)
M1 2)(xxy) =1, 1(x xy))
=n,(x*n.1()
=n,)*n. (). (2)
From the above
N1 *n0)=n x)*n, O (3)
Substituting y = xin (3)
n1(x) *n2(x) =n ,(x) *1n1(x)
By definition
M2*n )= (1x1,)()
This gives (n1*n2) =@M 2*n1).

1V. CONCLUSION
In this paper, the concept of derivation on GK algebra discussed and also studied about some related interesting
properties of derivation on GK algebra. In future we plan to study about fuzziness in the GK algebra.
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Abstract: In this paper, we introduce the concept of multipliers in GK
algebra and also we discuss about the properties of the regular multiplier
of GK algebra. We also introduce the kernel of multipliers of GK algebra.

I.INTRODUCTION

In 1971, R.Larsen [3] introduced the theory of multipliers. In continuation
of this, in 1980 W.H.Cornish[5] introduced the concept of multipliers in
implicative BCK algebras. After that many researchers have applied this
concept in their algebraic structure and brought some interesting
properties of multipliers. Motivated by their work ,in this paper we
discuss about multiplier in GK algebra[2] and Kernel of multiplier in GK
algebra and also discuss some properties of regular multiplier of GK
algebra.

II.MULTIPLIERS IN GK ALGEBRA
2.1 Definition

Let (X,x,1) be an GK algebra. A self map 4 is called a right multipliers of X if
Am=n) =m=*A(n) forall mne X.

2.2 Example

Consider X ={1,23} in which ‘¥’ is defined by

*x 1123

11132
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Then X is an GK algebra.

Define a mapping A: X - X by

It is clearly known that Ais a right multiplier of GK algebra.

1 if x=1
A(m) =12 if x =2
3 if x=3

2.3 Definition

ISSN No : 1006-7930

Let (X,x,1) be an GK algebra. A self map 4dis called a left multipliers of X if A(m*n) =
A(m)*n forall mne X.

Note:

algebra.

The above said example is also an example of the left multiplier of GK

2.4 Definition:

A map 4 of an GK algebra X is said to be regular if 4(1) =1.

2.5 Proposition

Let Abe a left multiplier of X, then

(1)
(ii)

Proof:

(1)
(i)

For every m in X, A(1l) = A(m) *m.
Ais 1-1.

Let meX. Then m=m=1.
We have A(1) =A(m=*m) = A(m)*m forall m e X.
Let m,neX such that A(m) = A(n).

Then by (i), we have A1) =A(m=*m) = A(m)*m and A(1) =A(n*n) = A(n) *n.

Then A(m) *m = A(n) *n.
By cancellation law, m=n.
~ Ais1—1

2.6 Proposition

Let Abe aright multiplier of X, then

(i) For every m in X, A(1) = m* A(m).

(ii)

Proof:

(1)

Ais 1-1.

Let meX. Then m*xm=1.

Volume XII, Issue 1V, 2020

Page No: 1936



Journal of Xi‘an University of Architecture & Technology ISSN No : 1006-7930

We have A(1) =A(m*m) = m*xA(m) forall m e X.
(ii) Let m,neX such that A(m) = A(n).
Then by (i), we have A(l)=A(m+*m) = m=*A(m) and
A(1) =A(nx*n) = n*xA(n). Then mxA(m) =n * A(n).
By cancellation law, m=n.

~ Ais1-—1.

2.7 Theorem:

Let A be a left multiplier of X. Then A(m)=m iff A is regular.

Proof:
Let A is regular. Since A(l) =1
Then we have A(1) =A(ms*m) = A(m)*m =1.
By definition of GK algebra, A(m) =m.
Conversely, let A(m) =m forminX.
It is clear that A(1) = 1.
Hence Ais regular.
2.8 Proposition
Let X be GK algebra and let A be a left multiplier of X.
If Am)*m =1 forevery X, then Ais regular.
Proof:
Let A(m)*m =1 and let A be a left multiplier of X.
By definition of GK algebra,
We have A(1) =A(mx*m) = A(m)*m =1.
Hence Ais regular.
2.9 Proposition

Let Abe a left multiplier of X. Then the following holds

(i) If 3 an element meX 3: A(m) =m, Ais the identity.
(i) If 3 an element meX 3: A(n)*m =1 forevery n € X then A(n) =m.
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Proof:

(i) Let A(m) =m for some me X.
Then A(m)*m=msx*m
=>Am)sm=1.
Hence A(1) =1 by the proposition(2.7)
Which implies that Ais regular.
(i) By the definition of GK algebra,
A(m *n) = A(n*m) = A(1)
= A(m)*n=An) *m = A1)
=>Am)*n=1
= A(m) =n.
2.10 Proposition
Let X be a GK algebra and A be a left multiplier of X. Then
AA(m)*m)=1VmeX
Proof:
Let meX. Then we have A(A(m)s*m)=A(m)*A(m) = 1.
2.11 Proposition

Let X be a GK algebra and let A be a regular multiplier. Then the self map Ais an
identity map if it satisfies left multiplier is equal to right multiplier that is
Am)*n=m=*An)Vm,n € X.

Proof:

Since Ais regular, we have A(1) =1.

