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Abstract

In this paper we deliberate about sum of Derived k- Jacobsthal, Derived k- Jacobsthal Lucas with arithmetic
index say an + r.We also investigate some properties, generating function ,alternated sum formula of Derived k-

Jacobsthal and Derived k- Jacobsthal Lucas.
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Introduction

Jacobsthal numbers are generalized by different authors in different ways.[3],[4].In this paper we have two sections.
In section 1 we discuss sum of Derived k-Jacobsthal number with arithmetic index,we also investigate generating
function,[5,6] alternated sum formula of Derived k-Jacobsthal number. In section 2 we have sum of Derived k-
Jacobsthal Lucas numbers with arithmetic index [7,8].we illustrate some properties, generating function alternated

sum formula of Derived k-Jacobsthal Lucas numbers[9].
Definition

1.For n€ N, any positive real number k, the Derived k- Jacobsthal Sequence{D}, ,} is defined by

D]k,n+1 = kD]k,n _2D]k,n—1 forn >1 D]k,o =0, D]k,l =1

with initial condition

2.For n€ N, k>0 any real number then Derived k- Jacobsthal Lucas Sequence {Dj..} is defined

by Déyn+1 = kDéyy —2Déy 1 forn = 1with initial condition Déy = 2,D¢ 4, = k,

3.BINET FORMULA: For n>0 any integer, the Binet formula for n ™Derived k- Jacobsthal, Derived k-

D]k n = (rln - I'zn
' n-rn

j.DA 4+ " wh _k+\/k2—8‘
sDCkn=T1 T, whereri= 2 3

Jacobsthal Lucas number are given by

k—Vk2-8

2

n= ;(1)

SECTION:1 - On the Derived k - Jacobsthal number of kindan + r

In this session we discuss some properties, lemmas and formula for the sums of the Derived k-Jacobsthal number

with index in an arithmetic sequence say an + r for fixed integer a, r such that 0 <r <a-1.
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Property 1.1: Djk,m+n = Djk,n+l Djk,m _2Djk,n Djk,m—l

Proof: Using (1) Dli.na Dlkm —2DJkn Dlin-a

n+l n+1 m m n n m-1 m-1
n -n n-n ) n-n n-n
- h—r n-n h—r n—n

: (ﬁ} (oo )2l - )

;2 {(rlml g )(rlm e )_ Z(rln rp )(rlmfl et )}

= (rl_rZ)

1
(r r )2 (rlm+n (rl - )_ rzm+n (rl -h ))
= \17h
rm+n _ rm+n A
! r— r2 = D.Ik,m+n
- 17 12

A A A A G
Property 1.2: DJk .m DJk N+l _DJk,m+1 DJk,n =2 DJk,m—n

Proof: By mathematical induction the above result can be proved.

rln + rzn = Djk,n+1 _ZDjk,n—l Q)

Lemma: 1.1 For all integer n > 1,

1
n-n

’= " n+1 n+l n+1 n-1
DJk,n+1 _ZDJk,n—l = (rl - - 2r1 + 2I’2 )

Proof: Using (1)

¢ & n n
le,n+1 - ZDJk,n—l =n +r

After simplifications and using rir,;= 2 we obtain

Djk , a(n+2)+r :(Djk,a+1 - 2DJk a—l) Djk,a(n+1)+r —2° Djk an+r

Lemma: 1.2
Proof: Using (1), (2) we can write
a(n+l)+r r a(n+l)+r

a a I"1 2 am;
A A A B e+, —2°.Djy anir
(DJk a+l 2Djk,a—l)DJk a(n+L)+r -2 Djk,an+r=(1 ? { rl - r2 ] «

a(n+2)+r a(n+2)+r
a a\ i —-h
n+r A
= r1 - r2 - DJk,a(n+2)+r

D]k,n = D]k,n+1

— 2D
Since Jk'nfl. The above result can be simplified as

A A & a
DJk,a(n+2)+r _ DJk,a DJk,a(n+1)+r -2 DJk,an+r
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{D]kyan” }:;o

Diy aner |
Let ©F,,-(kx) be the generating function of the sequence { Janir with 0 <r <a-1. Then

Theorem :1° Generating function for the sequence

2 e & 2 & 3
DSa,r(kvX) = DJk,r + DJk,a+rX+ DJk,2a+rX + DJk,3a+rX + ..

