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ABSTRACT

We investigate the influence of field-like torque and the direction of the external magnetic field on a one-dimensional array of serially
connected spin-torque nano oscillators (STNOs), having free layers with perpendicular anisotropy, to achieve complete synchronization
between them by analyzing the associated Landau-Lifshitz—Gilbert-Slonczewski equation. The obtained results for synchronization are dis-
cussed for the cases of 2, 10, and 100 oscillators separately. The roles of the field-like torque and the direction of the external field on
the synchronization of the STNOs are explored through the Kuramoto order parameter. While the field-like torque alone is sufficient to
bring out global synchronization in the system made up of a small number of STNOs, the direction of the external field is also needed
to be slightly tuned to synchronize the one-dimensional array of a large number of STNOs. The formation of complete synchronization
through the construction of clusters within the system is identified for the 100 oscillators. The large amplitude synchronized oscillations
are obtained for small to large numbers of oscillators. Moreover, the tunability in frequency for a wide range of currents is shown for the
synchronized oscillations up to 100 spin-torque oscillators. In addition to achieving synchronization, the field-like torque increases the fre-
quency of the synchronized oscillations. The transverse Lyapunov exponents are deduced to confirm the stable synchronization in coupled
STNOs due to the field-like torque and to validate the results obtained in the numerical simulations. The output power of the array is
estimated to be enhanced substantially due to complete synchronization by the combined effect of field-like torque and tunability of the
field-angle.
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Since the last decade, the study of spin-torque nano oscillators
(STNOs) has attracted considerable interest. They have been con-
sidered not only as magnetic models to study nonlinear dynam-
ics at the nanoscale level but also as promising candidates as
nanoscale microwave generators, which show many promising
applications. Although the STNO can present such an excellent
frequency tunability in the GHz range and is fully compatible
with a high level of integration, two significant constraints are
faced by an STNO in achieving the required high output power
and low linewidth. One of the solutions to gain the needed out-
put power is by synchronizing an array of STNOs through stable
synchronized oscillations. Due to their highly nonlinear

behavior and wideband frequency tunability, STNOs can be
synchronized by taking advantage of different types of cou-
pling. There has been a few attempts in the literature to
achieve synchronization of STNOs in large arrays through appro-
priate interactions and couplings. In this article, we propose
to investigate an one-dimensional array of STNOs connected
in series, which couple themselves through self-emitted cur-
rents under field-like torque for their synchronization. The
significance role of field-angle (angle between external mag-
netic field and out-of-plane axis) is carefully explored. Our
main objective here is a demonstration of approaching a
global synchronization in an extensive array of STNOs through
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different collective dynamical modes. Our findings may have
potential applications in STNO-based information processing
and digital computation applications.

I. INTRODUCTION

The study of synchronization phenomenon in STNOs has
been the subject of active research in recent years due to its
potential applications for the generation of microwave signals in
the nanoscale regime.'~ Some significant efforts have been made
to study magnetization dynamics and synchronization of coupled
STNOs driven by spin-polarized current,” external microwave cur-
rent or through a microwave magnetic field,” spin waves," magnetic
fields*'? and electrical couplings.'' The process of synchronization
of STNOs is more desirable for enhancing the efficiency, the quality
factor, and the oscillation frequency of the practical STNO devices
such as the high-density microwave signal processors and chip-to-
chip communication systems.''~"” Further, it has attracted much
attention from the viewpoints of fundamental physics and practi-
cal applications such as brain-inspired computing and microwave-
assisted magnetic reading.'*""’

Studies of N electrically coupled STNOs show that each STNO
leads to act as feedback between the STNOs, causing them to syn-
chronize, and collectively the power of the microwave output of the
array increases by N* times.”’ A small region of synchronization of
serially connected STNOs is identified in the parameter space,’’ and
the inadequacy of the synchronization region is due to the coexis-
tence of multiple stable attractors which leads to the synchronization
regime being susceptible to initial conditions.”* Turtle et al. showed
that the basin of attraction for getting the synchronized oscillations
enhances by changing the angle of the applied magnetization field.”
Further, the existence and stability of the synchronized state and the
conditions to synchronize the individual precessions have also been
studied in an array of N serially connected identical STNOs coupled
through current, which have been clearly demonstrated in Ref. 5.
Recently, mutual synchronization between two parallelly connected
STNOs, coupled by current, has also been identified.”

However, the significant issues in the system of coupled STNOs
include the formation of multistability and decrement in frequency
while increasing the current, especially at larger currents.” The exis-
tence of multistability prevents the system from exhibiting stable
synchronized oscillations for all initial conditions. Removing this
multistability and making the system exhibit stable synchronized
oscillations are challenging tasks. Also, a decrease in the frequency
of synchronized oscillations while increasing the current limits the
enhancement of frequency beyond particular value.

These two important issues are addressed in this paper by
investigating the global synchronization in serially coupled STNOs
having perpendicular magnetic anisotropy for their free layers.
Moreover, the global synchronization for the STNOs with perpen-
dicular anisotropy is yet to be studied. A recent work by the present
authors confirms that multistability can be removed by incorporat-
ing the field-like torque to a system of coupled STNOs.** In addition
to this, the field-like torque is capable of stabilizing self-oscillations
in STNOs” and spin-Hall oscillators.”® In this connection, we are
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motivated to investigate the role of field-like torque on synchro-
nizing serially connected and electrically coupled STNOs having
free layers with perpendicular magnetic anisotropy and in-plane
magnetized pinned layers. The main reason for choosing perpen-
dicular magnetic anisotropy is that it is robust against thermal
fluctuations and provides high storage density.”** Also, this type
of STNO with perpendicularly magnetized free layer and in-plane
magnetized pinned layer is highly focused for high frequency spin-
tronics due to a large emission power, narrow linewidth, and wide
range tunability of the frequency.”

