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Complex Variables & Functions

 ; ,z x i y x y    £ ¡Complex numbers :
(Ordered pair of  

real numbers )

Complex conjugate : *z x i y 

Polar representation : iz r e 

2 2r x y  modulus

1tan
y

x
  argum

ent cos sinie i   

Multi-valued function   single-valued in each branch 

E.g., has m branches.

has an infinite number of branches.

 2 /1/ 1/ i n mm mz r e
 



 ln ln 2z r i n   

 2i n
r e

 




Cauchy Reimann Conditions 

 
 

d f z
f z

d z
Derivative :
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   
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f z z f z
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



 


where limit is independent of path of  z  0.

Let      f z u z i v z 

f u i v   z x i y   

 f  exists  & Cauchy- Reimann 

Conditions

f u i v

z x i y

  

  


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
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z x  
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z x
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  

   

 
  

 

u v
i

x x

 
 
 

z y  
0 0

lim lim
z y

f u v
i

z y y 

  

   

 
   

 

u v
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 
  

 

u v

x y

 


 

u v

y x

 
 

 

z x i y 



 is independent of path of  z  0.

f  exists       & Cauchy- Reimann 

Conditions

u v

x y

 


 

u v

y x

 
 

 

If the CRCs are satisfied,

     f z u z i v z z x i y 

   ,f z f x y 
f f

f x y
x y

  
 

 
 

u v u v
i x i y

x x y y
 

      
      

      

 
u v

f i x i y
x x

  
  

   
  

f u v
i

z x x





 
 
 

i.e., f  exists  CRCs satisfied.  



Analytic Functions

f (z) is analytic in R  C  f  exists & single-valued in R.

Note:  Multi-valued functions can be analytic within each branch.

f (z) is an entire function if it is analytic    z  C \ {}.

z0 is a singular point of  f (z) if f (z)  doesn’t exist at  z = z0 .



Example z2 is Analytic

  2f z z

z x i y 

2 2 2x y i x y   u i v 



2 2

2

u x y

v x y

 


2

u
x
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





v

y



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2
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y
y


 



v

x


 



 f  exists & single-valued  finite z.

i.e.,   z2 is an entire function.



Example z* is Not Analytic
z x i y 

  *f z z x i y   u i v 


u x

v y



 
1

u

x




 1
v

y


  


0

u

y






v

x


 



f  doesn’t exist  z,  even though it is continuous every where.

i.e.,   z2 is nowhere analytic.



Harmonic Functions

By definition, derivatives of a real function f depend only on the local behavior of f.

But derivatives of a complex function f depend on the global behavior of f.

u v

x y

 


 

u v

y x

 
 

 CRCs

Let  z u iv  

 is analytic  
u v
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

 

u v

y x

 
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 



2 2

2

u v

x x y

 


  

2 v

y x



 

2

2

u

y


 



2 2

2

v u

y y x

 
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  
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
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
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 
 

 
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0
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i.e., The real & imaginary parts of  must each satisfy a 2-D Laplace equation.

( u & v are harmonic functions )



u v

x y

 


 

u v

y x

 
 

 CRCs

Contours of u & v are given by  ,u x y c

 0
u u

du d x d y
x y

 
  
 

 ,v x y c

0
v v

dv d x d y
x y

 
  
 

i.e., these 2 sets of contours are orthogonal to each other.

( u & v are complementary )

u

u

u

d y x
m

ud x

y



  
     



Thus, the slopes at each point of these contours are

v

v

v

d y x
m

vd x

y



  
     



CRCs 

at the intersections of these 2 sets of contours

1u vm m  



Derivatives of Analytic Functions

 
 

d f x
g x

d x


Let f (z) be analytic around z, then 


 

 
d f z

g z
d z



Proof 

:

f (z) analytic 



 
 f x i y

f z
x

 
 



 

x z

d f x

d x


  g z

z x i y 

E.g.
1

n
nd x

n x
d x

 
1

n
nd z

n z
d z



 Analytic functions can be defined by Taylor series of the

same coefficients as their real counterparts. 



Example

Derivative of Logarithm

ln 1d z

d z z


Proof :  ln ln 2z r i n   

for z within each branch.

u iv  
ln

2

u r

v n 



 

u v

x y

 


 

u v

y x

 
 

 CRCs

1u r

x r x

 


  2

x

r


2 2r x y 
1tan

y

x
 
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y





1
2

2

1
1

y

y x x




 
  

  
2

x

r


1u r

y r y

 


  2

y

r


v

x


 



1
2

2 2
1

y y

x x x




   
    

   
2

y

r
 

 ln z is analytic within each branch.


ln lnd z z

d z x






u v
i

x x

 
 
  2 2

x y
i

r r
 

1

x i y




1

z
 2 *r z zQED



Cauchy’s Integral Theorem

Contour integrals :

     :C z t x t i y t Contour = curve in z-

plane

         

1

0

t

C
t

dz f z d t x t i y t u t i v t         

     f z u z i v z 

 

1

0

t

t

d t xu yv i xv yu     

The t -integrals are just 

Reimann integrals

Closed contour 

integral :

   0 1z t z tA contour is closed if

( positive sense = counter-clockwise )

 
C

f zd z



Statement of Theorem

Let C be a closed contour inside a simply connected region R  C. 