A

(1-P) o+ 20993, 000 = (1P 12200

A

A A A
Dj .Dj Dj Dj
J ket J katr X+ J K2aeX” + ] K F

= DJ ke T ( DJ katr - DJ ka DJ k,r) x+ ( DJ k2a+r - DJ ka DJ kart 2° DJ k,r) X+
= Dj ot ( Dj kar - Dj ka Dj ) x + 22 ( Dj ka (n+2)r - Dj ka Dj ket 20 D aner) X0 F e

From lemma 1.2 the summation of right hand side of the above equation vanishes.

A

=P s 03,00 = D)+ (P DB 3)

k,r + ( katr ~

Using Property 1.1 we have D Koa+r = D - D ka = 2 D kr Dj kal

Subtract both sides by D K D L We get D Katr — D e D fa = D frel D ra — (

_Dj_ Dj__Dj Dj

- k,r+1 T k,a+1

Dj Dj y Dj o Dj y

Using Property 1.2 the above equation can be simplified as katr —

A A A

Hence (1- D kax + 2%7) DF g rk, x) = Dj ket 20 Dj k,ar X

D]k,r + 2f D]k ,a-r X
1-Dj, ,x+2°X?

5 OFark, x)=
In Particular
La=1,1=0,0F ok, = L~ KX+2X

kx
1—(k* —4)x +4x?

2.1fa=2thenatr=0 OJ,ok,x) =

1-2x
1—(k* —4)x+ 4%

3.1fa=2thenatr=19F, (k,x) =

B (k2 —2)x
11— (k® —6k)x +8x?

4. Ifa=3thenatr=090J3k,x)
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1-2kx
1—(k® —6k)x +8x?

5.1fa=3thenatr=190J34(kx) =

k +4x
1—(k® —6k)x +8x?

6.Ifa=3thenatr=29DJ;,(k,x) =

Theorem: 2 (Sum of Derived k-Jacobsthal number with arithmetic index an + 1)
Sum of Derived k- Jacobsthal number of kind an + r is
i D’J‘ _ DJ ka(n+1)+r 2° DJ kan+r DJ kr — 2" DJ k,a-r
kai+r — ~ ~
i=0 DJk,a+1 - 2Djk,a»l -2°-1

n R n l.ai+r _rai+r
H _ 1 2
ZDJk,aiH - Z
i—0 n-r

Proof: Using (1) 1=0

an+r+a r an+r+a r
1 [ I - r -0

_ (rl_rz) rla -1 - rza -1

1
= (rl - rz) ((rlrz)a - rla _rza +1).

an+r a r.a a(n+l)+r r an+r a
(rl (rlrz) -nLrn-n +n -n (r1r2 )

a(n+1)+r

+r°r, +1, -, )

1 1 1 r -
) 2% = (r*+r*)+1)(r,—r,) (Za'(rlan” - rzaw)_(rla(m A )"‘ (rlr - )+(r1r2) (rla r
1 2 1 2

-2° D]k,an+r + D]k,a(n+1)+r - D]k,r +2 D]k,a—r
Djk,a+l - 2Djk,a—l -2°-1

Corolory (i)( Sum of odd Derived k-Jacobsthal) If a = 2m+1 then, equation (4) becomes.

" 2m+l) NG " r|:
DJk,(2m+1)(n+l)+r -2 'DJk,(2m+1)n+r - DJk,r -2 Djk,(?_m+1—r)
' ¢ (2m+1)
Dl 2ms2) — 2Djy o —2 -1

n
Z Dl omspyisr =
i—0

\ D‘- _ Djk,(n+l) _ZDjk,n -1
Z i = K3
Case 1: If m =0, then a= 1, and r= 0 =0 -
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iD] ) — Djk,(3n+3+r) _8Djk,(3n+r) - Djk,r _2r Djk’(g,r)
— k,3i+r D’jk‘4 _ 2D,jk12 9

