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Abstract 

In this paper we deliberate about sum of  Derived k- Jacobsthal,  Derived k- Jacobsthal Lucas with  arithmetic 
index say 𝑎𝑛 + 𝑟.We  also investigate some properties, generating function ,alternated sum formula  of  Derived k- 
Jacobsthal and Derived k- Jacobsthal Lucas. 
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Introduction 

Jacobsthal numbers are generalized by different authors in different ways.[3],[4].In this paper we have two sections. 
In section 1 we discuss sum of Derived k-Jacobsthal number with arithmetic index,we also investigate generating 
function,[5,6] alternated sum formula of  Derived k-Jacobsthal number. In section 2 we have sum of Derived k-
Jacobsthal Lucas numbers with arithmetic index [7,8].we illustrate some properties, generating function alternated 
sum formula  of Derived k-Jacobsthal Lucas numbers[9]. 

Definition 

1.For n∈ N, any positive real number k, the Derived k- Jacobsthal Sequence{𝐷𝑗𝑘̂,𝑛} is defined by 

1ĵD2ĵDĵD 1k,k,1nk,   nfork nn 𝑤𝑖𝑡ℎ 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛 
1ĵD,0ĵD 1,k 0k, 

 

2.For n∈ N, k>0 any real number then Derived k- Jacobsthal Lucas Sequence {Dĵk,n}  is defined  

by   𝐷𝑐̂𝑘,𝑛+1 = 𝑘𝐷𝑐̂𝑘,𝑛 − 2𝐷𝑐̂𝑘,𝑛−1       𝑓𝑜𝑟 𝑛 ≥ 1 𝑤𝑖𝑡ℎ 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛 𝐷𝑐̂𝑘,0 = 2, 𝐷𝑐̂𝑘,1 = 𝑘,      

3.BINET FORMULA: For n ≥ 0 any integer, the Binet formula for n thDerived k- Jacobsthal, Derived k- 

Jacobsthal Lucas number are given by   
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SECTION:1 - On the Derived k – Jacobsthal number of kind𝒂𝒏 + 𝒓 

In this session we discuss some properties, lemmas and  formula for the sums of the Derived k-Jacobsthal number 
with index in an arithmetic sequence say 𝑎𝑛 + 𝑟 for fixed integer a, r such that 0 ≤ r ≤ a-1. 
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Property 1.1: 1k,k,,k1k,nmk, ĵDĵD2ĵDĵDĵD   mnmn  
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Property 1.2: nm

n

nmn    ,k ,k 1 ,k 1 ,k  m ,k  ĵD2ĵDĵDĵDĵD
 

Proof: By  mathematical induction the above result can be proved. 

Lemma : 1.1  For all integer n ≥ 1, 1,1,21 ĵD2ĵD   nknk
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Proof:  Using (1) 
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After simplifications and using  r1r2= 2 we obtain 
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,

a

rnakakakrna    

Proof:  Using (1), (2) we can write  

  rank

a

aka   ,r1)+a(n,k1,1,k ĵD2ĵDĵD2ĵD
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Theorem :1`Generating function for the sequence 
 

 0,ĵD
nrank  

Let 𝕺𝕵𝒂,𝒓(k,x) be the generating function of the sequence 
 rank ,ĵD

  with 0 ≤ r ≤ a-1. Then  
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k,a+r - 
ĵD
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From lemma 1.2 the summation of right hand side of the above equation vanishes. 
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In Particular 
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5.. If a = 3 then at r = 1 𝕺𝕵𝟑,𝟏(k,x) = 
23 8)6(1
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6. If a = 3 then at r = 2 𝕺𝕵𝟑,𝟐(k , x) = 
23 8)6(1

4

xxkk

xk





 

 

Theorem: 2 (Sum of Derived k-Jacobsthal number with arithmetic index 𝑎𝑛 + 𝑟) 

Sum  of Derived k- Jacobsthal number of kind 𝑎𝑛 + 𝑟 is 
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12ĵD2ĵD
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Corolory (i)( Sum of odd Derived k-Jacobsthal) If a = 2m+1 then, equation (4) becomes. 
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Case 2: If m = 1 then a = 3 
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ĵD

3

1k,3n4)(3nk,

0

1)i3(k,










n

i  

(iii). If r = 2 then  96kk

4k  ĵD8ĵD
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33ĵD2ĵD
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Corolary (ii):(Sum of even Derived k-Jacobsthal numbers.) 