Let A(m)*xn=mx+xA(n)Vmnex

Then A(m)=A(m*1)=A(m)*1=m*xA(1) =m=*1=m.

Hence Ais an identity map.

2.12 Definition

Let Abe a multiplier of GK algebra. A set defined by F,(X) by
Hy(X)={meX /A(m)=m}VmeX.

2.13 Proposition

Let X be a GK algebra and let A be a left multiplier on X. If n € H,(X), we have mA
neEH,( X)vVvmmneX.
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Proof:

Let A be a left multiplier on X and let n € H,(X).
Now A(mAn)zA(n*(n*m))

= A(n) * (nxm)

n#*(n*m)
= mAn.

Hence mAn € H,(X).

2.14 Proposition

Let X be a GK algebra and let A be a right multiplier on X. If ne€ H,(X), we have
mAn € Hy(X)vm,neX.

Proof:
Let A be a right multiplier on X and let n € H,(X).
Now A(m/\n)zA(n*(n*m))
= n*xA(n*m)
= nx (nxA(m))
= n*x(n*m)
= mAn.
Hence mAn € H,(X).
2.15 Definition
Let X be an GK algebra and A;, A, two self maps. We define a mapping
A oAy X > X by (AeAy)(m) =A(A,(m)) Vm e X.
2.16 Proposition

Let X be an GK algebra and A;,A, two right (left) multipliers of X. The Ajo A, is
also right (left) multiplier of X.

Proof:
Let X be an GK algebra and A;,A, two right multipliers of X. Then we have
(A1 0 Bz)(m xn) = Ay (A (M + n))

= Ay(m* Ay(n))
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= mx A (4,(n))
= mx (4 04,)()
Let X be an GK algebra and A;,A, two left multipliers of X. Then we have

(B0 A)(m xn) = A (A (M xn))

A1 (A (M) *n

(A1 0 Ay)(m) = n.
2.17 Definition

Let X be an GK algebra and A;,A, two self maps. We define (A;AA): X > X by
(A ADR)(m) = A (m) A Ay (m).

2.18 Proposition

Let X be an GK algebra and A;,A, two left multiplier of X. Then A; AA, is also left
multiplier of X.

Proof:
Let X be an GK algebra and A;,A, two multiplier of X.

(A ADy)(m *n) = Ay (m*n) ADy(m+n)

(A1 (m) *n) A (Az(m) *n)

(Bz(m) *n) * ((A2(m) * n) * (A;(m) * n))

Ai(m)*n ...l (1)

(A1 AD)(m) xn = (A(m) AAy(m)) *n
= Am)y*n ... (2)
From (1)and (2)
(A AA) (M xn) = (A AA)(mM) *n.
Hence A, AA, is left multiplier.
2.19 Definition
For any w € Q(X), the set of all multipliers ,we define the Kernel of w as follows
Ky ={meX/w(m) =1}
2.20 Proposition

Let w be a multiplier of Xand1—-1.Then X, is {1}
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Proof:

Let w be one-to-one.

Let m € X,.So w(m) =1=w(1). Thus m = 1.
So Ker(w) = {1}.
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Abstract: In this paper, we introduce the concept of symmetric bi derivation
of GK algebra and also obtain some properties about this concept.

I.INTRODUCTION

Gy.Maska[2] was introduced the concept of symmetric biderivation,and
later J.Vukman[4] was proved few results of symmetric bi-derivation on
prime and semi prime rings. In 2011[3], sabahatt in Ilbira.Alev Firat and
young Bae Jun was introduced the notion of symmetric bi derivation of
BCI algebra. The authors[1] T.Ganeshkumar and M.chandramouleeswaran
have introduced the concept of symmetric bi derivation of TM algebra.
Afterwards few authors have applied the concept of symmetric bi
derivation in their papers.Induced by these works, in our paper, we
introduce the concept of symmetric bi derivation on GK algebra and also
discuss about some interesting properties.

IT.SYMMETRIC BI DERIVATION OF GK ALGEBRA

Definition:2.1 Let (X,*,1) be a GK algebra. A mapping N:XxX—>X is said to be
a left right symmetric bi derivation(simply LR symmetric bi derivation)
of X, if it is satisfying the following identity

N(x *y,z) = (N(x,2z) *y) A(x *N(y,z)) for x,y,z€X.

Definition:2.2 Let (X,*,1) be a GK algebra. A mapping N:XxX—X is said
to be a right left symmetric bi derivation(simply RL symmetric bi
derivation) of X, if it is satisfying the following identity

N(x,y*z) = (N(x,y) *2) A(y *N(x,2)) for x,y,z€X.

In general , if Nis both LR and RL symmetric bi derivation then it is
called as Nis symmetric bi derivation.

Definition:2.3 Let X be a GK algebra. A map N:XxX—X is said to be
symmetric if N(x,y) =N(y,x) V pairs of x,y€ X.

