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Complex Variables & Functions

: _ _ S, i (Ordered pair of
Complex numbers : £ —{ Z=X+1y ; VX, YV€Ej } real numbers )

Complex conjugate : Z*=X—-1Yy

r = /XZ 4 y2 modulus
Polar representation : z=re'? =rg'®?" y

f=tan 'L argum

| o X
- e'’ =cos@+isiné ent

Multi-valued function — single-valued in each branch

E.g. ZUm _ Um i (0+27n)/m has m branches.

Inz=Inr+i (9+ 27[”) has an infinite number of branches.
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Cauchy Reimann Conditions =%y

df(z) 5f(z) _ f(z+62)-1(2)
Derivative : =f'(z) =Ilim = lim
erivative 17 ( ) b am 57
where limit is independent of path of 5z — 0.
L et f(z)=u(z)+iv(z)
. of oOou+iov
= ' of =ou+iov =
— 0Z=0X+10Y - 52 Sx+idy
s1=5x - lim OF o jim [, V) 04, oY
Z=0X 5150 S§7 x>0\ SX OX O X O X
. : . . O 0
6z=50y — lim ﬁ: lim —|@+ﬂ -4, 9y
5150 §7  Sy—0 Sy Oy oy O0Y
f' exists —> ou — Al & 8_u — _ﬂ Cauchy- Reimann
OX 0OV oy 0 X Conditions
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Z=X+Iiy f(z)=u(z)+iv(z)

f'exists —

ou_ov

oX 0y

ou__9v Cauchy- Reimann
oy  0OX Conditions

OX

ou .oV ou . oV
f(z)="1(Xx, - Of =—OX+—90y =| ==+ == |5x+| —+1=—1|5

If the CRCs are satisfied, Of :(

+i aVJ(5x+i 5y)

OX
of _au +1 v is independent of path of §z—0
- — = — 0.
07 OX P P
l.e., f'’ exists © CRCs satisfied.
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Analytic Functions

f(z)isanalyticinRc C > f’ exists & single-valued in R.
Note: Multi-valued functions can be analytic within each branch.
f (z) isanentire functionifitis analytic V z € C\ {c}.

Z, s a singular point of f(z) if f'(z) doesn’texistat z =2, .
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Example z2is Analytic 2=x+iy
f(z)=2" =x*—y*+2ixy =u+iv

u=x"-y° ou oV ou oV

- N — =2X =— — =2y =———

vV =2Xy 0 X 0y 0y 0 X

- T’ exists & single-valued V finite z.

i.e., z2isan entire function.
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Example  z* 1s Not Analytic o

f(z)=z*=x-iy =u+iv

-. ' doesn’t exist V z, even though It Is continuous every where.

I.e., z?is nowhere analytic.
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ou oV ou oV

Harmonic Functions @ CRCs 5x7 5y oy ax

By definition, derivatives of a real function f depend only on the local behavior of f.

But derivatives of a complex function f depend on the global behavior of f.

Let w(z)=u+iv
. . ou ov ou oV
yis analytic —» = - =
ox 0Y oy 0 X
o’u_ o°v._ o°v  0%u 82u+62u_0
O0X° 0X0y 0yox 0y’ ox2 oy?
9
o’v._0°u _ 9'u 9V 82v+82v_0
0y> O0yox o0x0y 0 X* ox* 0Vy°

I.e., The real & imaginary parts of y must each satisfy a 2-D Laplace equation.
(u & vare harmonic functions)
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ou oV ou oV

CRCs ax:ay Gy_ 0 X

Contours of u & v are given by  u(x,y)=c v(x,y)=c
ou ou oV oV
du=—dx+—dy=0 dv=—dx+—dy=0
— ox oy ox oy

Thus, the slopes at each point of these contours are

ou ov
_[dy) __9x _[dy) __9x
m(ﬂj ou m“‘(dx]f ov
oy oy
CRCs »  mm=-1

at the intersections of these 2 sets of contours

l.e., these 2 sets of contours are orthogonal to each other.
(ué&varecomplementary )
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Derivatives of Analytic Functions  ,_,.iy
Let f (z) be analytic around z, then

df(x) df(z)

d X =g(x) — dz =g(z)

Proof

: , of (x+1y) df(x

f (z) analytic f'(z) = (ax ) . d(x) =9(2)
_) X=1z
an n—1 dzn n-1

Eg d x =nX —> dz =Nz

. Analytic functions can be defined by Taylor series of the
same coefficients as their real counterparts.
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ou_ov  ou__dv
OX 0V oy 0 X