If a = 2m then equation (4) becomes  
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Case 1: If m = 1, then a = 2 we have  
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ĵD
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(i). If r = 0 then 98
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Theorem 3: (Alternating sum of the Derived k-Jacobsthal numbers with index 𝑎𝑛 + 𝑟)

12ĵD
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Particular cases 

Case 1:For a = 1, then r = 0 
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Case 2: For a = 2 then 
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ĵD(-1)

2,

)2(,)2(,)22(,,

0

2k,

i











k

rk

r

rnk

n

rnk

n

rk
n

i

ri
jD

jDjDjDjD

 

(i). If r = 0 then  
1

ˆ)1(4ˆ)1(
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(ii). If r = 1 then  
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SECTION: 2-On Derived k-Jacobsthal Lucas of Arithmetic Index of 𝒂𝒏 + 𝒓 

Lemma 2.1 :For all integer n ≥ 1 1-n k,1nk,nk, ĉD2ĉDĉD    

Proof: Doing the same procedure as in Lemma 1.1 we can prove the result. 

Lemma 2.2: Let a,r N and 0 ≤ r ≤ a-1 then r1)-n(k,ran k,k,r1)n(k, ĉD2ĉDĉDĉD   a

a

aa  

Proof:Using the lemma 2.1 and following the same simplifications as in Lemma 1.2 we can prove it. 

Particular cases 

(i). For r = 0 then  1)n(k,nk,k,1)n(k, ĉD2ĉD.ĉDĉD   a

a

aaa     (5) 

(a) Odd Derived k-Jacobsthal Lucas sequence. If a = 2p+1 then (5) becomes 
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(b) Even Derived k-Jacobsthal Lucas sequence  If a = 2p then (5) becomes 
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Theorem 4: Generating function for the sequence 
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In Particular  

(i). For a = 1, r = 0 𝕺𝕮 (k,x,1,0) = 
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(ii). For a = 2 then r = 0 𝕺𝕮 (k,x,2,0) = 
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Theorem 5 (Sum of the Derived k-Jacobsthal Lucas numbers of arithmetic index.) 

Let a,rN  and 0 ≤ r ≤ a-1 then 
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Proof: Applying the same procedure as in Theorem 1.2 we can get the result. 

Particular cases 

(i). For r=0, a = 1 then 3
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Theorem 6 (Alternating sum of the Derived k-Jacobsthal Lucas numbers with index 𝑎𝑛 + 𝑟) 

Let a,rN  and 0 ≤ r ≤ a-1 then 

 
a

ak

rak

r

rank

an

a

nn

j cD

cDcDD

2ˆ1

ˆ2ˆ2)1(ĉ)1(ĉD
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Particular cases 

(i). For a= 1,  r= 0 then
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(ii). For a= 2,  r = 0 then 
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(iii). For a=2, r = 1 then
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Conclusion 

We have studied arithmetic index of  Derived k- Jacobsthal ,Derived k- JacobsthalLucas.We also seen Some 
properties, generating function and alternating sum of them. 

References 

Uygun, S. (2016). On the k-Jacobsthal Lucas numbers of arithmetic indexes. Int. J. Contemp. Math. Sci, 11(4), 173-
183. 

Jhala, D., Rathore, G. P. S., &Sisodiya, K. (2014). Some properties of k-Jacobsthal numbers with arithmetic 
indexes. Turkish Journal of Analysis and Number Theory, 2(4), 119-124. 

Falcon, S. (2012). On the k-Lucas numbers of arithmetic indexes. Applied Mathematics, 3(10), 1202-1206. 

Falcon, S., & Plaza, A. (2009). On k-Fibonacci numbers of arithmetic indexes. Applied Mathematics and 

Computation, 208(1), 180-185. 

Kalaiarasi, K., & Gopinath, R. (2020). Fuzzy Inventory EOQ Optimization Mathematical Model, International  

Journal of Electrical Engineering and Technology,11(8), 169-174. 



G. Srividhya et.al. 

123 
 

Kalaiarasi, K., & Gopinath, R. (2020). Stochastic Lead Time Reduction for Replenishment Python-Based Fuzzy 
Inventory Order EOQ Model with Machine Learning Support, International Journal of Advanced Research in 

Engineering and Technology, 11(10), 1982-1991. 

Shanmugavadivu, S. A., & Gopinath, R. (2021). ON THE NON-HOMOGENEOUS TERNARY FIVE 
DEGREES EQUATION WITH THREE UNKNOWNS 𝒙𝟐−𝒙𝒚+ 𝒚𝟐= 𝟓𝟐𝒛𝟓, International Journal of Advanced 

Research in Engineering and Technology, 11(10), 1992-1996. 

Shanmugavadivu, S. A., & Gopinath, R. (2020). ON THE HOMOGENEOUS FIVE DEGREE EQUATION 
WITH FIVE UNKNOWNS 𝟐 (𝒙𝟓−𝒚𝟓)+𝟐𝒙𝒚 (𝒙𝟑−𝒚𝟑)= 𝟑𝟕 (𝒙+ 𝒚)(𝒛𝟐−𝒘𝟐) 𝑷𝟐, International Journal of Advanced 

Research in Engineering and Technology, 11(11), 2399-2404. 

Priyadharshini, D., Gopinath, R., &Poornappriya, T. S. (2020). A fuzzy MCDM approach for measuring the 

business impact of employee selection, International Journal of Management, 11(7), 1769-1775. 