Definition:2.4 Let X be a GK algebra and the mapping N: XxX—>X be a
symmetric mapping. A map n:X - X be defined as n(x) =N(x,x) is called
trace of N.
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Example:2.5 Consider the following cayley’s table for GK algebra

Define a mapping N:XxX —=X by

(1 (6y) = (LD,22),(3.3), 44)

)2 (xy)=(01,2),(21),(3,4),(4,3)

NG, y) = { 3, (0y) = (1,3),(24), (3,1), (4.2)
4, (x,y) =(1,4),(23),(32),41)

Fromthis N is symmetric bi derivation of X.

Remark:2.6 In above example, N(x,x) ={1 when x=1,234 is called trace
of N.

Definition:2.7 Let X be a GK algebra. The map N:XxX—X be a
symmetric mapping. Nis called component wise regular if N(x,1) =N(1,x) =
1 forsomex € X. In specific if N(1,1) =7n(1) =1 then Niscalled n —regular.

Proposition:2.8

Let (X,,1) be a GK algebra. Let N be an LR symmetric bi derivation on
X. Then the following holds

1) N(x,y) =N, y) A(x *N(1,y)) forall x,y € X.

(ii) N(1,x) =n(x) *x where n is the trace of N.
(iii) N(1,y) =N(x,y)*x V x,y €X.

(iv) N(y,1) =N, 1D)AyvVyinXif N isn—regular.

v) N(y,1) =1 VyinXif N is component wise regular

Proof:
@) Let us consider x,y in X
By the definition of LR bi symmetric bi derivation,
We have,

N(x,y) = N(x * 1,y)
=(N(x,y) * ) A (x * N(1,))
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(i)

(ii1)

@iv)

v)

Proposition:29 Let (X,x,1) be a GK algebra. Let N be an RL symmetric bi

By axiom (ii) of GK algebra
= (NCx, ) A (x *N(1,))

Letx,yin X
Now,

N(1,x) = N(x * x, x)

= (N(x,x) *x) A (x * N(x,x))

= () *x) A (x x1(x)

=(xx () * ((x * 1) * () *x))
= (n(x) * x)

Letx,yin X
We have,
N(1,y) =N(x*x,y)

=(N(x, y) *x) A (x *N(x,y))
= (x* N, ¥)) * ((x *N(x, y) * (N(x,y) * x))
=N(x,y) * x

Let x,yin X

N(y,1) =Ny *11)
=N, D* DA *NILD)
=N DAy *n(D)

=Ny, DAQy=*1)
=Ny, DAy

Let x,yin X

N(y,1) =N(y = 1,1)
=(N@, D+ A =N(,1)

=(N@y, ) A (y *n(1))
=Ny, DA =*1)
=Ny, DAy

=1Ay

=1 since x Ay = x.

derivation on X. Then the following holds

1)
(i)
(i11)
(iv)
(v)

Proof:

(@

N(x,y) = N(x,y) A (x * N(l,y)) forall x,y € X.
N(1,x) =n(x) *x where nis the trace of N.
N(1,y) =N(x,y)*x V x,y €X.

Ny, 1) =Ny, 1)AyVyinXif N isn—regular.
N(y,1) =1 VyinXif N is component wise regular

Let us consider x,y in X
By the definition of RL bi symmetric bi derivation,
We have,

N(x,y) = N(x,y *1)
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=(N(x,y) * ) A (y *N(x, 1))
By axiom (ii) of GK algebra
(NG y) A (y*N(x 1)
N, y) A (y*1)

N(xy) Ay

(i1) Letx,yin X
Now,

N(1,x) = N(x, x * x)
= (N(x,x) *x) A (x * N(x,x))
= () *x) A (x x1(x)
=(x *n(x)) * ((x * n(x)) * ((x) * x))
= (n(x) *x)
(iii) Letx,yin X
We have,
N(» 1) = N(y,x *x)
=(N(y,x) *x) A (x * N(y,x))
= (x * N(y,%)) * ((x * N(y, %) * (N(y,%) *x))
=N(,X) *x
@iv) Let x,yin X

N(1,y) =N(1,y *1)
=(N(Ly)* DA =N(,1)

=(N(Ly) A *n(1)
=NL,y)A(y 1)
=N, y)Ay

v) Let x,yin X

N(y,1) =Ny *1,1)
=(N@, D+ A =N(,1)

=(N@y, D) A =n(1)
=Ny, DAy =*1)
=Ny, DAy

=1Ay

:1}’* (y * 1)

Proposition:2.10 Let X be the GK algebra and n be the trace of the LR
symmetric bi derivation on X. Then

(i) n(1) = N(x, 1) *x.
(i1) If N(x,1) =N(y,1) V x,y €X then nis1—1.
(iii) nis regular iff N(x,1) = x.

Proof:

(i) Let x € X. We know that x xx =1
We have,
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n(1) =N(1,1)
=N(x=*x,1)
=(N(x,1) *x) A (x *xN(x, 1))
=(N(x,1) *x)

(ii) Let x,y € X such that n(x) = n(y).

We have,

n(1) =N(x, 1) *x

and

n(1) =N(y, 1) = y.

This implies that

N(x,1) *x = N(y,1) * y.

Since N(x,1) = N(y,1) and by using cancellation law, we get
X=Yy.

Hence we get nis 1-1.