Case 2: Ifm=1thena=3

ZH:D] = D]k’(3”+3) _8D]k,3n - (kz -2)
k,3i T
(i). Ifr =0 then =0 k®—6k—-9

D] k,@3n+4) — 8D]k,3n+l -1-2k

ZD]k,(SHl) =
Gii). If r = 1 then =0 k®—-6k-9

” Dj jkv(3”+5) 8Dj k3n+2 k-4
_ k,(3i+2) < ok_9
(iii). If r = 2 then =0

_ Din:sin —32Diinin ~ Dikr = 2" Diygsn

n ~
ZDjk Sier = = <
Case 3: I[fm=2thena=5 =0 DJk,G - 2DJk,4 -33

_ D]k,(5n+5) _32D]k,5n —k*+6k>-4

Dj,. =
(i). If r = 0 then ; s k® —10k3 +20k-33

_ D]k,(5n+6) _32D]k,5n+l —2k®+8k-1

Dj, .. =
(ii). If r = 1 then ; st k® —10k® + 20k —33

Corolary (ii):(Sum of even Derived kJacobsthal numbers.)

22

~ m ~ ~ reG
s DA' _ DJk,(zm(n+1)+r) DJk,(zrm+r) B DJk,r -2 DJk,(Zm-r)
z Jk,(2mi+r) - D’E ZD" 22m 1
i=0 i 2ms1y) — Bk om-1) — -

If a = 2m then equation (4) becomes

Zn: D] - Djk,(2n+2+r) _4Djk,(2n+r) — iy, - 2 Djk,(z'o
k,(2i+r) — A t

Case 1: If m = 1, then a = 2 we have ' Phs 2Pl =5

Djy. (@n+2) —4Djy 5, kK

ZD]k,Zi =
(D). Ifr =0 then =0 k?-9

n DA_ _ Djk,(2n+3) - 4Djk,(2n+1) - Djk,l — 2Djk,1
Z Jk,2i+1 - kZ 9
(i). Ifr = 1 then 10 _

_ Djk,(2n+3) - 4Djk,(2n+l) -3
k?-9

_ Dik,@n+arr) = 16Dk @nsy = Di,r =2" Dl ey

n A
z Djk,4i+r =

=0 D]k,S_ZD]k,s =17

Case 2 :If m = 2 then a = 4 we have
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Z”:D]km _ D (an4y — 16Djy 4 —k* +4K
i—0

4 2
(i). If r = O then k*—-8k*-9

ZH:D]k, it = Djk,(4n+5) - 16Djk, 4an+1 _2k2 +3
i=0

4 2
(ii). If r = 1 then k*-8k° -9

Theorem 3: (Alternating sum of the Derived k-Jacobsthal numbers with index an+r)
C i N; _ Djk,r +(_1)n'Djk,an+a+r +(_1)n 2° Djk,an+r _zrDjk,a—r

Z('l) DJk ai+r ¢ a

i~0 Dj,. +2° +1

< i~ _ 1 o _1\i (yai+r _ pai+r
2D Dl =y 26D 6 )

Proof : Using (1) =0

oy {rf S (D' - Y ) r]

1 (rlr (1+ (_1)n rla(n+1)) B r2r (1+ (_1)n rza(n+1) )J

-, 1+rf 1+r)
= 1 2

(rlr _ rzl’) _1 \ (rlan+a+r _ rzan+a+r) (rlr rza _ rza r2r) _l n a (rlarH'r _ rzarH'r )
oy " sy ey YR
Djk’a +2% 41

o Dj,, +(-1)" Dj +(-1)"2°Dj -2'Dj
Z('l)l Djk’a”r _ Jk,r ( ) Jk,(an+a+r)’-\ ( )a Jk,(an+r) Jk,(a—r)
i~0 Dj, . +2° +1

Particular cases

Case 1:Fora=1,thenr=0

Zn:(-l)i D]k,i _ Djk,o +(=D)" Djk,(r:—l) +(-D)"2° Djk,n - Djk,l
i—0 Djy,+2+1

=" Djk,(n+l) +(=D" '2Djk,n -1
_ k+3

3 (1)’ Djs ., - Di, + (=" Di gonezery + (~1" 4.Dj onory =2 ik o

i- Dj, , +5
Case 2: Fora =2 then ' ° Ji.2

Zn:('l)i D] = (_1)” Djk’(2n+2) + 4(_1)n Dik,Zn -k
k2i — ;
(). Ifr=0then =0 k?+1
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(—1)n Djk,(2n+3) + 4(_1)n Djk,(2n+1) -1

1) Dj, ... =
Z( ) Jk,2|+l k2+1

(i). Ifr = 1 then =0

SECTION: 2-On Derived k-Jacobsthal Lucas of Arithmetic Index of an + r

D¢, =D¢, ., — 2DE
Lemma 2.1 :For all integer n > 1 kin kin+l k. n1

Proof: Doing the same procedure as in Lemma 1.1 we can prove the result.