In this paper, we investigate global synchronization in the
one-dimensional (1D) array N serially connected and electrically
coupled STNOs having perpendicular magnetic anisotropy in the
presence of field-like torque by numerically solving the associated
Landau-Lifshitz—Gilbert-Slonczewski (LLGS) equation. We prove
that if the number of oscillators N is low, the field-like torque plays
a crucial role in synchronizing them. On the other hand for large N,
along with the field-like torque, the direction of the external field is
also needed to be tuned slightly for the onset of complete synchro-
nization. The Kuramoto order parameter is computed to measure
synchronization. The synchronization is discussed separately for
N =2, 10, and 100 STNOs. The tunability of the frequency of the
synchronized oscillations for a wide range of the current and incre-
ment of the frequency by the field-like torque are also confirmed.
The stable synchronization due to the field-like torque is theoreti-
cally verified with the transverse Lyapunov exponent and it validates
the numerical results.

Il. MODEL EQUATION FOR 1-D ARRAY OF N SERIALLY
CONNECTED STNOS

We consider a system that consists of N serially connected
STNOs along with a load resistance R¢ as shown in Fig. 1. Each
oscillator consists of a perpendicularly magnetized free layer, where
the direction of magnetization is allowed to change and an in-plane
magnetized pinned layer where the direction of magnetization is
fixed along the positive x-direction. The unit vector along the direc-
tion of free layer’s magnetization is given by m; = (mj, m;,, m;;),
where m;,, mj,, and m;, are the x, y, and z components of the unit
magnetization vector m;, j =1,2,3,...,N, respectively. The z axis is
kept perpendicular to the plane of the free layer, and ey.e,, and e,
are unit vectors along the positive x,y, and z directions, respec-
tively. The unit vector along the direction of magnetization of the
pinned layers is given by p(=e,). The LLGS equation that governs
the magnetization of the free layer of the jth STNO is given by******!

T = —ym; X Heyy; + amy X T
+yuljm; x (m; x p) + yupLlm; xp,j=1,2,...,N.

o

Here, H,y; is the effective field, given by Hey; = H, sin 6je,
+ [H, cos 0 + (Hy — 4w M;)m_jle,, which includes the externally
applied magnetic field H,, magnetocrystalline anisotropy field Hy
and shape anisotropy field (or demagnetizing field) 4w M;. The
quantity 6, is the angle of the externally applied field from e,,
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FIG. 1. 1D array of N STNOs electrically coupled in series with all-to-all coupling.
R; and J; are the resistance and current passing through the j STNO. R is the
load resistance, I, is the input current, and p is the unit magnetization vector of
the pinned layers.

which may be denoted as the field-angle. M; is the saturation mag-
netization, y is the gyromagnetic ratio, « is the Gilbert damping
parameter, 8 is the strength of the field-like torque and p is given
by

hn
"~ 2eM,V(1+m;-p)’

Iz @)
In Eq. (2) h = h/27 (his Planck’s constant), V is the volume of the
free layer, e is the electron charge, n and A are dimensionless param-
eters which determine the magnitude and the angular dependence
of the spin transfer torque, respectively. The current through the jth
STNO is given by”

N -1
L =1Ia {1 — Y Bar(m;- p)} ; ®)

i=1
where I;c and Bag, take the form
RCI() AR!

Ij=———F— and ﬂARiz— .
© R+ YN Ry R+ Y1, Ry

The term Zfil Ry indicates the all-to-all coupling between
the N STNOs. The input I, is a known DC current. Here,
Ro,’ = (Rpi + RAP,')/Z and AR, = (RApi — Rp,)/z The quantities Rp,'
and Rup; are the resistances of the ith STNO in the parallel and
anti-parallel magnetization states, respectively.

To understand the dynamics of the magnetization of the free
layer, Eq. (1) is numerically solved by the Runge-Kutta fourth order
method for the material parameters”>*>* M, = 1448.3 emu/c.c.,
Hi = 18.6kOe, n = 0.54, . = 1%,y = 17.64 Mrad/(Oes), o = 0.005,
and V=7 x 60 x 60 x 2nm?’. Throughout our study, H, is fixed
as 2.0 kOe. Also, the values of R, R;, and AR; are maintained as 50,
0.1, and 0.03 €, respectively.”’

lIl. SYNCHRONIZATION OF 2 STNOS

To begin with, we consider two serially connected STNOs in
the circuit along with a load resistance Rc as shown in Fig. 1.
The corresponding LLGS equation for the two coupled STNOs is
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FIG. 2. (a) Time evolutions of m, (black solid line) and my, (red solid line) for
B = 0and (b) time evolutions of my4 (black solid line) and my; (red bullet points)
for 8 = 0.2. Phase portrait between m,s and my, for (c) 8 = 0, (d) 8 = 0.05,
() B =0.1,and (f) 8 = 0.2. Here, Iy = 2.5mA, 6, = 0° and N = 2.

given by Eq. (1) with N = 2. To begin with, the steady oscillations
are obtained in the absence of the field-like torque by the current
Iy = 2.5mA and 6, = 0°. The time evolutions of the x-component
of the magnetization of the two oscillators m,; (black solid line) and
my, (red solid line) are plotted in Fig. 2(a) for the duration between
the times 998 ns and 1000 ns. It is observed that the oscillations of the
two STNOs are not synchronized with each other. However, in the
presence of the field-like torque, the oscillators get synchronized and
exhibit synchronized oscillations. The synchronized oscillations of
my (black solid line) and m,, (red bullets) are confirmed in Fig. 2(b),
where the strength of the field-like torque 8 is 0.2 while I, = 2.5 mA
and 6, = 0°. The initial conditions for the two STNOs are taken near
the positive z axis since anisotropy is perpendicular along the z axis.
From Figs. 2(a) and 2(b), we can understand that the system of 2
STNOs can be synchronized by the field-like torque.