(ii1) Let n be regular.
We have
n(1) =N(x, 1) *x
Since nis regular
n(1) =1 implies N(x,1) *x = 1.
By axiom (iii) of GK algebra we have N(x,1) = x
Conversely ,

Let N(x,1) =x for some x in X.
= N, 1)*sx=xx*x

= N, D*xx=1

=>n1)=1

Hence n is regular.

Proposition:2.11 Let X be the GK algebra and n be the trace of the RL
symmetric bi derivation on X. Then

(1) n(1) = N(1,x) *x.
(ii) n(x) =n(x) A (x * N(x, 1))
(iii) If N(1,x) =N(1,y) V x,y €X then nis1—1.
(iv) nis regular iff N(1,x) = x.
Proof:

@) Let x € X. We know that x xx =1
We have,
n(1) =N(1,1)
=N(1,x * x)
=(N(1,x) *x) A (x *N(1,x))
=(N(1,x) *x)
(ii) Let xin X

n(x) = N(x,x)
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=N(x,x*x1)
=(N(x,x) * 1)) A (x *N(x, 1))
=(M(x) * 1) A (x*N(x, 1))

=n(x) A (x *N(x, 1))
If it is component wise regular , we get n(x) A x.

(iii)  Let x,y € X such that n(x) = n(y).

We have,
n(1) =N(1,x) *x
and

n(1) =N(Ly) *y.

This implies that

N(1,x) *x =N(1,y) *y.

Since N(1,x) =N(1,y) and by using cancellation law, we get
X=y.

Hence we get nis 1-1.

@iv) Let n be regular.
We have
n(1) = N(1,x) *x
Since nis regular
n(1) =1 implies N(1,x) *x = 1.
By axiom (iii) of GK algebra we have N(1,x) = x

Conversely ,
Let N(1,x) =x for some x in X.
= N(Lx)*x=x*x
= N(L,x)*x=1
=>n(1)=1
Hence n is regular.
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Abstract: In this paper we introduce the fuzzification of GK algebra. We discuss about the fuzzy sub algebra of GK
algebra and also fuzzy GK ideals of GK algebra and then we discuss about fuzzy Cartesian product of Fuzzy GK algebra

and some interesting theorems.
LINTRODUCTION

The notion of fuzzy sets was introduced by L.A.Zadeh [5] and the notion of fuzzy group was introduced by
Rosenfeld[3]. Later inspired by their results, O.G.Xi [4] introduced the notion of fuzzy BCK algebras. Afterwards
Y.B.Jun and J.Meng [2] was studied fuzzy BCK algebra. Nowadays many authors have introduced the fuzzification

of their work. In this paper we introduce the concept of fuzzy GK algebra.
II.LFUZZY SUBALGERA OF GK ALGEBRA

Definition:2.1 A fuzzy subset p of a GK algebra (X,*,1) is called a fuzzy GK subalgebra of X, if the following

conditions are satisfied
u(x *y) = min{u(x), u(y)} forall x,yin X.
Example:2.2

Consider X={1,2,3,4} is a GK algebra

Volume 16, Issue7, July - 2020 https://shjtdxxb-e.cn/ Page No: 919



Journal of Shanghai Jiaotong University ISSN:1007-1172

Define a mapping u: X — [0,1] by

09 if x=12

p(x) =
0.5 if otherwise

Then u is a fuzzy GK subalgebra of X.

Theorem:2.3 Intersection of any two fuzzy GK subalgebras of X is again a fuzzy GK algebra.

Proof:

Let u and 6 be any two fuzzy GK subalgebras of X.Then,

(und)(x *y) = min{u(x * y),8(x * y)}

= min{min{u(x), u(y)}, min{8(x), 5(y)}}

= min{min{u(x), §(x)}, min{p(y), 8(y)}}

= min{(k N 8)(x), (kN 5)(¥)}

(un&)(x *y) = min{(pN8)(x), (N &HY)}Ivxy€eX

Hence p N § is fuzzy subalgebra of X.

Definition:2.4

Let p be any fuzzy subset of a GK algebra and let s € [0,1]. The set U(u, s) = {x € X: u(x) > s} is called a level

subset of ¢ in X.

Lemma:2.5

Let (x,*,1) be a GK algebra.Let u be a fuzzy GK subalgebra of X. Let y € [0,1].Then,

@) U(u,y) is either @ or a GK subalgebra of X

(ii) u(l) =2 ulx) forall xeX.

Proof:
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(1) For any y € [0,1], assume that U(u,y) is non-empty.
Let x,y € U(,y). Then u(x) =y and pu(y)=vy.
We need to prove U(u,y) is a GK subalgebra , for that we have to prove x xy € U(u,y).
i.e.,, weneed to prove u(x*y)=y.
Now
p(x *y) = minf{u(x), u(v)}

= min{y,y} =y

cplxxy) Zy

(i) To prove u(1) = u(x)
p(1) = plx * x)
= min{u(x), u(x)} = pux)

Hence u(1) = u(x) forall x €X.