A A A haMa
Lemma 2.2: Let a,re N and 0 <r <a-1 then Dck'a(”+l)+r - Dck'a DCk’a”” 2 DCk'a(”'l)”

Proof:Using the lemma 2.1 and following the same simplifications as in Lemma 1.2 we can prove it.

Particular cases

~ ~ ~ 2 ~A
DCk,a(n+l) = DCk,a'DCk,an -2 DCk,a(n—l)

(i). For r = 0 then (5)
(a) Odd Derived k-Jacobsthal Lucas sequence. If a = 2p+1 then (5) becomes
Dé k,(2p+1)(n+1) = Dék,a 'Dék,(Z p+l)n 26 Dé\:k,(2 p+1)(n-1)
(b) Even Derived k-Jacobsthal Lucas sequence If a = 2p then (5) becomes
Dék,z p(+l) — Dék,a Dék,Z pn 2" Dék,z p(n-1)
D¢ ”
Theorem 4: Generating function for the sequence { k.an+r }“=0
Dék,r + (Dék,a+r - Dék,a'Dék,r)X
1- D6, X+ 2%x?
Leta,re Nand O <r <a-l then OC (kx,a,r) = ka
D¢, +2"' D¢, X
_ 1-D¢, ,x+2°x°
In Particular
2+ kx
2
(). Fora=1,1 =0 € (kx,1,0) = 1—KX+2x
2+ (k? —4)x
2 2
(i). For a = 2 then r = 0 DE (kx,2,0) = -~ (K ~4)X+4X
K (1+2)
2 2
(ii). For a= 2 then t = 1 DE (kx,2,1) = =~ (K —4)X+4X
Theorem 5 (Sum of the Derived k-Jacobsthal Lucas numbers of arithmetic index.)
A r A A a A
s DCk,r -2 DCk,a—r - DCk,a(n+1)+r +2 Dck,an+r

D¢, ..., =
aj+r A a
2 1-Dg,, +2

LetareN and 0 <r <a-l then 1=
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Proof: Applying the same procedure as in Theorem 1.2 we can get the result.

Particular cases

n,o D¢, .., —2D¢,, +k—-2
DC, i = ' ’
- ’ k-3
(i). For r=0, a = 1 then 10
A A (2p+l) pA
: D& B 2-DC,y 5p,1) = DCy opitynany +2 DCy piyn
k,@2p+1)j — 1-Dé N 2(2 p+1)
(ii _ _ j=0 k,(2p+1)
ii). Forr =0, a = 2p+1 then
A A 2p A
3 Dé _2-DCy 5, —DCy ppriry + 277 Dy (o0
el 1-Dg,, +2%°
(ifi). Forr =0, a = 2p then 17 k.2p

Theorem 6 (Alternating sum of the Derived k-Jacobsthal Lucas numbers with index an + r)

Let a,reN and 0 <r <a-l then

s j Dék,r + (_1)n Dék,an+a+r +(_1)n 23 Dék,am—r + 2r Dék,a—r

Z(_ :l')J Dék,aj+r =

=0 1+ D¢, , + 22

Particular cases

n - 2+(-1)" D€, . +2(-1)" DE, , +k
> (1) De, ;= - kl)+3 k
(i). For a= 1, r=0 then =0
n o 2+(=1)" D&, 30,2 +4(-1)" DE, ,, +k* -4
Z('l)l Dck,zj = - Z)kz 1 =
(ii). For a= 2, r =0 then 170
. i~ 3k +(-D)" Dék,(2n+3) +4(-1)" DC (2ns1)
Z('l) Dck,2j+1: k2 +1

(iii). For a=2, r = 1 then =0
Conclusion

We have studied arithmetic index of Derived k- Jacobsthal ,Derived k- JacobsthalLucas.We also seen Some

properties, generating function and alternating sum of them.
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