To observe the impact of increase in the strength of the field-
like torque on synchronization, the phase portrait plots are plotted
between the x-components of the unit magnetization vectors m; and
m,, namely, m,; and m,,, in Figs. 2(c)-2(f) for different values of
B =0, 0.05, 0.1, and 0.2, respectively. When the value of 8 is 0,
the curves in the m,; and m,, plane are more separated as shown
in Fig. 2(c). The separation is reduced as the strength of field-like
torque is increased, see Figs. 2(d) and 2(e), and when it is 0.2, there
is no separation between m,; and m,, as shown in Fig. 2(f). The
straight line at 45° with respect to m,; means that m,; and m,, are
perfectly synchronized with each other. Figures 2(c)-2(f) confirm
that the field-like torque can bring the coupled oscillators toward
their synchronization. From Fig. 2(a), we can note that the range and
frequency are the same for both of the oscillators. It means that there
is alag between the two oscillators in the absence of field-like torque.
It can also be observed in Figs. 3(a) and 3(b) where the trajectories
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of the magnetizations of the two STNOs are plotted in the green
solid line for 8 = 0 and B = 0.2, respectively. The black dotted lines
plotted in the green lines of Figs. 3(a) and 3(b) are the respective tra-
jectories of the second oscillator. The two black color bullet points in
the trajectories corresponding to 8 = 0 indicate the instantaneous
magnetization states of the two oscillators at time t = 1000 ns. It
clearly shows that the two oscillators follow the same trajectory in
the absence of the field-like torque, whereas for § = 0.2, the mag-
netization of the two oscillators takes exactly the same position at
time t = 1000 ns. Figure 3(a) confirms that the presence of field-
like torque can synchronize the desynchronized oscillations of the
STNOs. The synchronization between the STNOs can also be iden-
tified by the Kuramoto order parameter, also called the coherence
parameter which is given by

0<R<1,

N
E A
k=1

1
R=—
N

where ¢ = tan™!(m,/my) is the azimuthal angle of the magne-
tization of the kth STNO in the plane of e, and e,. Direct calcu-
lations can show that when R = 0 the STNOs are asynchronous
and when R = 1 they exhibit complete synchronization. To visual-
ize the impact of the field-like torque on synchronization, the order
parameter R is plotted against the strength of field-like torque §
when Iy = 2.5mA and 6, = 0° in Fig. 3(b), where we can clearly see
that the value of R is well below 1.0 at 8§ = 0 and increases with 8
and reaches the value 1.0 around 8 = 0.1. This means that in the
absence of field-like torque, the oscillations are asynchronous and
can be synchronized by a suitable strength of the field-like torque.
As shown in Fig. 3(b) that there is no gradual increase in R with
B toward 1.0, which is due to the fact that the initial conditions
for every value of 8 have been taken randomly around e, without
maintaining any uniformity in their choice.

To confirm the onset of synchronization and the essentiality
of the field-like torque for synchronization over a wide range of
currents, in Fig. 4(a), the order parameter R is plotted against the
current for 8 = 0 and 0.2 when I > 1.6 mA and ), = 0° as no oscil-
lations occur below I, = 1.6 mA. It is observed that the two STNOs
exhibit asynchronous oscillations in the absence of field-like torque
for all the currents. This can be confirmed by the fact that the val-
ues of R are well below 1.0 for B = 0. Also, the tunability of the
current alone, without the field-like torque, does not lead to syn-
chronization between the two oscillators. When g = 0.2, the values
of R for Iy > 1.6 mA equals 1.0, which implies that the two STNOs
can exhibit synchronous oscillations due to the field-like torque.
Figures 3(b) and 4(a) confirm that complete synchrony is achieved
by the field-like torque. The frequency of the two STNOs are plot-
ted when the two STNOs are (i) desynchronized (8 = 0) and (ii)
synchronized (8 = 0.2) in Fig. 4(b). As observed in Fig. 2(a) the fre-
quencies of the two oscillators in the absence of field-like torque are
the same. From Fig. 4(b) we can observe that the frequencies of the
two STNOs are increased due to the field-like torque. This implies
that in addition to achieving complete synchronization the field-like
torque also enhances the frequencies of the synchronized STNOs.

pubs.aip.org/aip/cha

6]

0.2
0 0.05 0.1 0.15 02 025 03

B

FIG. 3. Magnetization trajectories (between t = 999 ns and t = 1000 ns) of m,
(green solid line) and m; (black dotted line) with their corresponding instanta-
neous magnetization states (black bullets) at t = 1000 ns for (a) 8 = 0 and (b)
B = 0.2. (c) Order parameter R against the strength of field-like torque 8. Here,
lp =25mA, 6, =0°and N = 2.

