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Stark Effect

The splitting of energy levels of an atom by a uniform external field E is known as Stark
effect. The effect was discovered by Stark in 1913 during the observation of Balmer
series of hydrogen.

Suppose the hydrogen atom is subjected to an electric field along z-direction. The first
excited energy level is found to split into three energy levels. This is explained using

| perturbation theory. The perturbation is A\H(1) = —e&r cos 6 where & is the strength of
the field. Choosing X = e£ we write H(1) = —r cos 6. The normalized eigenfunctions of
the hydrogen atome are designated as ,,;,,,- Heren =1,2,--- ,'m,l=0,1,--- ,n—1
andm = —-Il,—(l—1),---,0,---,1. Applying the perturbation theory we calculate the
change in the energy of the ground state and first excited state due to the applied field.
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Ground State n =1

Ground State: n = 1
The ground state eigenfunction is ¢100 = (1/, [mad ) e~"/a0 According to the

first-order perturbation theory for nondegenerate case the change in (ground
state)energy F; is given by

1 1
BV = MHig)

= A/Wfoon(l)ZﬂplOO dr

27
_ / / / ~27/0 ¢og 0 sin 0 dr df de . (1)
7'('0/0

For the above we find fo sin 6 cos #dO = sin? 9/2|Z = 0. Therefore, Eil) = 0. Thus,
there is no change in ground state energy according to first-order perturbation theory.

Since the first-order correction to E; is zero we proceed to calculate the second-order
correction. The result is E(2) —(9/4)E2a3. Before perturbation, that is, before
applying the electric field, the system has one ground state eigenfunction with an
eigenvalue E%O). Now, the energy is changed to E%O) + Egl) by the applied field. There

is no Stark effect in the ground state. 3/8
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First Excited State: n =2

First Excited State: n = 2

Next, work out the effect of the applied field on the first excited state corresponding to

n = 2. The possible values of (I, m) are (0,0), (1,0), (1,1), (1,—1) (sincel =0, 1 and
m = —lto l). There are four states given by ¥,,;,, — Y200, Y210, Y211 and Y21_1. The
first excited state is thus four-fold degenerate. In this case the zeroth-order wave

function is
i ¢(0) = coo¥200 + c10¥210 + c11¥211 +c1—1¢21-1 . (2)
The secular equation is written as
(1) (1) (1) (1) (1)
H200,200 — L H200,210 H200,211 H200,21—1
(1) (1) (1) (1) (1)
H210,2OO H210,210 o E2 H210,211 H210,21—1
1) 1) (1) (1) (1)
H§11,200 H§11,210 H211,211 — by H211,21—1
1) 1) 1) (1) (1)
H§1—1,200 H§1—1,210 H§1—1,211 H21—1,21—1 — L
=0, (3)
where
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First Excited State: n =2

P— /¢7>;lmH(1)¢nl/m/ d’T .

The eigenfunctions 200, Y210, Y211, Y21—1 are given by

ey

nlm,nl’m

Yo00 = N (2 — L) e /20 MmP o — 0
ao
Y10 = N e~ 7/200 ¢o5 g el ¢ , m=1
ao
| r .
£ Y211 = N e /2% ginhe™? | m=1
V2ag
r .
Y21-1 = N e "/2%0 gingel™? | m=—1
V2 ag
where N = 1/,/32ma? . The quantities HST)n 51/, @re given by
(1) oo s 2T 1 5
H) L, = / / Wi HW oy v sin6dr do dé
’ o Jo Jo

o’e) s 27
_ / / bk g7 cos O sin 0dr d d.
0 0 0

4)

(5a)
(5b)
(5¢)

(5d)

(6)
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First Excited State: n =2

First, perform the integration with respect to ¢. The result is

2, 21, ifm' =m

(1) _ / i(lm"—m)g¢ _ )

H , — e do = (7)
2lm,2lm. /(9) 0 0, ifm' #m.

Hence the quantities H (1) , with m’ # m are zero. Now, we need to evaluate the

2lm,2l'm
" (1) (1) (1) (1) (1) (1) :
quantities Hyy 200> H200.2100 4210,2000 H210,2100 H211 211> H21-1 211+ Integration
with respect to 6 makes some of these integrals vanish:

s f 2 O 7
HSE) 500(0) = /O sin 6 cos 0 df = —— ‘0 =0, (8a)
T 4 O 7
HS) 010(0) = /O cos? Osin 0 df = — = ‘0 =0, (8b)
T a4 O 7
Héi)l,ml(e) = /0 sin® 0 cos 0 df = SH; .= 0, (8c)
(1) B T 3 B sint @ = B
Hy1" 191.1(8) = ] sin” 6 cos 0 df = Tl = 0. (8d)

Thus, only the integrals Héoé 510 and HS%QOO have to be evaluated.
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First Excited State: n =2

We obtain

(1)
H200,210 =

where we have used the result /

1) *
(Hém 200>
27

/ / w10 H M hogor? sin 6 dr d6 dg

2 N?2

i / / (2 — —) e~ 7/20 cos? @ sin @ dr d

S

ao 0 ao 3 lo
_ /OO')A(Q—L)e_T/aOdr

1 o° 1 oC
—— [2/ rde™T/%0 dp — —
2461,0 0 aog Jo

3ag ,

rPe—T/a0 dr]

o

re”™"dr = n!.
0

©))
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First Excited State: n =2

Now, the secular equation is written as

— g 3a0 0 0

3 — g 0 0
"0 2 0 —0. (10)

0 0 —El 0

0 0 0o —EgV

Expanding the determinant we obtain

(E§1>)2 [(E;U)Q _ Qa%} —0. 11

The roots of the above equation are
EY =0, 0, 3a0, —3ao. (12)

The energy FEs to the first-order correction is

By = ESY + 2B = BV BV EY + 3)a0, EY — 3)a . (13)
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First Excited State: n =2

The energy of the first excited state level in the presence of the applied field becomes
ES 40, B 40, B + 30, E”) — 3Xao. Thatis, the level n = 2 is splitted into

three levels. The middle level E§°> + 0 is still doubly degenerate.
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