1Y
r = /x2+y2 6 = tan ;

Example CRCs
Derivative of Logarithm

dinz 1 o
dz 7 for z within each branch.
Inz=Inr+i(6+2zn) =u+iv u=nr
: =Inr+1(6+ =
Proof : =4 = v=0+22n
u_lor_x _ov 00 (1, ¥)'L_x
OX rox r oy Gy_ 2 x
ou_1or_y _ ov a0 _(1 Y)Y (_y)__¥
oy roy r? OX OX G NG r’
—> In z Is analytic within each branch.
dlnz_alnz_6u+i8v x oy 1 1 ,
dz 6x ox ox 2 '77 x+iy z QED r=zz
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Cauchy’s Integral Theorem

Contour = curve in z- C: z(t)=x(t)+iy(t)
plane f (2)=u(2)+iv(2)

Contour integrals ;

jdzf jdt[x )+iy(t)][u(t)+iv(t)]

The t -integrals are just
Reimann integrals

jdt[xu—yv+|(xv+ yu) |
A contour Is Closed if  z(t)=2z(t)
Closed contour [ﬁdz f(2)

Integral : S |
nositive sense = counter-clockwise
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Statement of Theorem

A region is simply connected if every closed curve in it can be

shrunk continuously to a point.

Let C be a closed contour inside a simply connected region R < C.

If f (z) is analytic in R, then

[ﬁd 7 f (z) -0 Cauchy’s integral theorem
C
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Examplez" on Circular Contour

z=re'’ — dz=ire'’do on a circular contour
2 .
mdz 2" =ir™ I doe' "y
C 0
( n+l o
L gilme n = integers & n = —1
n+1 0
=< 27
ijd@ n=-1
L 0
(0 n =integers &n = -1
=
27 n=-1
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Example z" on Square Contour
Contour integral

from z =z, to z = z, along a straight line: o
z(t)=2,+(z,—z5)t t: 01
—y dz=(z-z,)dt | A
5@ > 4
Idzf Idt 2,) £ z,+(2,—2,) ] t

For n = -1, each line segment integrates to iz /2.

For other integer n, the segments cancel out in

pairs. m 27l n=-1
dzZ" :
n=Integers & n = -1
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nb/11/Fig.11.3._SquareIntegrationContour.nb

Proof of Theorem [az 1 (2)-0

Z=X+I
g N mdzf m(u dx-vdy) +i[ﬁ(vdx+u dy)

f=u+iv C C

Stokes mdr-v=jd¢'VXV S simply-connected
theorem : s S

oV, oV
For S in x-y plane : Dj(VdX+de) IdXdyiaXy—ayX]

R mdzf Idd( j jdd[gi—g\;j

=0 QED f analyticin S - CRCs

Note: The above (Cauchy’s) proof ou_ov  ou__0v
I : oxX 0Y oy a X
requires 8, u, etc, be continuous.
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Multiply Connected Regions

Value of integral is unchanged for any continuous deformation
of C inside a region in which f is analytic. B> 2> 3




Cauchy’s Integral Formula

Let f be analyticinR & C c R.

f(zo):ziﬁiﬂjdz Zf_(zz) V 2, inside region bounded by C.
- - _ : Cauchy’s Integral Formula
A
(2 _ f(2)
Eﬁdz -2, —Eﬁdz s

onC: z-z,=re" dz=ire'’do

lim [ﬁdz jdelre'e g
r—0 L—1,

=27if(z) QED
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_ g, f@
Example An Integral f(zo)_ZﬂiEﬁdzz—z

:mdz z(z+2
C

(z+2)~1is analytic inside C. 1
1

N IZZﬁimz:o — i F\
| 4 V.,
= \ [/

Alternatively ~9

! ZE(E_LJ
z2(z+2) 2\z z+2

1 1., .
E dz—— dzZ+2 E(27z|—0):7z|

C = CCW over unit circle centered at origin.