IV. SYNCHRONIZATION OF 10 STNOS

To check whether the field-like torque is able to synchronize
when more STNOs are added within the system, the number of
STNOs, N, is increased from 2 to 10. The corresponding LLGS
equation is again given by Eq. (1) but now with N = 10. The time
evolutions of #1,;, My, . .., My are plotted in Figs. 5(a) and 5(b)
in the absence and presence of the field-like torque, respectively,
when I, = 2.5mA and 6, = 0°. From Fig. 5(a) we can understand
that in the absence of the field-like torque, there exists no com-
plete synchronization between them. However, when the field-like
torque is present the asynchronized oscillations get synchronized
as confirmed in Fig. 5(b). The magnetization trajectories of the ten
oscillators are plotted in Fig. 5(c) for 8 = 0 as red solid lines and for
B = 0.2 as blue solid lines. The black bullets are the instantaneous
magnetization states of the ten oscillators at + = 1000 ns on their
respective trajectories. The ten oscillators follow the same trajectory
in the absence of the field-like torque. If we count the number of
black bullets on the trajectory corresponding to g = 0, we will end
up with 7 instead of 10. It implies that among the ten oscillators, two
or more oscillators can synchronize individually and form clusters
within the system. However, when the field-like torque is applied, all
the oscillators are completely synchronized as shown by the single
black bullet on the trajectory corresponding to 8 = 0.2. The order
parameter is plotted in Fig. 5(d) against  when I = 2.5mA and
0, = 0°. It is clearly visible that the value of the R reaches the value
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FIG. 4. (a) The order parameter R and (b) the frequency f against current I for
2 STNOs when B8 = 0 and B = 0.2. Here, 6, = 0° and N = 2.

1.0 when 8 > 0.05, which means that a small strength of the field-
like torque can completely synchronize the ten oscillators. Again the
zig-zag increment of R against 8 before reaching the value 1.0 is
due to the randomness of the choice of initial conditions for the ten
oscillators at each value of .

To confirm the synchronization of the 10 STNOs for a wide
range of current due to the field-like torque, the order parameter is
plotted against the current for different values of 8 = 0, 0.1, 0.2, and
0.3 in Fig. 5(e) while 6, = 0°. From this figure, we can realize that
complete synchronization is not possible by increasing the current
alone without the field-like torque. If we increase the strength of the
field-like torque from 8 = 0 to 0.3, the range of the current at which
synchronization is possible increases. Also, we can observe that the
synchrony is lost at higher values of the current for lower strengths
of the field-like torque. However, when 8 = 0.3, we can see that
complete synchronization is achieved even at higher values of cur-
rent. The frequency for the ten STNOs at their synchronization state
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FIG. 5. Time evolutions of my, i=1,2,...,10 for (@) B =0 and (b) B
= 0.2. (c) Magnetization trajectories (between t = 999 ns and t = 1000 ns) of
m;,i = 1,2,...,10, with their corresponding instantaneous magnetization states
(black bullets) at t = 1000 ns for 8 = 0 (red solid line) and 8 = 0.2 (blue solid
line). Variation of order parameter R against (d) the coefficient of field-like torque
for Iy = 2.5mA and (e) the current. (f) Frequency with respect to the current.
Here, 6, = 0° and N = 10.

is plotted in Fig. 5(f) for two different values of 8 = 0.2 and 0.3 and
it confirms that the frequency of the synchronized oscillations can
be increased by the strength of the field-like torque.

V. SYNCHRONIZATION OF 100 STNOS

To validate the synchronization due to the field-like torque in
alarge 1D array of STNOs, the system is now enhanced to N = 100.
The governing dynamical equation is then again given by Eq. (1) but
with N = 100. The spatiotemporal plots for the m, components of
all the 100 oscillators are plotted in Figs. 6(a) and 6(b) for B =0
and 0.2, respectively, when I, = 2.5mA and 6, = 0°. It is clearly
identified that complete synchronization is not achieved due to the
field-like torque even with the strength 8 = 0.2. We have verified
that there is no synchronization even if the strength of the field-
like torque is increased above 0.2 (results not shown here). However,
the presence of the field-like torque leads to the formation of differ-
ent clusters (i.e., different groups are formed within the system and
complete synchronization is exhibited within some of these indi-
vidual groups) within the system as shown in Fig. 6(b). However,
when the direction of the external magnetic field is slightly tilted
from 6, = 0° to 6, = 6°, in the presence of field-like torque strength
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FIG. 6. Spatiotemporal for my, i = 1,2, ...,100 for (a) 8 = 0.0 and 6, = 0°,
(b) 8 =0.2and 6, =0°,(c) B =0.2and 6, = 6°and (d) 8 = 0and 6, = 6°.
Here, Iy = 2.5mA and N = 100.

B = 0.2, all the oscillators get completely synchronized with each
other as shown in Fig. 6(c). Unlike the previous cases where syn-
chronization was achieved only with the field-like torque alone (and
0r = 0) for N = 2 and 10, the system of 100 STNOs now requires
a slight tunability in the direction of the external magnetic field in
addition to the presence of the field-like torque. One may doubt
that the tunability in the direction of the magnetic field alone can
bring complete synchronization without the introduction of the
field-like torque. To verify this possibility, the spatiotemporal plot
for I = 2.5mA and 6, = 6° is plotted in the absence of the field-like
torque. It can be clearly observed from Fig. 6(d) that the tunability
in the direction of the external field only succeeds to form clusters
within the system. Also, it has been verified that there is no com-
plete synchronization in the entire range of 6, = 0°-180° in the
absence of the field-like torque (results not shown here). Figures
6(a)-6(d) clearly demonstrate the essentiality of the field-like torque
as well as the tunability in the direction of the external field for
achieving complete synchronization of 100 STNOs. The magneti-
zation trajectories corresponding to Figs. 6(a)-6(d) are plotted in
Figs. 7(a)-7(d), respectively. The black color bullets on the trajecto-
ries indicate the magnetization state of each of the 100 oscillators at
the time ¢t = 1000 ns. The continuous presence of the black bullets
on at the trajectory of Fig. 7(b) indicates that the field-like torque
forms a group of closely oscillating STNOs. Also, the total number
of the black bullets in the trajectory is less than 100, which implies
the formation of clusters within the system. The single black bullet in
the trajectory in Fig. 7(c) confirms the complete synchronization of
the 100 STNOs due to the change in the direction of the external field
from 0° to 6° and the presence of the field-like torque with 8 = 0.2.
It also confirms that the same magnetization state is acquired by
all the 100 STNOs. Apart from achieving complete synchronization,
the resultant synchronized oscillations exhibit a large amplitude of
the oscillations as shown in Fig. 7(c). Figures 6(d) and 7(d) plotted
for N =100, 8 =0, I, = 2.5 mA and ), = 6° affirm that only clus-
ters are formed within the system by varying the field-angle in the
absence of the field-like torque.