Theorem:2.6 1f y; and y, are fuzzy GK subalgebras of X, then y; X y, is a fuzzy GK algebra of X X X.
Proof:
For any (xy,X;) and (y;,y2) € X X X.
Now,
X(Cey, x2) * (¥1,¥2)) = x (%1 * Y1, %3 * ¥2)

= (X1 X X2) (%1 * Y1, %5 % ¥3)

=min {(r1 (g * 1), X2 (62 * ¥2)}

= min {min(y, (x1), x1 (1)), min(x,(x2), x2(r2))}

= min {min(x,(x1), x2(x2)), min(Q (v1), x2(72))}
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=min{ (x; X x2) (X1, %2), (1 X x2)(1 * ¥2)}
= min{y (x3, %2), ¥ (V1 * ¥2)}
Hence y is a fuzzy GK subalgebras of X X X.
III.LFUZZY GK IDEALS

Definition:3.1 Let X be a GK algebra. A fuzzy set u in X is called fuzzy GK ideal of X if it satisfies the following

conditions.

@ p(1) = pulx)

(i)  u(x*z) 2min{u(y *2),u(y *x)} Vx,y,z€X.

Example:3.2 Consider the above example (2.2). This is an example of fuzzy GK ideal.
Theorem:3.3
Every fuzzy GK ideal of a GK-algebra X is order reversing.
Proof:
Let u be a fuzzy GK ideal of a GK algebra X.
Let x, y€ X be suchthatx < y then x xy =y *xx = 1.
Now, we know that x * 1 = x.
p(x) = p(x = 1) = min{u(y = 1), u(y * x)}

= min{u(y), u(1)}

2 p1(y)

Therefore u is order reversing.

Theorem:3.4 1If p is a fuzzy ideal of GK algebra (X,x 1) and p,(x) = min{y, u(x)}vVx € X and y € [0,1] then

ty (x) is fuzzy GK ideal of X.
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Proof:
Let u be a fuzzy ideal of GK algebra and y € [0,1].

Therefore u(1) = u(x)vx € X.
Now, p, (1) = minfy, u(1)} = min{y, u(x)} = u, (x) Vx € X.
And we know that

u(x * z) = minfu(y = z), u(y * x)}

Now

Ho(x * z) = min{y, u(x * 2)}
= min{y, min(u(y * ), u(y * x))}
=min { min(y, u(y * 2)), min(y, u(y * x))}
= min{u, (y * ), u, (y * x)}
Hence p,(x) is fuzzy GK ideal of X.
Proposition:3.5
Let u be fuzzy GK ideal of GK algebra. If the inequality y * x < z holds in X, then
u(x) = minfu(y), u(2)}vx,y,z € X.
Proof:
Assume that the inequality y * x < z holds in X,
Then by theorem 3.3
L I € )
By the definition fuzzy GK ideal

uCx * z) = min{u(y * z), u(y * x)}

Put z=1
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Then pu(x * 1) = min{u(y = 1), u(y * x)}

p(x) = minfp(y), p(y * %)} -=-memmees )

From (1) and (2),

p(x) = minfu(y), u(2)}.

Definition:3.6

Let u and f be fuzzy subsets of a set S. The Cartesian product of u and p is defined by

(ux B)(x,y) = min{u(x), ()} Vx,y €S

Theorem:3.7

Let u and f be fuzzy GK ideals of GK algebra X. Then p X § is a fuzzy GK ideal of X X X.

Proof:

Let us consider

(x,y) eXxX

(ux p)(1,1) = min{u(1), (1)}

= min{u(x), B()} = (u X B)(x,y)

Now let (xl:xz); (YIl }’2); (le ZZ) EXXX

(U X B)(xq * 21, x5 * 25) = min{u(xy * z), B(xz * 2)}

= min{min{u (y; * z1), u(y1 * x1)}, min{B (¥, * 2,), B(¥, * x2)}}

= min{min{u (y; * 1), B(y2 * 22)}, min{u(y; * x1), By * x3)}}

=min{(u X B) (V1 * 21, Y2 * Z2), (U X B)(Y1 * X1, Y2 * X3)}

Therefore 4 X f is a fuzzy GK ideal of X X X.
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Theorem:3.8

Let puand B be fuzzy subsets of GK algebra X such that p X 8 is a fuzzy GK ideal of X X X.Then for all x € X,

) Either u(1) = u(x) or B(1) = B(x)
(i) u(l) = u(x)vx € X then either f(1) = u(x) or B(1) = B(x).
(iii) If B(1) = B(x)Vx € X, then either u(1) = u(x) or u(1) = B(x).

(iv) either p or f is a fuzzy GK ideal of X.

Proof:

6] Suppose that p(x) > u(1) and B(y) > B(1) for some y € X.
Then
(ux B)(x,y) = min{u(x), B(y)}
> min{ u(1),B(1)} = (ux B )(1,1)
This is a contradiction ,since u X f is a fuzzy GK ideal of X X X.
Hence we obtain (i).

