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The Laplace Transform of a function, f(t), is defined as;

L[ f ()] =F(s) =T f(t)e dt

The Inverse Laplace Transform is defined by

O'-I-JOO

L F(s)]= f(t) =—— j F(s)e®ds
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Laplace Transform of the unit step.

L[u(t)]:Tle‘Stdt _ Tl
0 S °
LU=

The Laplace Transform of a unit step Is:
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The Laplace transform of a unit impulse:

Pictorially, the unit impulse appears as follows:

f(t) o(t — 1)

0 t

Mathematically:

tho+e

S(t—t)=0 t#0 | |S(t-t)dt=1 &>0
to—¢
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The Laplace transform of a unit impulse:

An important property of the unit impulse is a sifting
or sampling property. The following Is an important.

f(t,) t <t <t,

t
f(t)o (t—t,)dt=
tjl (Do {t-L)dt=), t, <t t, > 1,

.
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The Laplace transform of a unit impulse:

In particular, if we Iét f(t) = o(t) and take the Laplace

L[S(1)] =T5(t)e—stdt |
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An Important point to remember:
f(t) < F(s)

The above Is a statement that f(t) and F(s) are
transform pairs. What this means is that for

each f(t) there is a unique F(s) and for each F(s)
there is a unique f(t). If we can remember the
Pair relationships between approximately 10 of the
Laplace transform pairs we can go a long way.
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Building transform pairs:

L[e*u(t)]=|e e "dt=[e 't
0

L(e O
—St
—a - e o' 1
Lle™u(t)]= | =

s+a) s+a

—at 1
Atransform € U(t) N

S+a

pair
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Building transform pairs:
L[tu(t)]= | tedt
0

u=t

TUdVZ uv ‘:—TVdu dv = estdt
0 0

1 A transform
2

tU(t) N S pair
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Building transform pairs:

eJWt g™
) —stdt

L[cos(wt)]= j I

2111
2| S—JW S+ Jw
B S
% +w
S
cos(wt)u(t) <« A transform

% +Ww? pair
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Time Shift

L[ f(t—a)u(t—a)] = T f(t—a)e™

Letx=t—a,thendx=dt andt=x+a
Ast—a, x—>0and ast — o0, X = . SO,

| f(x)etDdx=e [ f(x)e ~dx
0 0

L[ f(t—a)u(t—a)]=e "F(s)
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Frequency Shift

L[e™® f (t)] =Ojo[e‘at f(t)]e'dt

= [ f(e " 'dt=F (s +a)
0

Lle ™ f (t)]=F (s+a)




Example: Using Frequency Shift
Find the L[e®cos(wt)]

In this case, f(t) = cos(wt) so,

F(s)= 2 > 2
S°+ W
and F(s+a)= (s+2a) >
(s+a) " +w
(s+a)

L[e ™ cos(wt)]=

(s+a)’ +(w)’
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Time Integration:

The property Is:

L T f (t)dt =T__t[ f (x)dx ~*'dt

Integrate by parts:
t

Let u=|[ f(x)dx, du= f(t)dt
0

and

1
dv=eSdt, v=—Ze"
S
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Time Integration:

Making these substitutions and carrying out
The integration shows that

0 Q) 0 Q)

L ! f (t)dt =% ! f(t)e dt

= “F (9
S
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Time Differentiation:

If the L[f(t)] = F(s), we want to show:

L[Cfdf)]=sF (s)- (0)

Integrate by parts:

u=e™, du=-se*dt and

dv=dfdit) dt=df (1), so v=f (1)
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Time Differentiation:

Making the previous substitutions gives,
df | o .
O—j f (t)[— se t}Jlt
0

|_ _
dt
—0— f(0)+s j f (t)e 'dt
0

=f(t)e™

So we have shown:

_m_
dt

=Sk (s)— f (0)




Time Differentiation:

We can extend the previous to show;

- df (t)?
dt?

df (t)°
dt’

L

L

—s2F (s) - sf (0) = f'(0)

— s°F (s) —s2 f (0) - sf '(0) — f"(0)

general case

I{df (t)"
dt"

} =s"F(s)-s"*f(0)-s"*f'(0)

L)
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Transform Pairs:

f(t)
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Transform Pairs:

f(t) F(s)
{Ne—at n!
(S+ a)n+1
i W
SIN( wt
( ) 82 + W2
cos(wt) >
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Transform Pairs:

i, 20
e sin( wt) ™ a\)’\; —
e cos(wt) ™ Z ; i =
sin(wt+8) SSi”:;:VV\\:ZCOSH
cos(wt +8) scosé —wsin @

5% + w2
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Common Transform Properties:

f(t) F(s)
F(t-tu(t—t ).t 20 e O°F (s)
F(u(t—t ).t =0 e O°LLf(t+t)
e f (1) F(s+a)
dr;:n(t) S"E(s)=s"LF(0)—=s"2 £ (0)—...—sO £ "1 £(0)
dF (s)
tf (1) -
t 1
[ f(2)dA 2E(s)
0 S
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Theorem: Initial Value Theorem:

If the function f(t) and its first derivative are Laplace transformable and f(t)
Has the Laplace transform F(s), and the Qn_w) gOF(s) exists, then

lim sF(s)=lim f(t)=f(0) Initial Value
S —3 00 t 0 Theorem

The utility of this theorem lies in not having to take the inverse of F(s)
in order to find out the initial condition in the time domain. This is
particularly useful in circuits and systems.
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Example: Initial Value Theorem:
Given,;

(s+2)
(s+ 1)2_+ 52

F(s)=

Find f(0)

2
f (0)=lim sF (s)=lim s+ 2)___jjm | S *2S
S —> 0 S — (S+1) 4+5c s—ox E +28+1+25_

_ i 52/ +25/s? 4
s=>© g2 /52 4 25/5% +(26/s2)
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Theorem: Final Value Theorem:

If the function f(t) and its first derivative are Laplace transformable and f(t)

has the Laplace transform F(s), and the lim sF (s) exists, then
S—>

lim sF (s)=1lim f(t)=f(o©)  Final Value
s—>0 t— o Theorem

Again, the utility of this theorem lies in not having to take the inverse
of F(s) in order to find out the final value of f(t) in the time domain.
This is particularly useful in circuits and systems.
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Example: Final Value Theorem:

Given:

_ (s+2) — 32
l(s+2) +32]

F(s)= note E1(s)=te cos3t

Find f ().

0

L S (s+2)7-37
f(oo)_sll_r)n sF(s)_Sll_r)nO S[(s+2) +32]
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