To visualize the impact of the field-like torque as well as the
field-angle 6, on the synchronization of the serially coupled STNOs,

pubs.aip.org/aip/cha

FIG. 7. Magnetization trajectories (between { = 999 ns and t = 1000 ns) of m;,
i=1,2,...,100, with their corresponding instantaneous magnetization states
(black bullets) at t = 1000 ns for (a) B = 0.0, 6, = 0°, (b) B = 0.2, 6, = 0°,
() =0.2,6,=06°and (d) B =0, 6, = 6°. Here, [ = 2.5mA and N = 100.

Figs. 8(a)-8(d) are plotted for the order parameter R. In Fig. 8(a)
the order parameter is plotted against the strength of the field-like
torque for 6, = 0° and 6° when I, = 2.5mA. When the field-angle
is 0° the order parameter is well below 1 for the strengths of the field-
like torque B in the entire range from 0 to 0.3. On the other hand,
when the field-angle is fixed as 6° the order parameter reaches the
value 1 for 8 > 0.11. Thus, one may note that synchronization by
the field-like torque is not possible with the external field applied
along the z axis (so that the 6, = 0°). However, a slight tunabil-
ity in the field-angle to 6, = 6° induces a complete synchronization
between the oscillators. Figure 8(b) shows the variation of the order
parameter against the current, and one may note that the value of
the order parameter does not reach the value of 1 even for a large
strength of the field-like torque, 8 = 0.6, when 6, = 0° and for the
field-angle 6, = 6° when B = 0. This figure confirms that complete
synchronization can be achieved only when tuning the field-angle in
the presence of the field-like torque.

To verify the existence of synchronization over a wide range of
current, the order parameter is computed for currents ranging from
1.2 to 10.0mA and it is plotted in Fig. 8(c) for different values of
B =0.2,0.3,and 0.6 while 6, = 6°. We can observe from this figure
that the oscillators are not synchronized when the value of current
is low and they get synchronized for I > 2.1 mA when 8 = 0.2 and
0.3 and for I > 1.9 mA when 8 = 0.6. It evidences that the increase
of the field-like torque reduces the magnitude of the current for the
onset of the synchronized oscillations. Figure 8(c) confirms the syn-
chronization between the 100 STNOs for a wide range of currents
by tilting the external field in the presence of the field-like torque.

Further, to investigate the range of the field-angle 6), for which
synchronization is possible, Fig. 8(d) is plotted between the order
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FIG. 8. The order parameter R for 100 STNOs against (a) 8 for 6, = 0° and 6° while ly = 2.5mA, and against current for (b) (65, 8) = (0°,0.6), (6°,0) and (c) (6, B)
= (6°,0.2), (6°,0.3) and (6°,0.6), and against (d) field-angle 6, for 8 = 0 (black, A), 0.2 (red, o), 0.3 (blue, <) and 0.6 (gold, L) while ly = 2.5 mA.

parameter R and the angle 6, for different values of 8 = 0, 0.2, 0.3,
and 0.6 while I, = 2.5 mA. From Fig. 8(d), it can be observed that in
the absence of the field-like torque, there is no possibility of synchro-
nization by tuning the direction of the external field. If the strength
of the field-like torque is increased to 8 = 0.2 from 0, the oscillators
are synchronized for the field-angles in the range 4.6°-6.4°. When
is increased further to 0.3 the range of field-angle includes 4.5°-7.4°
for complete synchronization. The range of the field-angle for the
complete synchronization can be extended further to 2.8°-10° by
increasing the strength of the field-like torque to 0.6 as shown in
Fig. 8(d). Hence, the above study indicates that complete synchro-
nization is not possible by considering the tunability of field-angle in
the absence of field-like torque. However, the presence of field-like
torque induces the synchronized oscillations while the field-angle
is tuned and it also enhances the range of field-angle for complete
synchronization.

The frequencies of the 100 synchronized oscillators are plot-
ted in Fig. 9(a) with respect to the current for different values of
the strengths of field-like torque, g = 0.2, 0.3, and 0.6. The figure
confirms the tunability in frequency for a wide range of currents.
Also, an increase in the strength of the field-like torque enhances
the frequency at a given current. Hence, in addition to synchroniza-
tion the presence of the field-like torque also enhances the frequency

of the synchronized oscillations. The phase portraits between m,;
and m,; for I, = 2.5mA are plotted for (i) g =0, 6, = 0° with
black lines (cluster) and (ii) 8 = 0.2, 6, = 6° with blue line (syn-
chronized state) in Fig. 9(b). It evidences that the large amplitude
synchronized oscillations are exhibited for m, and m,. The above
mentioned large amplitude of the synchronized oscillations, espe-
cially for a larger number of coupled STNOs, may benefit toward
achieving larger magnetoresistance and consequently high output
power for the voltage oscillations.”** We have verified that syn-
chronization can also be achieved for more than 100 STNOs with
the same electrical coupling discussed here (results not shown
here).