(ii) Assume that x,y € X

u(x) > pQ) and B(y) > B(1)

Then we have

(ux B)(1,1) = min{u(1), B(1)}

> min{g(1), (1)} = B(1)

This implies that

(ux B)(x,y) = minfu(x), B(y)}

> min{g (1), (1)} = B(1)

> uxp)1)

This is a contradiction.
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Hence we obtain (ii)

(iii) By the similar way to part (ii)
(iv) In (i) we have

Either (1) = u(x) or B(1) = p(x)Vx € X .
We assume that (1) = B(x), without loss of generality,
It is from (iii) such that
Either pu(1) = pu(x) or u(1) = B(x)
If u(1) = B(x) for any x € X, then
(uxp)(1,x) = min{u(1), ()} =) —————— €y
Now we have to prove f is a fuzzy GK ideal .
For that, let us consider (x4, x,), (¥1,¥2), (z1,2,) € X X X, we have
Since u X B is a fuzzy GK ideal of X X X, we have
(1 X BY(xy * 21, %5 % 23) = min{(u X B) (y1 * 21,2 * 22), (1 X BY (V1 * X1, V2 * X2)}
Now,if we take x; = y; = z; = 1, then
(ux B)(A,x; * zp) = min{(u X B) (1,y7 * 22), (n X B)(L, y2 * x2)}
Since by (1), LHS becomes
B(xz * z;) = min{(u X B) (1, y, * z3), (u X B)(L, ¥z * x3)}

2 min{ min{u(1), B(y, * z2)}, min{u(1), B(y, * x2)}
= min{B(y; * z,), B(y2 * x2)}

B(xz * z;) 2 min{B(y; * 2,), B(y2 * x2)}
This proves that § is a fuzzy GK ideal of X.
Now we consider p(1) = u(x).
Suppose let us consider
u(1) < u(y) for some ye X
Then (1) = B(¥) > u(1)
Since u(1) = u(x)vx € X, then f(1) = u(x)

Hence (1 X £)(x, 1) = min{u(x), (1)} = p(x)------------- 3)
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Taking x, =y, =z, = 1in(2)
(X B)(x1 * 21,1) Z min{(u X B) (y1 * 21, 1), (u X )1 * x1, 1)}
By (3)
u(xy * z) = min{(u X B) (y1 * 21, 1), (u X B)(y1 * x4, 1)}
= min{ min{u((y; * z1), (1)}, min{u(y; * x,), (1)}
= minfu((y; * z1), u(y1 * x1)}
p(xy * z1) = min{u((ry * 1), u(yy * x1)}
This proves that u is a fuzzy GK ideal of GK algebra.
Therefore either p or B is a fuzzy GK ideal of GK algebra X.
IV.CONCLUSION
In this paper we introduced the concept of fuzzy GK sub algebras of GK algebra. We discussed about
fuzzy GK ideal and concept of Cartesian product of fuzzy GK algebra and some of the interesting
results were also discussed.
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STUDY OF ANTI-FUZZY GK SUB ALGEBRA AND
ANTI-FUZZY GK IDEAL

J.KAVITHA AND R.GOWRI

ABSTRACT. In this paper, we establish the theory of Anti-fuzzy GK
sub algebra and Anti-fuzzy GK ideals. We defined lower-level set of GK
algebra and discussed some of its aspects in this paper.

1. INTRODUCTION

In 1991, the fuzzification of BCK algebras was introduced by O.G. Xi [10]
discussed its characteristics and its properties. In 1993, the concept of Fuzzy BCI
algebra was introduced by B. Ahamed [1], in this study he explored the properties
of Fuzzy BCI algebras. In 2003, Ahn and Bang [2] introduced fuzzified B algebra
and in this article, they classified the sub algebras by their family of level sets.
Many authors [3-7] have introduced new algebraic structures and fuzzified the
same and obtained many interesting results and also derived new concepts of that
new algebraic structure. Inspiring by these kinds of articles, we introduced new
algebraic structure namely GK algebra [8]and fuzzified [9] it. In this paper we
discuss about Anti-fuzzy GK sub algebra and Anti-fuzzy GK ideal and brought
very interesting results.

2. ANTI-FUZZY GK SUB ALGEBRA AND ANTI-FUZZY GK
IDEAL

Definition 2.1. A fuzzy set pgr in GK algebra T is said to be an anti-fuzzy sub
algebra of T if

pgr(t ® J) < maxf{pgr(i), pgr(j)}, for all i,j € T.
Theorem 2.2. Let pgi is an anti-fuzzy sub algebra of GK algebra. Prove that
pgi(1) < pgr(i), for any i in T.
Proof. We know that ¢ ® j = 1 from the definition of GK algebra
Now, pyr(1) = prli ® )

< maz{pgr (i), pgr(7)} < pgr (i)

Therefore pgi(1) < pgr (7). O

Definition 2.3. Let py be any fuzzy subset of a GK algebra and let ¢ € [0,1].
The set T'(pgr,q) = {i € T : pgi < ¢} is called a lower-level subset of pg in T

2000 Mathematics Subject Classification. 08A72; 16Y80.
Key words and phrases. Fuzzy GK sub algebra, Anti-Fuzzy GK sub algebra, Anti-Fuzzy GK
ideal.
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Theorem 2.4. A fuzzy set pg in GK algebra is an anti-fuzzy sub algebra if and
only if for every q in [0,1], T'(pgr,q) is either ¢ or a sub algebra of T

Proof. Let us assume pgy is an anti-fuzzy sub algebra of T' and also lower-level
subset is non-empty. Then for any 4, j € I'(pgr, q)

we have, pgi(i ® ) < maz{py (i), pgi ()} < g

Therefore, i ® j € T'(pgk, q)-

Hence I'(pyy, is a sub algebra.

