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Countable sub-additivity
Prove that m* is countably sub-additive.

Let {En} be a countable collection of subsets of R.
m*(UpZ1 En) < 22724 m*(En). Let E = U2, En.
Then

m*(E) < im*(E,,).
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By the definition of outer measure m*,
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Therefore -
m*(E) <Y m*(En) +e.
n=1

Since € > 0 is arbitrary, m*(E) < >~72, m*(Ep).

Let E C R. and ¢ be given. Then there exists an open set U € R such
that E C U and m*(U) < m*(E) +e.

By the definition of m*, there exist (/)32 , such that E C | J;Z 4, and
21 (k) < m(E) +e.
Let lk = [ak, bk) Then lk = (ak — 6|2k+1,bk)




Clearly I, C I, and
I(li¢) = I() + |2,
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Let U= U4/, Then EC U= U2, |,

= m"(U) < m*(E) +e.



Various Outer Measures

If Kk C I'and K is compact = m*(k) = I(/) — m(l|k).
ECRkCE.
mo(E) = sup{m(K)|K C E}.

I, = [a, b)

m*(E) = inf{i I(k) 1E Sk}

mi(E) = nf{Zl k) [EcUk} k=1lab]

Mye(E) = inf{> I(l) [EC|Jk} k= (ab].

mg(E) = inf{d I(l) |ECk}, Ik=(ab).
m(E)




Lete > 0,
Claim
my(E) < mi(E).

We prove
my(E) < mip(E) + ¢,

forall e > 0, m},(E) + € is not a |.b. there exist I such that E C | I, of
any type with ax, b, as end points such that E C |J I, and

S I(h) < m(E) +e. , ,

For each k, define an open interval /, such that /, O /.



I(1) = I(I) + €|2¥

I = (Ck, dk)
EcC fj Iy
k=1
my(E) < Y 1) = > _{1(h) + €[2}
k=1 k=1
=> () +e
k=1

< mi,(E) + 2e.



If E C Ris acountable set m*(E) =0. E ={aj,ap, -, }
0 < m*( U{an}
<> m*({an})
n=1
=) _I{an})
n=1
Therefore
m*(E) =