Finally, a question arises as to how the load resistance R¢ in
Fig. 1 affects synchronization. To answer this question, we have plot-
ted the order parameter R for N = 100 against R for different values
of current Iy = 2.5, 3, 3.5, and 4 mA when 6, = 5° and 8 = 0.6 in
Fig. 10. From the figure, it can be observed that the value of the order
parameter R becomes 1 when the load resistance R¢ is above a crit-
ical value which is 30  here. This implies that the synchronization
between STNOs can be maintained for a large range of load resis-
tance as shown in the figure. Also, when the current is increased, the
minimum load resistance below which the synchronization is lost
decreases below the critical value.
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FIG. 11. Spatiotemporal for my;,i = 1,2, ..., 100for (a) 8 = 0.0, (b) 8 = 0.03,
(c) B = 0.05,and (d) B = 0.15. Here, Iy = 2.5mA, 6, = 6°, and N = 100.

B =0, 0.03, 0.05, and 0.15 in Figs. 11(a)-11(d), respectively,
between the times 999ns and 1000ns while I, = 2.5mA and
0, = 6°. In Fig. 11(a), we can see that the oscillators are not syn-
chronized without the field-like torque. When 8 is increased to 0.03,
clusters are formed within the system as shown in Fig. 11(b). The
number of clusters is reduced when the strength of the field-like

-1 -0.5 0 0.5 1 torque is increased further to 8 = 0.05. In Fig. 11(c) we can iden-

My tify that the number of clusters is reduced to 2 when compared to

Fig. 11(b). This has indeed been checked with the phase trajectories

FIG. 9. (a) Frequency against the current for 8 = 0.2, 0.3, and 0.6 for N = 100. of the spins where one can identify just two black bullets (which is
(b) Phase portrait of 100 STNOs between my; and m; for g = 0, 6 = 0° (black) not shown here). When the value of 8 is increased further to 0.15,

in the cluster state and for 8 = 0.2, 6, = 6° (blue) in the synchronized state

TN = B, the 100 STNOs are completely synchronized with each other as con-

firmed in Fig. 11(d). Henc, Figs. 11(a)-11(d) confirm the fact that
the presence of the field-like torque induces clusters within the sys-
VI. ROUTE TO SYNCHRONIZATION tem and the increment in the strength of 8 reduces the number of
clusters and finally complete synchronization is achieved when the

To discuss the way to reach complete synchronization of  gyrength of the field-like torque crosses a threshold value.
the 100 coupled STNOs by the impact of field-like torque, the

spatiotemporal plots for the my;, i =1,2,...,100 are plotted for
VII. IMPACT OF FIELD-ANGLE

In this section, we consider specifically the impact of the

1 field-angle on synchronization of the array of STNOs. For the

case of N small, we have plotted four two-parameter diagrams

0.8 25 mA between the current I, and field-angle 6, for (i) N=2, 8 =0, (ii)

v 3 mA N=2, =02, (i) N=10, 8 = 0, and (iv) N= 10, 8 = 0.2 in
0.6 3.5 mA — Figs. 12(a)-12(d), respectively. The red, blue, and white colors refer

to the regions of synchronized oscillations, desynchronized oscil-

4 mA . e >
04 lations, and no oscillations (steady states, i.e., 7’:‘ =0 at t - 00),
respectively. The regions of synchronized (R = 1) and desynchro-
02 nized (R # 1) oscillations are identified with the Kuramoto order
10 30 50 70 90 parameter R. The no oscillatory region is plotted by verifying that
R C (ohm) the amplitudes of oscillations of the STNOs are zero. In the no oscil-

latory region, the magnetizations of the entire set of STNOs settle
at the same state. From Fig. 12(a), we can understand that even
FIG. 10. Variation of the order parameter R against the load resistance R for . a0 (a) P .
the different currents Iy = 2.5, 3, 3.5, and 4 mA. Here, N = 100, 6, = 5°, and in the absence of field-like torque and when 6, = 0°, synchronized
B =06 T ' ' ' oscillations are possible. However, the existence of synchronized
oscillations is not continuous with respect to current even when
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the field-angle is varied. This clearly indicates that the change in
the field-angle does not provide any impact on the synchronization.
Figure 12(b) clearly implies that the presence of field-like torque
makes the system to exhibit synchronized oscillations for a wide
range of current. From Fig. 12(b), we can observe the ineffectiveness
of the field-angle over synchronization. In the absence of field-like
torque (B = 0), even when the number of STNOs is increased from
2 to 10, the system does not show any synchronized oscillations
until the field-angle is varied as shown in Fig. 12(c). However, in
the presence of field-like torque, the system of 10 STNOs exhibit
synchronized oscillations over a wide range of current and field-
angle, see Fig. 12(d). From Figs. 12(a)-12(d), we can understand
that when the number of STNOs is increased even by a small num-
ber, the field-like torque is essential and the field-angle alone is
ineffective for exhibiting synchronized oscillations. Figures 12(b)
and 12(d), plotted for N =2 and 10, respectively, imply that the
field-angle reduces the value of current for the onset of synchronized
oscillations. We have drawn the bifurcation boundaries (black color
line) in Figs. 12(a)-12(d) between the regions of no oscillation and
synchronized oscillations by determining the maximum transverse
Lyapunov exponent (as discussed below in Sec. VIII). The value of
the maximum transverse Lyapunov exponent in the region bounded
by the boundaries besides white region is below zero, which implies
that the synchronized oscillations are stable. The system enters into
the synchronized oscillatory region from the no oscillatory region
by Hopf bifurcation. The blue points corresponding to desynchro-
nized oscillations in Fig. 12 corresponding to the numerical results
within the boundary are due to the random choice of the initial con-
ditions for computation. We have also plotted the phase diagram
between B and 6, for N = 2, 10, and 100 corresponding to the cur-
rent 2.5 mA in Figs. 13(a)-13(c), respectively, where the same color
code is maintained as in Fig. 12. Figures 13(a) and 13(b) confirm that
when the current is kept fixed, there is no impact of the field-angle

