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M Sc. DEGREE EXAMINATION, NOVEMBER 2023.

Time : Three hours

. - Mathematics
REAL ANALYSIS

Maximum : 100 marks

Answer ALL the questions. ~

Subdivisions (a), (b) and‘(c) in each questions carries -
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6 and 10 marks respectively.

Prove _thét evéry neighbourhood .is an
open set. '

Prove that e is irrational.

Suppose K ¢ Y c X. Then prove that K

is compact relative to X iff K is compact
relative to Y .

Or

State and prove'Weierstra'ss theorem.

7

Prove that compact subsets of metric

- spaces are closed.

Or

(i)

: that

Suppose s,, tn', are complex sequénces
and lims, =s, limt, =t. Then prove

nN—>wx R AN

Q) lim(s, +t ) =s+¢
R Jed

@ lim(s,t,) = st |

2. (@ @
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- (3). lim{es,) = cs for any number c.
: n—>® -

Define a continuous function.

Define loc;d_l' maximum of a fuxlctiqn. :
Suppose f is continuous 61ﬁ [a, b], f(x)
exists at some poibnt xela, bl g is

. defined on an interval 1 which contains

the range of f, and g is differenﬁiable at
the point f(x). If A(t)= g(f(t)), (a<t<b)
then prove that h is differentiable at x, .

© and K(x) = g(/(x)f'(x).
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- Or

Suppose - f is a réal differenfciable
[a;6] and

function on suppose

f'(@)< A< f(b). Then prove that there is

a point x € (a, b) such that f'(x)=41.
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Let f be a continuous mapping of a

L compact metric space X 1nto a metrlc

- )

(i1)

()

space Y. Then prove that f is umformly
continuous on a compact fetric space X .
Or

State and prove Taylor’s theorem.

~ Write the integratibn by parts formula.

Define common refinement.

, b b
Prove that [ fda < [fda:
a S a )

Or .

State and prove the fundamental

‘ “theorem of caleulus.

Prove that ’,’?(a) on [a, b] iff for every

€>0 there ex1s_ts a partition P such that

U(P1 f’va)—L(Pi fad)ﬂfE}

Cor
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4.

(i)

Let fef;?(a)'on [a, b] For a<x<b, put
F(x) I f(t)dt Then prove that F is

continuous on [a b}; Furthermore, if f -

.+ is continuous at a point x, of [a, b]; then

~ also prove that F is dlfferenmable at xo,

@ @
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and F’ (xo) f(xo)

D_efme p01ntw1se convergence with an

~ example.
Define pointwise bounded with an e
example. ’
Let a be monotonically increasing

“onfa, b]. Suppose f, € Z (@) on [‘a,:b]\, for

n=123,.. and

uniformly” on [a, b].

suppose

hof
Then prove. that

b : :
fe&(a)on [a,b],and j fda =limfda .

If K is a compact metric space, if
f,eCK) for n=1,23,.., and if {f,}
converges umformly on K, then prove

that {f,} is equlcontmuous on K.
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Suppose f, - f uniformly on a set K in
a métric space. Let x be a limit point of

E and suppose that lti:mfn(t)‘:An,

. ’(n=.,1-,.2,3,.«..). Then .pro_ve that {A,}

. converges and lim f(¢) = lim Anv.
- : t—x T30 .

(i)

@ @
(i)

®) @
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. Or

State and prove the Stone-Weierstrass

‘theorem.

State Lebesgue’s monotone convergence -

theorem.
Define outer measure.

Suppose f = f,+f,, where e (u) on

E(i=1,2). Then prove that fe.¥ (u) on’

E, and JE fdu = IE fidu + JE fzdp..

"Or '

State and prove fatow’s theorem.
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©) (i) €] Le‘t'f and g be a measurable real:

valued functions defined on X ,‘ let

F be real and continuous on R?,‘
- and 'jput h(x): F(f(x), g(x)) where

xeX. Then prové* that h is

measurable, -

(2 If f s measﬁfable then prove that

|f] is measurable.

Oriv

(i) State and prove Lebesgue’s dominated -

- convergence theorem.
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