Conversely,

Now,Consider i,j € T

Take q = max{pgk(i), pgr(j)}-

Since I'(pgk, q) is a sub algebra of T,

=1 ®.] € F(ﬁg/ﬁ‘])

Therefore pgi (i ® j) < ¢ = max{pgk(i), pgr(j)}

Hence pgyy is an anti-fuzzy sub algebra. O

Definition 2.5. Let T be a GK algebra. A fuzzy set pg in T is called anti-fuzzy
GK ideal of T if it satisfies the following conditions.

(1) pgr(1) < pgr(i)

(i) pgr(i ® k) < maz{pgr(j ® k), pgr(j ® 1)}
for all 4,5,k € T.

Definition 2.6. Let (T,®7p,1) and (P,®p,1") be a GK algebra. Then the
mapping ¢ : T — P of GK algebra is called anti-homomorphism if
oc(i®rj)=o0(j) ®po(i) foralli,jeT.

Definition 2.7. Let o : T'— T be an endomorphism and pg; be a fuzzy set in T'.
We define fuzzy set in T by (pgr)e in T as (pgr)e () = (pgr)(0(2)) for every i € T

Theorem 2.8. Let pgi be an anti-fuzzy GK ideal of GK algebra of T' and if i < j,
then pgi (i) < pgr(j), for alli,j € T.

Proof. Let us consider ¢ < j, theni®j=1=j ® 1,
and pgr(i ® 1) = pgr(1) < maa{pge(j ® 1), pgr(j @ 4)}
= maz{pgr(j), pgr(1)} = pgr(d)-
Hence pgi(2) < pyi(y)-
Theorem 2.9. Let pg be an anti-fuzzy GK-ideal of GK algebra T. If the
inequality j ® 1 < k carry in T, then pgi(i) < max{pgk(7), pgr(k)}

Proof. Let us consider the inequality j ® ¢ < k carry in T
By theorem 2.8, pgi(§ ® 1) < pgr(k) wooveviiiiiiiiiiiiiiiiiicc, (1)
By definition of anti-fuzzy ideal of GK algebra
pgk (i ® k) < max{pgr(j ® k), pgr(j ® 1)}
Put k =1, then pgi(i ® 1) = pgi(i) < max{pgr(j ® 1), pgr(j ® 1)}
= maz{pgk(7), Pgk(J ® 1) }.ccerinnnnn (2)
From (1) and (2), we get
pgk(i) < max{pgk(j)apgk(k)}’ for all 4,5,k € T
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Conclusion. In this article, we defined and discussed about Anti-fuzzy GK sub
algebra and Anti-fuzzy GK ideal and also derived some important results. In
future we planned to work the concept of algebraic structure of GK algebra with
soft set, Neutrosophic set for obtaining new kind of results.
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Abstract

Objectives: To find the direct product of an algebraic structure namely as GK
algebra. Methods/Findings: We derive some important results in which direct
product of two GK algebra is again GK algebra as a particular case and also,
derive the general case of the same then after investigate the direct product of
kernel of GK algebra.

Keywords: Direct Product; Kernel; isomorphism; Homomorphism; GK algebra

1 Introduction

BCK-algebras and BCI-algebras are abridged to two B-algebras. The BCK algebra was
coined in 1966 by the Japanese mathematicians, Y. Imai and K. Iseki ). Two B-algebras
are created from two different provenances. In 2007, the new algebraic structure which is
said to be BF algebra, was explored by Andrze ] Walendziak ® which is a generalization
of BCI/BCK/B-algebras. In 2008, the generalization of B algebra called as BG algebra
initiated by Kim & Kim®. In 2009, another algebra which is generalization of BE
algebra and dual BCK/BCI/BCH algebras, namely CI algebra was initiated by Biao long
Meng®.

Direct product plays an important role in algebraic structures. In 2019, Slamet
Widianto, Sri Gemawati, Kartini ®7) were discussed about the Direct product of BG
algebra. Likewise, many authors have discussed this topic in their work. Motivated
by these, in this paper we discuss about direct product of GK algebra and obtain its
some interesting results. In 2018, we introduced the new algebraic structure namely GK
algebra® and discussed about its characteristics and investigated some results. In this
paper we discuss about the direct product of GK algebra and investigate its properties.

2 Direct product of GK algebra

2.1 Definition

Let (M,®,13) and (N,®,1y) be GK algebras. Direct product M x N is defined as a
structure M X N = (M x N;® ;(13s; 1)), where M x N is the set {(m,n)/m e M,n € N}
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and ® is given by

(my,n1) ® (mp,n2) = (my ®my,n ny)

This shows that the direct product of two sets of GK algebra M and N is denoted by M x N, which each (m,n) is an ordered pair.