(a) (b)
~ 20 ~ 20
& 15 215
T 10 T 10
< 5 < 5
® ®
0 2 4 6 8 10 0 2 4 6 8 10
[)(mA) [)(mA)
(c) (d)
~ 20 ~ 20
15 15
T 10 T 10
& 5 < 5
) )
0 2 4 6 8 10 0 2 4 6 8 10
[ (mA) [) (mA)

FIG. 12. Two-parameter diagrams between the field-angle 6, and I, for (a) N =
2,B=0,b) N=2,8=02(c)N=10,=0and (d N=10, 8 =0.2
to indicate the regions of synchronized oscillations (red), desynchronized oscilla-
tions (blue), and no oscillations (white). The black color line corresponds to the
bifurcation boundary between nonoscillatory and oscillatory regions.
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FIG. 13. Two-parameter diagrams between the field-like torque 8 and field-angle
0y for (@) N =2 and (b) N = 10 and (c) N = 100 to identify the regions of syn-
chronized oscillations (red), desynchronized oscillations (blue), and no oscillations
(white) when | = 2.5 mA.

on the synchronization and the field-like torque only plays a crucial
role in making synchronization in the system of 2 and 10 STNOs.
Figure 13(c) clearly shows that the change in the field-angle makes
the system of 100 STNOs to oscillate synchronously.

VIII. STABILITY ANALYSIS OF SYNCHRONIZATION OF
STNOS

So far, we have verified the existence of synchronized oscilla-
tions in arrays for 2, 10, and 100 STNOs by numerically computing
the Kuramoto order parameter R. It quantifies the degree of their
synchrony through the average phase. Further, from an experimen-
tal point of view, one of the main interests is to understand the
conditions for the existence and stability of synchronization behav-
ior, as it can provide benefits in operating an array of STNOs to
increase the overall radiative power.”” In this regard, we also adopt
the most often applied tool, namely, the largest transversal Lya-
punov exponent (TLE) of the synchronization manifold,” which
allows one to quantify the stability of synchronization. The analysis
of TLE completely depends on the perturbation vector and its varia-
tional equation to calculate the most prominent Lyapunov exponent
in the direction transversal to the synchronization manifold, so
that it explicitly confirms the stability of the synchronous state (see
below). In this section, we summarize our detailed analysis to check
the stability of synchronization of a large 1D array of identical
STNOs as t — oo by finding the transverse Lyapunov exponents.”’
In this regard, under a stereographic projection’>"', Eq. (1) can be
equivalently rewritten using the complex scalar function

® m}‘+imf 193 N
zj t) = .z J=L24,5...,N,
L+ m;
or equivalently
> P 2
mr = 4t my——i—zj_zj m?=1_|Zj|
R L T R T
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as
. dz; vy, .
G+ a)z = EH“ sin 6, (1 - zjz) — yH, cos 0z

_ yH— 4rM)z (1 - |5?)
1 + |Zj|2

ai+ Bl (1 z?)

1+ A

-1
14 2z + Z
2 zj+z ( Z’BARk 1+ | ) 4

2
1+l

where a = hinl;./2M;eV.
Rewriting the above equation in terms of real and imaginary
variables z; = x; + iy;, we get

dx;
Ft] = flx;, ;) + Ri(x;, 9))> (52)
dv;
T = 85+ Ralxs) (5b)

where

R (%), y) = aQ(x;, 3| 2(B — a)xy; — (1 + aff) (1 - sz +)/]2) ],

Ry(xj, y) = aQ(x;, y) | 2(1 + aB)xy; + (B — ) (1 - sz +)/J2) :|,

fly) = . 4 % sin 6y, [oe (1 —x +y]2) - ijyj]

+o?

1—72
—[H, cos 6, + H; —47TM5](0lxj +)’j)‘1 +rjg}>

14 H, .
gy = o {—7 sin 6, [1 —xf +y].2+2axjyj]
H, cos ), + Hy — 47 M, -7
+ [Hacos by + Hi — 4m 5](xj—o(yj)1+rjz ,
where

-1

147

j
Qxy) = HrszxJ( ZﬂARkHrz) :

and
2
rzj = xzj +J;-

Further, Eq. (5) are transformed to the transversal coordinates
X| = u; — uy, where uj = (%3, 9))- Then, they are linearized trans-
verse to the synchronization manifold as

%1 = (J+K)xy, (6)

where J is the Jacobian matrix of the vector field F = (f(x, y), g(x, y))
identified at the synchronization manifold, that is, ] = dFxs, y;),
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FIG. 14. Maximum transverse Lyapunov exponent for synchronized attractor of
coupled STNOs obtained from the linearized equations [Eq. (5)] vs (a) current
for 8 = 0 (magenta) and 8 = 0.2 (black) and (b) field-like torque for ly = 4 mA.
(Inset) Zoom-in view of A sy indicates that the value A ma, becomes negative and
the synchronous state becomes stable when the values of current are between
1.6 and 1.8 mA. Here, N = 2 and the value of the field-angle is fixed as 6, = 0°.