- =
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Example
Integral with 2 Singular Factors

|=[ﬁdz 1 C = CCW over unit circle

J 47% -1 centered at origin.
1 1 ° o

477 -1 (2z+1)(22-1)

11 1y 111
2\ 2221 2z+41) 4a\z-1/2 z+1/2

1
| =271 =(1-1) =
7r|4( ) 0

1/2

1/2
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Derivatives

I Ers e I

2 f(z)
fH _ =
(%) Zﬂi@dz(z—zo)s f(zo):%gjdz;(zz)
T ‘0
i ! f(z f analyticin R o C.
)= g o g

f (M analytic inside C.
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Example
Use of Derivative Formula

\ _n! f(z)
fl )(ZO)_Z_ﬂig]dz (Z—Zo)n+1

f analyticin R o> C.

sin® z
| =[l]dz — C = CCW over circle centered at a.
(z-a)
C
| 9 (a)= 3" sin” z
Let f(z)=sin"z ( )_27ri['j Z(z—a)4

f'(z)=2sinz cosz
7 . 2 P2 27Z'| (3) 87Z'| ]
f"(z)=2(cos* z—sin’z ) - 1= 17(a) =—="sinacosa

f®(z)=-8sinzcosz
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Laurent Expansion 20 W (-7,
, 1 f(2)
f(z)=2iﬂi[ﬁdz' Z’(—Zz) f(zo)_Zﬂig]dzz—zo

-1 n
' ' ! ’ -
'~z 7'-2,—(z-12,) 7'-z, 2'— 1, 7’1, 5\ 7' -1,

f(z):i- > (Z_Zo)nﬂjdz'( f(z) oz

, n+1
Z— Z) ' C(z")

- f(z)=i (2-2) f"(z) Taylor series

(fanalyticinR> C)

Let z, be the closest singularity from z, , then the radius of convergence is | z,— z,
|.1.e., series converges for
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Laurent Series (0)(2,) ”—!Eﬁdz(ZWZ)

Let f be analytic within an :
annular regign-z | <R f (2 ):iﬂjdz
°7 27 :

K. Thamilmaran (DNLD)


nb/11/Fig.11.8-9._RegionsOfConvergence.nb

S 1 AN T n , f(2)
nZ::,) (Z—Zo)n+1 D‘:ldz (Z _ZO) f(Z)_n:Z_:oo (Z_Zo) g;ldz (Z,_Zo)n+1

- f(z):nz 3, (2-2) Laurent
- series
o =5l)) 0 f( - .
" 27 J (z'-z7,)™ C Wlth_m_ f >s region of
analyticity
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Example fz)= 2 a(z-2)

Laurent Expansion 0, =L f|az f(7)
" 27 . (z’—zo)n+1
1
f(2)= z(z-1)
Consider expansion about Z, =0 > fis 0<|z|<1
analytic for

Expansion via binomial theorem :

[ﬁ ] 1 i U‘] y z -1 n>-1
a, z v B L 02 = -
27 tz(z-1) 271 = 2" 0 otherwise
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Calculus of Residues Jlozz-n) =2sis,

(C circles z, once)
Residue Theorem :

f(2)- Ya(-2) —  [flezf(2)-2ria,  a = residue of f
c at z, .

For a meromorphic function f with n isolated singularities,
one can deform C to circumvent them all so that

mdzf(z)—izn;mdzf(z):O

f , 3 Residue Theorem
[ﬁdz (2) =27 2 3., a_, ; = residue at
singularity I.
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Computing Residues f(2)= X a(2-2)

o0

If f has a simple pole at z,, f(z)= > a, (z-z,)"

ay = lim(z-2) f(2) simple poles

o0

If f has a pole of order matz,, f(2)= 2. & (2-2)’

m-2 o0
> (z-z) f(2)=2a (2-2,) +a,(z-2,)" +Da, (z-2)
k=0 n=0

. drw& m
a,=lim (m—1)! dzm—l[(Z_ZO) f(z)} poles of order m
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Example Computing Residues

Some examples :

( 1 . 1) . ( 1) 1 1
Res Z=——1|= |lim | z+= -
4z +1 4) 1o>-U4 4)4z7+1 4

R%(%Lﬁz:Oj:hmz—f— -1
sinz 20 Sinz
Inz - . . Inz : Inz In2+ix/2
Res z2=2e"?|= lim (z-2i = lim - = _
(22 +4 j 2%26‘”’2( ) 22 +4 o2 742 4
4 . d 2 Z
Res Z=x|=lim —|(z—7) —
(ﬁnzz j Z-wdz[( ) ﬂnzz}

:Im1U—z+2ﬂ—n+32+20r—ﬂzanikxf{]:1

L—>r
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ReS[ cotzz ;Z—O] L:E(l—ho(zz)j
z(z+2) Z7+2 2 2

R

7wl

Alternatively, z = 0 is a pole of 2" order :
Res cotrz 720 = lim i /2 cotrz
z(2+2) >odz| z(z+2)

. zcotzwrz cotmz mzcesctrz 1
=lim| - =+ —
(2+z) 2+12 2+12
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