If f (z) is analytic in R, then 

  0

C

f zd z 

A region is simply connected if every closed curve in it can be 

shrunk continuously to a point.

Cauchy’s integral theorem



Examplezn on Circular Contour

 

2

11

0

i nn n

C

z i r d ed z






 

iz r e  
id z i r e d  on a circular contour



 
1 2

1

0

2

0

integers & 1
1

1

n
i nr

e n n
n

i d n











  


 
  





0 integers & 1

2 1

n n

i n

  
 

 



Example zn on Square Contour
Contour integral 

from z = z0 to z = z1 along a straight line:

   0 1 0 : 0 1z t z z z t t   

 1 0d z z z dt 

     
1

0

1

1 0 0 1 0

0

z

z

d z f z d t z z f z z z t      


2 1

0 integers & 1

n

C

i n
zd z

n n

  
 

  

Mathematica

For n = 1, each line segment integrates to i /2.

For other integer n, the segments cancel out in 

pairs.

nb/11/Fig.11.3._SquareIntegrationContour.nb


f analytic in S  CRCs

Proof of Theorem   0

C

f zd z 

z x i y 

f u i v 
      

C C C

f z id z u d x v d y v d x u d y    

Stokes 

theorem : S S

dd



    σ Vr V

For S in x-y plane :  
x y

y x

S S

V V
d x d yV d x V d y

x y


 
   

   

  
C S S

v u u v
f z d x d y i d x d yd z

x y x y

      
       

        

0

S simply-connected

QED
u v

x y

 


 

u v

y x

 
 

 
Note:  The above (Cauchy’s) proof 

requires xu, etc, be continuous.  



Multiply Connected Regions

y

x

R

R



C
C

  0

CC C C

d z f z
 
    
 
 



C

C

  0

C C

d z f z
 
  
 
 


    
C C

d z f z d z f z 

Value of integral is unchanged for any continuous deformation 

of C inside a region in which f  is analytic. 



Cauchy’s Integral Formula

Let f be analytic in R & C  R.



 
 

0

0

1

2
C

f z
f z d z

i z z



 z0 inside region bounded by C.

Cauchy’s Integral Formula

R

C

y

x

z

0

   

0 0
CC

f z f z
d z d z

z z z z


 

   
2

0

0 0
0

lim

C

i

i
r

f z f z
d i r ed z

z z r e











 

On C : 0

iz z r e   id z i r e d 

 02 i f z QED



Example An Integral

 
1

2
C

I d z
z z


 C = CCW over unit circle centered at origin.

 
1 1 1 1

2 2 2z z z z

 
  

  



i
0

1
2

2 z

I i
z







Alternatively

 
 

0

0

1

2
C

f z
f z d z

i z z




(z+2)1 is analytic inside C.

1 1 1

2 2
C C

I d z d z
z z

 
  
 
 
   

1
2 0

2
i  i

y

x



z = 

2



Example

Integral with 2 Singular Factors

2

1

4 1
C

I d z
z




C = CCW over unit circle 

centered at origin.

   2

1 1

4 1 2 1 2 1z z z


  

1 1 1

2 2 1 2 1z z

 
  

  

1 1 1

4 1 / 2 1 / 2z z

 
  

  

  
1

2 1 1
4

I i  0

 
 

0

0

1

2
C

f z
f z d z

i z z




y

x
z = 

1/2

z = 

1/2



Derivatives

 
 

0

0

1

2
C

f z
f z d z

i z z




 
 

0

0 0

1

2
C

f z
f z d z

i z z z

 
   

  
 

 
2

0

1

2
C

f z
d z

i z z




   
 

 
0 1

0

!

2

n

n

C

f zn
f z d z

i z z





 
 

 
0 3

0

2

2
C

f z
f z d z

i z z
 



f analytic in R  C. 

f (n) analytic inside C. 



Let



Example 

Use of Derivative Formula

 

2

4

sin

C

z
I d z

z a


 C = CCW over circle centered at a.

   
 

 
0 1

0

!

2

n

n

C

f zn
f z d z

i z z





f analytic in R  C. 

   
 

2
3

4

3! sin

2
C

z
f a d z

i z a


  2sinf z z

  2sin cosf z z z 

   2 22 cos sinf z z z  

   3
8sin cosf z z z 


   32

3!

i
I f a




8
sin cos

3

i
a a


 



 Taylor series

( f analytic in R  C )

Laurent Expansion

 
 

0

0

1

2
C

f z
f z d z

i z z


 
 1

2
C

f z
f z d z

i z z



 

 0 0

1 1

z z z z z z


    

1

0

0 0

1
1

z z

z z z z



 
  

   

0

00 0

1
n

n

z z

z z z z





 
  

   


   
 

 
0 1

0

1

2

n

n

n
C

f z
f z z z d z

i z z








 

 
 

   
 

 
0 1

0

!

2

n

n

C

f zn
f z d z

i z z





 
     0

0

0 !

n

n

n

z z
f z f z

n








Let z1 be the closest singularity from z0 , then the radius of convergence is  | z1 z0

|.i.e., series converges for    
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