2.2 Theorem

Direct product of any two GK algebras is again a GK algebra.
Proof:
Let M and N be GK algebras, let m|,my € M and ny,ny € N
We know that M x N = (M x N; ® ;(1p15 1n))
Sincely; e M, 1y €N
This implies that (17, ly) € M x N
. M XN isnon—empty.
Now let us prove it is GK algebra.
Letmi,my € M and ny,ny € N

L. (my,n)® (my,ny) = (my ®my,n; ®ny)
= (1pm, 1) by definition of GK algebra
2. (my,n1) @ (Iy, In) = (my ® ly,ng ® ly)
= (m,n1) by definition GK algebra
3. If (my,ny) ® (ma,na) = (1y, 1n) and (ma,n2) @ (my,ny) = (1, 1y)
then (m) ® ma,n; ®nz) = (I, 1y)
— m®my =1y and n; ®nr = ly
= mj =my and n| = ny by definition GK algebra.
4. [(m2,n2) @ (m3,n3)] @ [(my,n1) ® (m3,n3)]
= (my®m3,ny ®n3) @ (m ®ms,n; nz)
= {[(m2®m3) ® (my ®@m3)| ® [(n2 ®n3) ® (n ®n3)]}
= (M ®my,n ®ny)
= (mp,ny) ® (my,ny).
5. [(m1,n1) @ (m2,n2)] @ [(1n, Iv) ® (m2,m2)]
- [(m1 ®m2) (n1 @nz)] ® [(1M®m2) , (1N®n2)]
((M1 @my)® (1y ®m2)],[(n1 ®n2)®(1N®n2)]
(m1®1M,n1®1N)
= (m1,m)

Hence M x N is a GK algebra.

2.3 Theorem

Let {M; /(Mi;®;1) :i=1,2,3....n} and {N; /(N;;®;1) :i=1,2,3....n} be the family of GK algebras and let {; :

N;, i=1,2,3.....n be the set of isomorphism.

M; —

If & from T M; — [T N; given by § (m;), (i=1,2,3...n) = §;(m;), i =1,2,3...n, then { is also an isomorphism.

Proof :

Let {M; /(M;;®;1) :i=1,2,3....n} and {N; /(N;;®;1) :i=1,2,3....n} be the family of GK algebras and let

Gi: M; — N;, i=1,2,3.....nbe the set of isomorphism.

Let § from[T{ M; — [T N; given by § (m;),(i=1,2,3...n) = §(m;), i=1,2,3...n.
We have to prove { is an isomorphism.
If (mj,n;) € [T{ M; then § [(my,ma,.....my) @ (n1,n2,...... ny))
=Cfm®n;,m®n;...... my, ® ny)

=(Ci(my ®n),L(my®ny)...... Cu(my, ®ny))

= ((Gi(m) @& (n))), (Ga(my) ®Ea(n2)) - (8, (mn) @ (1))
= (G10my), &a(my),....... Ca(mn)] @ (Gi(ny), Ga(my),ov. Cn(mn)]

=f(mi,my,....my) ® C(ni,ny,...... ny,)
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This implies that  is a homomorphism.
We have to prove { is onto, we have {; is onto, where i=1,2,3....n.

Let (n,na,...... ny) ENp XNy X ... X N,

= Since { is onto, n; € N;, there exists m; € M; such that §;(m;) =n; fori=1,23...n
= (n1,na,...... ny) = [(Ci(my), &(my),....... Co(my)] = & (m1,my,....my,)

= (isonto.

Now, to prove { is 1 — 1.

§(mi,my,....my) = E(ny,na,...... )

[(Gi(my), G(my),....... Cu(mn)] = [(Gi(ny), G(ny),....... Cn(nn)]
= Gi(m;) = G(n)

= m; = n; , where i=1,2,3....n, since {; is 1-1.

= (my,ma,....my) = (n1,ng,...... ny)

— Cis1—1.

Hence ¢ is an isomorphism.

2.4 Theorem
Let M;,N;, i = 1,2 be GK algebras. consider the mapping §; : M| — N and

& 1 My — N, where ), §, are homomorphisms. If the map § : M| x My — Nj X N; given by

¢ (my,my) = (£, (m1), 8 (my)), then

1. { is ahomomorphism.
2. Ker § = kerl; x ker(;.

Proof:

Let us consider the mapping §; : My — Ny and & : My — N, where §;, {, are homomorphisms.

If the map § : M| x My — Ny X N, given by § (my,ny) = (& (m1), & (m1)),
for my,mr € My and ny,n, € M, then

o Gllmi,m) @ (ma,n2)] = C(my ®ma,m ®ny)
= (81 (m@my), & (n1 ®ny))

(m1) ® &1 (my), & (n1) ® &(ny))

(m1), 82 (m1)) @ (&1 (m2), & (n2))

my,ny) @ & (ma,n2)
Therefore ¢ is a homomorphism.

o Let (m,n) eker{ < {(m,n) = (1p,,1p,)
= (4 (m), &o(n) = (s )
= Ci(m) =1m,,82(n) = Lu,
<=m € kerl) ,n€kerl,
< (m,n) € kerl xkerl,.

Hence Ker § = ker{) x ker(,.

3 Conclusion

In this article we discussed about the concept of the direct product of GK algebra. We derived the finite form of direct product
of GK algebra is isomorphism and also, we investigated and applied the concept of direct product of GK algebra in GK

homomorphism and GK kernel, then obtained interesting results.
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