Xp=x=---=xy=xand y; =y, =+ =yy =y, and K repre-
sents the matrix that results from the linearization of the coupling
terms (R;(xj,y;) and R,(x;,;)). The synchronized oscillations are
said to be stable when x; — 0 as t — oo or all of the transverse
Lyapunov exponents (A) are negative. The transverse Lyapunov
exponents are the Lyapunov exponents associated with the lin-
earized equation (6). The maximum transverse Lyapunov exponent
(Amay) for the case of 2 STNO:s is plotted in Fig. 14 for 6, = 0°. In
Fig. 14(a) the value of A,y is plotted for the absence and presence
of field-like torque and from this figure we can identify that when
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FIG. 15. Average output power fora STNO in the desynchronized (blue line) state
and synchronized (magenta) states. Here, the total array is with N = 100.

the field-like torque is present the value of A, crosses from pos-
itive to negative values at I, = 1.7 mA [see the inset of Fig. 14(a)]
and continues to be negative thereafter. The negative value of the
A max means that the coupled oscillators exhibit asymptotically stable
synchronized oscillations. However, in the absence of the field-like
torque, the value of A,y is always positive for the entire range of
the current as shown in Fig. 14(a). The negativity of A,y for = 0.2
corresponds to the numerical results discussed in Fig. 4(a) where sta-
ble synchronized oscillations are obtained for N = 2 above the value
of current Iy = 1.7 mA when 8 = 0.2 and 6, = 0°. This confirms
the validity of the numerical simulations. In Fig. 14(b) the value
of A has been plotted against the strength of field-like torque
for I, = 4mA. We can observe that A, becomes negative after
B =~ 0.13, which implies the possibility of stable synchronized oscil-
lations by increasing the strength of the field-like torque and this
corresponds to the results shown in Fig. 3(b). The above analysis
can be extended to more oscillators straightforwardly.

IX. POWER

The output power P corresponding to the output voltage V of
an STNO is given by™

b V2o (10 AR; Rc (m; - p)>2 _ BAR?Rcm’, -
" 2Rc 2Rc Roi + Rc "~ 2Rei+ R
The time averaged power is derived as*
2 AR?R¢
(P) = < mz‘ > time « (8)

"~ 2(Rgi + Re)? b

(P) is determined from (m?2,)n, corresponding to m,;(t) between
950 and 1000 ns. The power (P) of an STNO in the array of 100
STNOs is computed when they are in the desynchronized state
(B = 0) and synchronized state (8 = 0.6) for 6, = 6° and plotted
against the current in Fig. 15. It is observed that the power of an
STNO can be enhanced well by the presence of field-like torque

pubs.aip.org/aip/cha

and this is attributed to the increase in the range of the oscilla-
tions. At the current Iy = 10 mA, the power is 0.247 nW, which is
about two times larger than the power when g = 0. Furthermore,
the power of N STNOs in the synchronized state is N* times higher
than that of a single STNO. This means that with the strength of
the field-like torque B8 = 0.6 and field-angle 6, = 6° the power of
100 synchronized STNOs may reach about 2.47 uW which is quite
desirable.

X. CONCLUSION

We have observed the existence of complete synchronization
in 2, 10, and 100 serially connected and electrically coupled STNOs
with perpendicular magnetic anisotropy by incorporating the field-
like torque and tuning the direction of the external magnetic field.
The study is carried out by employing the macrospin simulation of
the associated Landau-Lifshitz-Gilbert-Slonczewski equation. It is
observed that when the size of the system is small (N = 2 or 10), the
field-like torque is sufficient for achieving complete synchronization
between the STNOs. On the other hand, for the system with a large
1D array of STNOs (N = 100), the direction of the external field
is also needed to be tuned for a slight angle along the polarization
of the pinned layer in addition to the presence of field-like torque
to achieve complete and stable synchronization. The synchronized
STNOs for the N =2, 10, and 100 cases exhibit large amplitude
oscillations, which is beneficial for generating considerable output
power. The order parameter is computed to check for synchro-
nization (R = 1) and desynchronization (R # 1). When the field
direction’s tunability or field-like torque’s presence alone is consid-
ered, we identify cluster formation within the system. Also, when
the field is tilted and fixed at an angle, the presence of the field-like
torque forms clusters within the system, and its further increment
in strength reduces the number of clusters, and eventually, complete
synchronization is brought out by the field-like torque.

Furthermore, the increase in the strength of the field-like
torque increases the range of the angle of the external field at which
synchronization can be achieved. It is proved that the frequency of
the completely synchronized oscillations can be tuned over a wide
range of currents. The transverse Lyapunov exponent is calculated
to confirm the existence of stable synchronization in coupled STNOs
due to the field-like torque and to validate the results obtained in the
numerical simulation. The output power of a STNO is computed
in the desynchronized state and verified that it increases more than
two times in the synchronized state so that in an array there will be
considerable increased power. Finally, by considering the field-like
torque and controlling the direction of the external magnetic field,
one can bring a complete stable synchronization in a 1D array of N
serially connected and electrically coupled STNOs with perpendicu-
lar anisotropy. This analysis can also be extended up to a multi-layer
array and network and we hope to pursue the study further in future.
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