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If (/) be a finite set intervals covering the rationals in [0, 1] such that

(OERE

E is lebesgue measureable if

I(l)=m*(INE)+ m*(INE®) for each interval I. (1)

Theorem (Criteria)

E is measurable iff for any set A C R

m*(A) = m*(AN E) + m*(an E°). (2)

v




(2) = (1) is trivial . Assume that (1) holds. By the countable subadding
m*
m*(A) = m*((AN E) U (AN E®))

< m*(AN E)+ m*(An E°) (3)

Let € > 0 be given, we choose a family {/,}?° , of interval such that
AC UpZy Ik and

[e.e]

> () < m*(A) + € (4)

k=1



by (1)
I(lk) = m*(Ix N E) + m* (I, N E®) (5)
We have
i m(lk N E)+m* ([, N E°) < m"(A) + ¢
k=1

m* (| (kN E))+ m* (| J (kN E®)) < m*(A) + €
k=1 k=1

m (L h) 0 E)+m* (| ) 1 E9)) < m*(A) + ¢
k=1 k=1



Since ANE C (Ulk)NnEand AN E C (Ulk) N E°,
m* (AN E) + m*" (AN E°) < m*(A). (6)

(2) follows from (6). Thus, we have that a set E in R is said to be
lebesgue measurable if for all subset A of R.

m*(A) = m*(An E) + m*(An E°).




¢ is measurable and R is measurable.
Solution: ACR.

m* (AN ¢) + m*(An ¢°) = m*(¢) + m*(ANR)
m*(¢) + m*(A).
m*(A).

If E is measurable then E€ is measurable

m*(A) = m*(An E°) + m*(An E).
= m*(An E°) + m* (AN (E®)°).

Therefore E€ is measureable.
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¢ is measurable = ¢¢ = R is measurable.

S

Since m* is subadditive, In order to to prove that the set E is
measurable E, it is enough to prove that

m* (AN E) + m*(An E®) < m*(A).
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Intervals are measurable

e+ m(A) > m (AN 1) + m* (AN I°)

Let I C R, let €.0.




Take A C R, there exists (Jx) such that A C UJy and

> () < m*(A) + e (7)

k=1
Uizt (e 0 ) = (UZ1 J) 0 1.

2ANI
{Jk N 1}72, forms a cover of AN I.

oo

m (AN <Y (k).
=1




LetJ, =JkNland J, = JNI°= 1l Ul.
Unrey=(Jdhnr.
k=1 k=1
= m" (AN I°) <> m*(Je N I°).
m*(An ) +m*(AnI°) < Z I(Jx O 1)+ 1(Jg N 19)}.

Since length p,, is countably additive.
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If E and F are measurable set, E U F is measurable. \

Let ACR.

m*(A) > m*(A(EU F)) + m*(An (E U F)°).
= m* (AN (EUF))+ m*(An (E°U F°))

we know that E and F are measurable

m*(A) > m*(ANE)+ m* (AN E®) (Since E is measurable)  (8)




= m*(ANE°) > m* (AN E®)NF)+ m*((An E®) N F°)). (9)

We know that m*(A) > m* (AN F) + m*(An F°). ( Since F is
measurable ).

= m*(A) = m*(AN E) + m*((AN E°) N F) + m*((AN E®) N F®)
( Since F is measurable and A is replaced by An E€)
m*(A) > m*(ANE)+ m* ((ANE°)NF)+ m*(AN (E°N F°))
Since AN(EUF)=(ANE)U(ANF)=(ANE)U((ANE°)NF)
m*(A) > m*(An (EUF)) + m*(An (E U F)°).

Therefore E U F is measurable.



